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Part 1
Integrals



1 Introduction

Integral calculus consists of
e definite integral, the calculation of a certain number, related to the area under a curve
e indefinite integral, the process of finding a function given its derivative

The definite and indefinite integrals are connected via the (First) Fundamental Theorem of
Calculus (FToC.)

2 The definite integral

Let f(z) : [a,b] — R be a bounded function. To calculate the area between the graph of the function
and the z axis we divide the segment [a, b] into n equal parts, with endpoints zg = a,x1,..., 2, = b.

Let Az = 211 — x;.
—a

The area is divided into n strips, Sy, Ss,...5,, with equal width Az =

We choose a random point z} in each strip and compute the value of f atnthose points.

We approximate the area of each strip by that of a rectangle whose base is Ax and whose height
is f(x3), f(x3),..., f(x¥). The area of each rectangle equals f(z}) x Ax.

Thus, the estimate of the total area is

F@) Az + f(x35)Ax + -+ flap)Ax = f(a])Az
=1

This is a Riemann integral sum.

Definition 1. Let f(z) : [a,b] = R be a bounded function. Consider
nlggo; fai)Ax.

where x} and Ax are defined as above. If

1. the limit exists and is finite

2. the limit does not depend on the choice of =}

then f s called an tntegrable function and the value of the limit is called the definite integral
of f(z) from a to b and denoted by
b
[ #a) as

/b f(z) do = h_}m if(xf)Aa:

that is

The symbol [ is the integral sign. f(z) is the integrand and a and b are the limits of
integration; a is the lower limit and b is the upper limit. dx represents the length Az = (b—a)/n



as n — +oo. It also indicates that the independent variable is x. The calculation of an integral is
called integration.

The definite integral is a number; it does not depend on z. In fact, we could use any letter in
place of x and the value of the integral wouldn’t change.

3 Areas & the definite integral

1. If f >0, fab f(z) dz equals the area of the region bounded by the graph of f, the z-axis, and
the lines z = a and = = 0.

2. If f <0, fab f(z)dz equals the negative of the area of the region bounded by the graph of
f, the z-axis, and the lines x = a and x = b.

3. When f takes both positive and negative values, then the integral is equal to the areas above
the z-axis minus the areas below the x-axis.

Thus, in general the definite integral is not an area.

4 Exercises

Exercise 1. Sketch the graph of

0 x <0
0.1 0<z<1

flz)=¢02 1<z<4
03 4<x<5b
0 r>5H

Ve

and find ; . 0
/f(x)da: /f(x)da: /f(w)dx

Exercise 2. Sketch a graph of the integrand and evaluate the following definite integral.

2 T <2
20 —2 x>2

[ s wher f<x>:{



5 Integrable functions

Obviously, since the definition of a definite integral starts from a bounded function, the following
theorem holds:

Theorem 1 (Necessary condition for integrability). If f is integrable on [a,b] then it is
bounded.

Theorem 2 (Sufficient conditions for integrability). On an interval [a,b]
1. continuous functions
2. bounded discontinuous functions with a finite number of discontinuities
3. monotonic functions

are integrable.

Remark. Boundedness alone is not sufficient for integrability.

Remark. Point 2 of theorem [2| implies that the value of f at a single point or at a finite number of
points does not matter for the value of the definite integral.

6 Properties of the definite integral

1. integration interval with zero length: / f(z)dz =0

b c c
2. linearity with respect to the integration interval: / f(z)dz + / f(z)dx = / f(z)dz.
a b a

b a
3. swap of limits: / f(x)de = —/b f(z)dz

4. linearity with respect to the integrand:

b

b b
@ [ 1@+ g]de= [ f@dot [ glo)ds
(b) /bkf(x) de = k:/bf(a:) dz, (k is a constant)
b b
5. monotonicity: if f < g, then / flx)de < / g(z)dz. In particular, since

—|f(2)] < f(z) <|f(2)]

_/ ‘f(x)‘g/f(x)ﬁ/‘f(x)‘
5

we have



and finally

/ fa)da] < / f(e)] da

7 The mean value theorem

Definition 2. If f : [a,b] — R is integrable on |a,b] then the mean value of f in [a,b] is

bia/abf(x)dx

Theorem 3. If f : [a,b] — R is continuous then there exists ¢ € [a,b] such that

1 b
= | 1= 1

that is, f takes its mean value at least once on [a,b].

Proof. Since f is continuous is also integrable on [a, b]. In addition, by Weierstrass theorem continuity
implies the existence of both m = min f and M = max f over [a, b]:

m < f(x) <M

By the monotonicity property, we have

/abmdxg/abf(x)dxg/ab]\/[dm.

Since the integral of a constant function over [a, b] is just the constant times b — a we have

b
(b—a)m < / flz)dz < (b—a)M
which, divided by b — a gets
1 b
mgm/af([lf)dffSM

Finally, continuity of f on [a,b] implies f takes on all values between m and M at least once in [a, 0]
(intermediate value property) and therefore there must exist a number ¢ such that

1 b
10 == [ s -

8 The fundamental theorem of calculus



Definition 3. If F': (a,b) — R is differentiable Vo € (a,b) and

then F is an antiderivative of f in (a,b).

Antiderivatives are usually denoted by capital letters.

Theorem 4 (Fundamental Theorem of Calculus). Let F' be an antiderivative of f on [a,b].
If f is integrable on [a,b] then

/ f(z) dz = F(b) - F(a)

b
F(b) — F(a) is also written F'(x)

a



9 Exercises

Exercise 3 (Fundamental Theorem of Calculus). Find the value of the following definite inte-
grals using the F'ToC, or explain why it does not exist.

7 2
1. /4dx 6./$3dx
2 —2
5
2. / (2x) dx 4
1 7./;12dx
. 2
3. / (22 + 32%) dx \
1
5 8. / %dm
4./(—2x—3x2)d$ -
1

2 2 — <0
5. /Oexdx 9. /1f(x)dxwhere f(x):{ f v

T x>0

Exercise 4 (Exam July 2012). Given the function

0 <0
fl)={5 0<z<5
15 =z>5
find
15
[ ra) s
4
and 5
f) o
4 T+D

Exercise 5. Prove that if f is continuous on [a,b] and f: f(z)dz = 0, then there exists ¢ € [a, b]
such that f(c) = 0.

Exercise 6. f is integrable and non-negative on [a, b]. Prove that if

/abf(fﬂ)diB:O

then f(x) =0 at each point of continuity of f.
Exercise 7. Let f(z) =|2 —|z — 3||. Find f08 f(x)dz.

Exercise 8. Prove that

1
1§/6I2dl‘§€+1
0 2



10 Indefinite integration

Theorem 5 (The family of antiderivatives). If F(z) is an antiderivative of f(x) on (a,b),
then all the antiderivatives of [ on (a,b) have the form

F(z) +c,

where ¢ 1s an arbitrary constant.

Remark. The hypotheses about the interval cannot be removed. The theorem is false if we’re allowed
to consider any domain. For example, if we consider f(x) = 1/x for x # 0, we have F(x) = In(x) for
x> 0and F(z) = In(—x) for z < 0, that is F(x) = In(x|). While every F(z)+ C (with any C) is an
antiderivative of f, there are infinitely many other antiderivatives that are not of the form F(z)+C.
For example,

) = In(z)+3 >0
= In(—z)+2 z<0

has f as its derivative and, obviously, F' # F(x) + C for any C. By changing 3 and 2 in the F
definition one can get infinitely many antiderivatives with the same property.

Definition 4. The set of all antiderivatives of f on (a,b) is the indefinite integral of f and is

denoted by
[ fa)as

If F is any antiderivative of f on (a,b) then

/f@Mx:F@Hw

11 Basic integration rules
Some basic formulas:
1
0/(ax+b)dx:§am2+b:v+0 .

a+1

+C (a # —1) .

/
-/ /
/exdx—e +C . /cos(x)dx:sin(x)—irC
< Je /4

ztdx =

+C  (a>0,a#1) .

lna



12 Common patterns

Linearity

Square

Power

Logarithm

/(&f—l—ﬁg)dx:a/fdx—l—ﬂ/gdx

/f’-fdx:%-f2+0

[

1
—'fa+1+C

a+1

F e
/fdx—lnf—l—C

or

/fT,dx:ln(—f)vLC'

choose the one that makes f positive in the integration interval.

Exponential

/f’efdx:ef+0

10




13 Exercises

Exercise 9 (Basic rules and common patterns). Find the indefinite integral using basic rules
and common patterns and check the results by differentiation

1. /(x+7)dx 12. /yz\/@dy
2. /(13 —x)dzx 13. /(1 +32)2%dz
3. /(375 +1)dz 14. /dx
4. /(8x3 — 922 4+ 4)dz 15. /28 dz

1
5. [ = dz 16. /Qe”dx

T

1 2 T
6 de 17. [ (32° — e*) dx
7/1d 18/2(24)d

| —=dz : —

NG z(x T
g [T 04 19. /x%/xi% —ddz

Vi

242 —3 / 3a?

- o ° 20.
9. / o dz 0 $3_4d$
10. /(JL'—{— 1)(3x —2)dx 21. /(1 + 2t)el* dt

1 3
11. /(2t2—1)2dt 22. /(”) da
T

Exercise 10. Find the antiderivatives of the following functions satisfying the condition on the right

1. f(z) =82 =922 +4, F(1) =2 4. f(z) = (14 3z)2?, F(0) =2
2 f(r) = =, F(1) =1 5 fla) =1, F@3) =
6. f(z) =322 —¢" F(0)=1
r+6
3. f(:c):W, F(4) =24 7. flz)=1/z, F(2) =3

Exercise 11 (Exam June 2012). A good G is sold at a certain price. The total cost of production
of z units of G is C(x), x > 0. C(0) = 2000 represents the fixed costs. The marginal production
cost is C'(z) = 10 + 2z. Find the total production cost C'(z). Find the number of units for which
fixed costs equal variable costs. If the marginal revenue for x units is R'(z) = 8000(1 — x)e™?, find
the profit P(z) = R(z) — C(z) assuming that R(0) = 0.

11



14 Integration by parts

Theorem 6 (Integration by parts). If u and v are differentiable functions then

/udv:uv—/vdu

Example 1. Consider

/ ze” dx

To apply integration by parts we have to choose who’s u and who’s dv. Let’s set
u=ux dv=e"dz

Then
du = dz v=e

and the formula yields:

/xezdx:xex—/ex~1dx:xex—eI+C’

/xlnxd:)j

Example 2. Consider

Let’s set
dv =z dz u=Inzx
Then ) |
v=" du=—-dz
2 x

and the formula yields:

2

2 2 2 2
/xln:(:dx:x—lnx—/x—~—dx:x—lnx—/zdx:x—lnx—x—+6'
2 2 2 2 2

4
/ln:cdx
/1-1nxdx

Example 3. To find

rewrite the integrand as 1 - Inz:

and set
dv =dx u=Inzx
Then
v=2x duzldx
x
so that
/lnxdx:xlnx—/x-édx:xlnm—/dx:xlnx—x—kC

12



15 The substitution rule

Theorem 7. If x = g(u) is a continuously differentiable function:

[ a@yae= [ 1 (sw) g 0 du

Example 4. Find

/ xvVr —1ldz
using the substitution u = x — 1. We have z = u + 1 and dx = du. We can rewrite the integral as

2 2
/x\/x—ldx:/(u+1)\/ﬂdu:/u3/2+u1/2du:gu5/2+§u3/2+0

and going back to x

2 2
/:U\/x— ldz = g(x— 1)5/2+§(x— 1324+ C

1-3
/ T dz
3r +2
using u = 3z + 2. We get v = u/3 — 2/3 and dz = du/3. We can rewrite the integral as
u—2

1-3.
1 -3z 3 du 1 3—u 1 3 U
dr= [ — 3 % _ - du=- 2 1du=lnlu| - L+
/3x+2x / u 3 3/ v Y 3/u u=nju] = 5+

and going back to x
1—-32 3z + 2
dr = In|3z + 2| — C
/3$+2 xr = 1n|3z + 2| 3 +

Example 5. Find:

16 Substitution for definite integrals

/2 2x + 1
Az
1 (22 +3)2

Set u = 2z 4+ 3. From this we get du = 2dx and 2x = u — 3. We rewrite the integral as
20 +1 u—2 du 1 1 2 1 2
——dr= | — — = —— = )du=-11 — C

/(2x+3)2$ /u2 2 2/<u u2) " 2(“’“‘+u>+

Since u(1) =5 and u(2) = 7 we have

1 2 2
2(n7+7 no 5)

7
> 2r+1 1 2
————dr == - (Inju| + —
1 2z +3)2 2 u/|,

Sometimes, after setting u = g(x) one can immediately get du = ¢’(x) dz and substitute into the
integral

Example 6. Consider:

17 Exercises

Exercise 12 (Integration by parts). Find the following indefinite integrals using integration by
parts

13



1. /xeh dz 4. /lnx dz (set w = Inz and dv = dx)

2. /x5 Inzdr 5. /xQe_”” dx (use integration by parts twice)

3. /xe‘g’xdx 6. /xsinxdx

Exercise 13 (Substitution rule). Find the following indefinite integrals using the given substitu-
tion

2
1. /x\/x—ldx,u:\/x—l 3. /de,uzlnx

T

2. /2x(x2+1)4dx,u:$2+1 4./ < de, u=e”
et + 2

Exercise 14 (Substitution in definite integrals). Find the following definite integrals using the
given substitution

4 2
1 1
1. de, u = 3. | — A, u=20+3
/1x+\/5 T, u=+/x /0(2$+3>2 T, u=2x+
e 1 2 4
2./(na:) dr, u=1Inz 4./%dx,u:x2—l—l
T T 0 ¢ +1
Exercise 15 (Midterm 2012). Find F(z), the antiderivative of f(z) = ze 2% such that F(0) =
—1
. . 2e*
Exercise 16 (*). Find [ — : dx
e r __

X

V3z2+1
y = 1+ 322 find all the antiderivatives of f. Find fol f(z)dz using directly the variable y on the
corresponding interval.

Exercise 17 (*,Midterm 2013). Consider the function f(z) = . Using the substitution

14



18 Improper integrals

Definition 5. Let f be integrable over (a,b) for every b > a. If the limit

L= lim /bf(x) dz

b——+o0

exists and 1s finite then we define
+oo
flz)de =1L

a

and we say the improper integral converges, otherwise it diverges.

Definition 6. Let f be integrable over (a,b) for every a < b. If the limit

exists and 1s finite then we define
b
/ f(z)de =1L

and we say the improper integral converges, otherwise it diverges.

Definition 7. Let f be integrable over (a,b) for every a and b. Choose a point ¢ and consider
the two integrals:

c “+o0o
/ f(z) dz and f(z) dzx
If both improper integrals converge, then the improper integral
+oo
f(x) dzx
converges and
—+o00 c “+o0o
(@) da :/ f@)det+ [ fl2) de

19 The family f(z) =1/a?

Theorem 8 (The family f(x) = 1/2P). Consider the integral

+oo 1
/ — dz.
1 xP

15




e If p > 1 the improper integral converges

o If p <1 the improper integral diverges

400 1
/ — dx = 400
1

TP

20 Convergence conditions

Theorem 9 (Comparison test). If
1. f and g are integrable over [a,b] for any b > a
2. 0< f(z) < g(x) on [a, +00)

then
+o0 +o00o
/f(x)dx§ /g(x)dm

Therefore:
o if [ f is not integrable then [ g is not integrable

e if [ g is integrable then [ f is integrable

Theorem 10 (Asymptotic comparison test). If for x > a
e f(x) >0
e g(x)>0
e [ and g are integrable on [a, k| for all k > a
o f(z) ~g(x) as x — 400
then .

+oo
/f(x) dz s integrable <= /g(x)dx is integrable

a

Theorem 11 (Absolute convergence). If

16




o f:]a,+00) — R is integrable on [a,b] for any b > a
e |f| is integrable on [a,+00)

then f is also integrable on |a,+00) and

+/Oof(x) dz| < 70}]”(:1:)‘ dz

17




21 Exercises

Exercise 18 (Improper integrals). Evaluate the following integrals.

+oo +o0 )
1./ x2dx 5./ xe ™ dx.
3 0
+o0 1
2. ——d
/o (wr1p " 0

6./ e dx
+o0 o0
3./ e *dx

1

—+o00 2 0 5
4. / —dx 7. / e’® dx
2 VT e

Exercise 19 (Convergence conditions). Based on one of the convergence criteria, state if the
following integrals converge or diverge

“+o0 2 “+o00 2
1 / 2 g n / A
3 bat4a2+1 3 w341
+o0 3 3 +ool
2. / vV g, 5. / s
5 203+ 12+4\r s 3
+oo 1 +o00
3. ———dx 6. / e dx
3 xvr+1 1

Exercise 20 (*,Midterm 2012). Given

f(@) = ze e
find

—+00

f(z) dz

18



22 Integral functions

Definition 8 (Functions defined by integrals). If f is an integrable function in [a,b] and if
c € (a,b) then

F(z) = / ") dt

is the integral function of f(x) with lower limit c.

23 The second FToC

Theorem 12 (Second Fundamental Theorem of Calculus).

1. If f : [a,b] — R is integrable then

Flz) = / () dt

1S continuous.

2. If f is also continuous then F(x) is differentiable and F'(x) = f(z).

Proof. Assume f is integrable and g € [a,b]. Then, F exists and
T zo T
P(a) - Plao) = [ 0yt [ syae= [ foyae
a a o

Being integrable, f is also bounded on [a,b] and therefore there exists M € R s.t. | f(z)| < M for
every z € [a,b]. Thus

‘F(w)—F(xo)}: /f(t)dt S/‘f(t)}dtSMM—xo

which shows that if x+ — z¢ then F(z) — F(xo).
Suppose now f is also continuous. Then the difference quotient for F' (in [a,b]) is

Flx+h)—F(z) xf J(dt
h N h

By the mean value theorem there exists ¢ € [z, x + h| such that

z+h

/f@wzhﬂ@

which means




Now, taking the limit A~ — 0 we also have ¢ — z (since ¢ is bounded between x adn x + h). That is

F(z+h) — F()

i h = (@)
which shows the derivative exists and it’s equal to f(z). O

Remark. Things we know about F' (if f is continuous and differentiable):
e F(c)=0
o F'(x)= f(x);if f >0, F is increasing; if f < 0, F' is decreasing

o F'(x)= f'(x);if f' >0, F is convex; if f' <0, F is concave

° hrf F(x f f(t)dt; thus F has limit if the improper integral exists
T—>+00
t 0<t<l1
Example 7. If f(t) = | 1ect<?’ find F(z) = [, f(t)dt in the interval [0, 2] and sketch a graph
<i=s

of F.

The graph of F’(z) is that of f(x) (see Figure[l] left). F(z) is an increasing function because its
derivative is positive and looking at the lower limit of the integral we see that F'(0) = 0.

On [0, 1], we have
‘/j’ £)dt = t/tdt

If 1 <2 <2then

T 1 T 1 T T
1 1
:/f@dhi/ﬂﬂ&+/GQMt:— +/1w=—+¢ =g tr-l=u—7
0 0 1 1 1
Therefore,
72
— 0<t<1
r——- 1<ax<2
2
The graph of F(z) is shown on the right in figure[I]
Example 8. Draw a graph of
. 0 0
:/ f(t) dt  where flx)=<2 0<z<3
- 4 3

The graph of f is shown in figure 2l For z < 0 we have

:]f(t)dt:]0dt20

20



—1 ! 1!

Figure 1: f(z) (on the left) and its integral function F(z) = [ f(¢) d¢ on the right.

If 0 <2 < 3 then

T 0 T 0 T

F(x):/f(t)dt:/f(t)dt+/f(t)dt:/0dt+/2dt:0+2t

—00 —00 0 —00 0

xT

=2z

0

xT

- /f(t)dt+/3f(t)dt+/f(t)dt

3

0 3 T
- /Odt+/2dt+/4dt
—00 0 3
=04+6+4t
3

=6+4r—-12=42x -6
The graph of F' is shown in figure

21



15+

10+

t

—1

1

2

3

1

5

Figure 2: f(t) (on the left) and its integral function F(x) = [*_ f(t) dt on the right.

22



24 Exercises

Exercise 21. Find the analytical expression for each of the following integral functions:

r T 0<x<1
L. F(:zc):/of(t)dtwheref@):{QU_1 l<z<?
- 0 x<0
2. F(x) :/ f(t)dt where f(x) =<5 0<x<5
’ 15 o>5
3. F(z) = /Oxf(t) dt where f(z) = {z iig
4. F(z) :/x £(t) dt where f(z) = {Z_ iig
. /2> < -1
5. F(x) :/ f(t)dt where f(x) =<1 —-l<z<l1
o /2?2 z>1

Exercise 22 (MC). If the mean value of f on [1,2] is 2 and the mean value of f on [2,4] is 3 then
the mean value of f on [1,4] is

5

a

<
(0¢]

/3
8

o

)
)
)
d) none of the others

Exercise 23 (MC). If f is integrable on [0, 5] and ff fdx =3 and ff’ fdx = 3 then f;’ fdxis

a) 0

<~
w

3/2

o

)
)
)
)

d) none of the others

Exercise 24. Prove that if f is continuous on [a, b] and fff(x) dz = 0, then there exists ¢ € [a, ]
such that f(c¢) = 0. Is continuity a necessary hypothesis for the statement to be true?

Exercise 25. f is integrable and non-negative on [a, b]. Prove that if

/abf(x)dx:O

then f(z) = 0 at each point of continuity of f.

Exercise 26. Let f(z) =|2—|z — 3||. Find 3 f(z) da.

23



Exercise 27. Prove that

Exercise 28. Given

vy
F(z) = at
(%) L 2 _4

write the equation of the tangent to F' at xy = 3.

Flz) :/ LRy
1

2 +1

Exercise 29. Let

Sketch a graph of F.
Exercise 30. Let N
F(x) :/ tre ™ dt
0
Sketch a graph of F.

Exercise 31. Let f: [0,1] — R be a continuous function satisfying

/Oxf(t)dt:/lf(t)dt, v € [0, 1]

Prove that f(x) =0, Vz € [0, 1].
Exercise 32 (MC). If

et +1
and M
G(:c):/ LILEpY
3 €+1
then
a) F(z) =G(x)+k, with k€ R, k>0
b) G(z) = F(x)
¢c) G'(x)=F'(x)+k, with k e R, k #40
d) none of the others

Exercise 33 (MC). f:R — R is a continuous negative function and

:/;f(t)dt

Then

a) F(z) <Oforallz e R

F
b) F(x) >0 for all z > 2
F

¢) F(z) is decreasing for all x € R

)
)
)
d) none of the others

24



Exercise 34 (TF). f:R — R is defined by

a) f(x) is integrable on [—1, 1]
fo r)dr =4
¢) f—1 f(z)dz does not exist
= [y f(t)dt is not defined for z < 0
e) f_cf(x) dx # 0 for every ¢ > 0
Exercise 35 (TF). F : [a,b] — R is defined by

- / F(t)dt

where ¢ € (a,b) and f : [a,b] — R is an integrable function

if f(z) <0 for some x € (a,b) then F(x) < 0 for some x € (a,b)
Exercise 36 (TF). f:R — R is integrable on [a, b].
a) if the mean value of f is 0 then there exists ¢ € (a, b) such that f(c) =0

if the mean value of f is positive then there exists ¢ € (a,b) such that f(c) >0

()

if there exists ¢ € (a,b) such that f(c) > 0 then the mean value of f is positive

o

=9

if there exists ¢ € (a,b) such that f(c) = 0 then the mean value of f is 0

™

if there exists ¢ € (a, b) such that f(c) equals the mean value of f, then f is continuous on [a, 0]

)
)
)
)
)
) if f is continuous on [a, b], then there exists ¢ € (a,b) such that f(c) = equals the mean value

of f
Exercise 37 (MC). If

f

Tt—4
F = dt
(2) /36,5+1

then
a) F(x) is increasing at © = 3
b) 4 is a minimizer for F

none of the others

)
)
¢) F(4) =
d)

25



Exercise 38 (MC). If

then F'(z) =

a) 2z

b)

_T
er+1

c) 2x—3

er? +1

d) none of the others

Exercise 39 (MC). If

and

then

0) G'(a) + F'(z) =0
b) Gla) = Fla) +1
¢) G'(x) = F'(x)
d) none of the others
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Part 11
Solutions

25 Solutions

5 4 5
1 The graph of the function is shown in figure 3| Since [ f(z)dz = [ f(z)dz + [ f(z)dx the total
2 2 4
area is the sum two rectangles, one with base 2 and height 0.2 and the other with base 1 and height

5
0.3: [ f(z)de=0.2x (4—2)40.3x (5—4) =0.7. In the same way, we get
2

5
/f(x)dxzo.lx1+O.2><3+0.3><1:O.1+0.6+0.3:1. (1)

0

0 10
Finally, since f is 0 anywhere except for 0 < z < 5 then [ f(z)dz =0 and [ f(z)dz = 0 which
~10 5

implies
10 0 5 10 5
f(x)de = [ f(x)de+ | f(z)dz+ [ f(z)de =0+ [ f(z)dz+0=1 (2)
Jpe i [ o]
f(x)
0.3 —
0.2
0.1 —
S| 12 3 45 6

Figure 3: f(x) of exercise 1 with the shaded area of the first integral

2 From the graph of f(x) (figure 4)) we see that f04 f(z) dz = 12.

3
1.
7 7
/4dx:4x =28—8 =20
2
2
2.
5 5
/2xdx:m2 =52_-12=25—-1=24
1
1
3.

5 5

3l =52-1245°-12=25—-1+125—1 = 148

+x

5 5 5
/ (27+32%) dx = / 2z dw+/ 2? dr = 2?
1 1 1

27

1 1



2 4 6

Figure 4: f(x) of exercise 2

4,
5 5
/ (—2x — 32%)dz = —/ (22 + 32%) dor = —148
1 1
(see previous item.)
5.
) 2
/ efdr=e"| =e?—el=¢*—-1
0 0
6. ,
2 4
3 T 16 16
d = — = — — — = 0
[fjx 1 1
-2
7.
! 1 1 1
cdr = —=| = -4+ —=
/ v 17271
2
8. The function 1/z is not bounded in the interval [—2,4] since
1
lim — = +o00
x—0% T
Therefore the integral does not exist.
9.
0 2
0 0 2 2 3
f(x)dx:/ —xdx+/x2dx:—$— _|_I_
-1 -1 0 2 . 3 o

1\ 8 19
—o—(—2)+S_0g=2
(2)+3 6

4 Being discontinuous only at x = 0 and at x = 5, f is integrable. From
15 0 5 15
/ f(x) dx:/ f(x) da:+/ f(z) dz + f(z) dz
—4 —4 0 5

15 0 5 15
/ f(x)dQE:/ de—l—/5dx+/ 15de =0+254+150 =175
_ 0 5

4 —4

we get
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For the second integral we have:

15 0 5 15
5 15
ﬂdx:/()dx+/ dx—i—/ dz

=0+ 5|In(z +5)|7 + 15 |In(z + 5)|.’
=0+4+5(In10 —In5) + 15 (In20 — In 10)
—0+5In2+15In2 = 201n?2

5 Since f is continuous we can apply the mean value theorem. The mean value of f is

1 b 1
b—a/ f(a:)dx:b_a-OZO

and by the theorem there is at least one number ¢ such that f(c) equals the mean value, that is

f(e) =0.

6 Say cis a continuity point for f and suppose f(c) > 0. Then, by continuity, for every £ > 0 there is
a 6 such that if 0 <|z — ¢[ < 6 then|f(z) — f(c)| <e. Take e = f(c)/2 and let & the corresponding
0. Then

’f(x)—f(c)|<@ |z — c| < dg
that is © 35
ch < flx) < f20> |z — c| < dg

Thus, since f is non-negative, we have
b c+do f(c) c+do
/ f(x)de/ f(m)dx>7/ dx = f(c)dy > 0
a 0750 C*(SO

which contradicts the hypothesis about the integral of f. Then, it must be that f(x) = 0 at every
point of continuity.

Note that the function need not be 0 at isolated points. For example, the previous function can
be equal to 1 at a point in [a, b], say (a + b)/2. The integral would be 0 anyway, since the value of f
at any single point does not influence that of the integral.

7 f(x) > 0 for every x so the integral equals the area under the curve. The graph of f is

8

and therefore
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8 f(z) = ¢e* is strictly increasing on [0,1] and f(0) = 1 and f(1) = e. Thus we immediately have

1
1< / e du.
0

To prove the second inequality, note that f'(x) = 2ze*” and
F'(x) = 26" + 427 = 2¢" (1 +222) > 0

therefore, f is convex on [0, 1] which means it’s bounded by the chord passing through (0,1) and
(1,e). Then the area under f is bounded by that of the trapezoid with sides 1, e and height 1, that
is (1+¢€)/2.

2

9 1 /($+7)dx:%+7x+0

72
2. /(13—x)dx:13$—§+0

6

3. /(m5+1)dx:%+x+0

4. /(8x3—9x2+4)dm:2x4—3x3+4x+(]
1 1
B N O
1 1
_ 6 Jp —
6 Edaz-/aj dx——ﬁ—l—C
1 1/2
7 /ﬁdx— x_1/2dx:?+0:2\/§+0
6 2
8. x\j—i dx:§x3/2+12\/§+0(use linearity)
2422 -3 1 1 1
9. /H—xdx:—————l———l—C’(use linearity)
x? r x? 23

2
10. /($+1)(3x—2) de = /(3x2+$—2) dZE:ZES—I-% — 2z + C (multiply)

4¢° 483

11. /(2252 —1)2dt = /(4254 — 42+ 1)dt = w3t t + C (expand the square)
T2

12. /92\/5(19 = /yZH/Q dy = /y5/2 dy = ) + C (rewrite as a single power)

3 3 4
13. /(1 +32)2%dz = /z2 +323dz = % - % + C' (multiply)

14. /dx:erC

15. /28dx: 282+ C
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16

17.

18.

19.

20.

21.

22.

10

. /26xd.’17 =2e"+C
/(3:1:2 —e”)dx = 2% — e* + C (use linearity)
1
/2x(x2 —4)dzr = 5(302 —4)2 4+ C (use pattern f'f with f = 2% —4)

3 _ 4 3/2 2
" —4)°" = §(x3 — 4)3/2 (use pattern f’f® with

3 2
/ ° 1 dz = In|2® — 4| + C (use pattern f'/f with f = 2 — 4)

T3 —

/(1 +2t)e! ¥ dt = 't 4 C (use pattern flel with f =t + )

3
/(ln z) dz = i(ln x)* + C (use pattern f'f® with f = Inx)

T

1. Since /(83:3 — 922 + 4)dz = 22* — 32 4+ 40 + C, then F(z) = 22* — 32 + 4z + C and
F(1) =2-3+4+C =3+C. Since F(1) =2, then 3+C =2, C = —1, F(z) = 22323 +4z—1.

1 1 1 1
. Since /de = /x_5dx = —@%—C, then F(z) = i + C and F(1) = —Z—l—C. Since
1 5) 1 d
(1) , then 4+C’ , C 7 (x) T
2 2 1
Since x\j—_ﬁ dz = 5.21:3/2—1—12\/5—1—0, then F(z) = §x3/2+12\/5+0 and F(4) = §6—|—24+C.
T
1 2 1
Since F(4) = 24 then C' = —§6, F(x) = §x3/2 + 12y/x — 36
3 4 3 4
. Since /(1+3:c)x2dx = /1:2+31:3d:c = %—i—g%—i—C, then F(x) = %—1—3%—1—0 and
3 3t
F(0) = C. Since F(0) = 2 then C' = 2, F(x)=§+7+2.

Since/dx—x—l—C, then F(x) =z + C and F(3) =3+ C. Since F(3) =5 then 3+ C = 5,
C=2 Flx)=z+2.

Since /(3x2 —e%)dz = 2% — e® + C then F(z) = 23 — e + C and F(0) = —1 + C. Since
F(0)=1then -1+C=1,C=2, F(x) =23 — ¢ + 2.

1
Since /— dz = In|z| + C. To choose the input of In note that F' is defined for z = 2, i.e. in
x

1
(0, +00). Thus we have /— dr =lnz + C. From
x

Flz)=lhz+C
F(2)=3
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we get F'(2) =In2+ C = 3, which implies C' =3 —In2. Thus
F(z) :lnx+3—1n2:ln§+3.

11 We know the derivative of C(z) (the marginal cost) and its value at z = 0. C(z) is the an-
tiderivative of C” such that C'(0) = 2000. Since

/c%@dx:/ﬁ0+2@dx:un+x?+c

the antiderivatives of C" are C'(z) = 10x+z*+c. Since C'(0) = 2000, we have C'(z) = 10z + 2 +2000.
If fixed costs equal variable costs then 10x + 22 = 2000, and # = 40. To find R we start from
R'(z) = 8000(1 — z)e~* and suppose R(0) = 0. The indefinite integral of R is

R(x) = /8000(1 —z)e ¥ dz
Using integration by parts we set u =1 — x and dv = e *dx. Thus, du = —dz, v = —e™* and
R(z) = /8000(1 —z)e”* dx = 8000 <—(1 —z)e " — /ez d:c) = 8000ze™* + K
Since R(0) = 0 then K = 0. The profit function is P(z) = 8000xe™ — 10x — z* — 2000.

12 1. /:z:e2”” dz. Set u =z and dv = €?** dz. Then du = dz and v = €**/2. Thus

2x 2z 2x 2x
2% xe e xre e
dz = — [ —da= - 4cC
/xe T 5 5 T 5 1 +

1
2. /x5 Inzdz. Set u =Inx and dv = 2° do. Then du = de and v = 2%/6. Thus

6 61 G 25 26 26
5] :51—/5— — —/— S R
/:E nxdx 5 nax 5 mdx 5 nx 5 dx 5 nx 36 +C

3. /a:e_?’x dz. Set u = z and dv = ¢ dz. Then du = dr and v = —e~37/3. Thus

—3x —3x —3x —3x
32 e e e e
dr = — - | - dx = — — +C

4. /lnxda:. Set w = Inz and dv = dz. Then du = 1 dz and v = z. Thus
x

/lnxdx‘—xlnx—/xldx—xlnx—/dx—xlnx—x—l—C’

T

5. /xZeI dz. Set u = 22 and dv = e *dzx. Then du = 2z dz and v = —e~*. Thus

/x%‘x dz = —2%e ™ — / —e P xdr = —x?e* + Q/xe_:” dx
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13

14

Now, apply integration by parts again to solve the remaining integral. Set v = x and dv =
e *dz. Then du = dx and v = —e™*. Thus

/x2ex de = —2%e " + Z/xex dz
= —g%c " 42 {—me‘z — / —e * dx}

=2’ "+ 2[—ze " —e "]+ C

= g% — e — 27"+ O

6. /x sinxzdz. Set u =z and dv = sinx dz. Then du = dz and v = — cosxz. Thus

/:csina:dx:—xcosx—/—cosxdx:—xcosa:+sina:+C’

1. /x\/a: —1dz. From u = x — 1 we get © = u> — 1 and dz = 2udu. We can rewrite the

integral as

2 2
/:c\/x—ldx:/(uQ—l)u-Zudu:/2u4—2u2du:gu5+§u3+0

and going back to x

/x\/x— ldzx = %(\/QJ 1)+ =Wz -1P°+C

2
3

: /2x(x2 + 1)*dx. From u = 2% + 1 we get du = 2z dz. We can rewrite the integral as

5 24 1)
/2x(x2+1)4dx:/u4du:%%—C:%—FC

X

1 2
. /ﬂ dx. From u = Inx we get x = e" and dz = e* du. Thus

/nxdx:/u—e“du:u——l—C:(n@ +C
T ev 3 3

. / € dz. From u = ¢* we get © = Inwu and dz = du/u. Thus

er + 2

o 1
/ ‘ dx:/ du=Inju+ 2|+ C =Inle* + 2|+ C
e’ +1 u+ 2

1. From u = v/ we get z = u? and dzr = 2udu. The lower and upper limits of the z—integral
are 1 and 4. The corresponding limits for the u-integral are u(1) = v/1 = 1 and u(4) = v4 = 2.

Thus ] ]
/ 2udu:2/ du=2Inlu+1|+C
u? +u u+1

and
2

dr =2Inju +1|| =2In(3) — 21n(2)

|
/1x+\/5

1
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x
Thus .

€ 2 1 3
/ (n—x)dx:/ wdu = =
1 X 0
21
3. /0 2737 dz. From u = 2x + 3 we get du = 2dx. Moreover, u(0) = 3 and u(2) = 7. Thus

2 7 7
/ 1 d 1 de 1 1 1 1+1 2
_—_— Tr = —_— — = — _— = — _— — = —
o (22 +3)2 swt 2 2\ w)| 2\ 7 3) 2

4
4. / Y dz. From u = 2% + 1 we get du = 2z dz and dz = du/2. Moreover, u(0) = 1 and
0
u(4

e 1 2
2. / (In.z) dz. From u = Inx we get du = dx/x. Moreover, u(1) =Inl1 = 0and u(e) =Ine = 1.
1

1

0

x2+1
) = 17. Thus
17
/4 Ty 1/"1d L In17
T == —du=-lnul =—
0 r2+1 2/, u 2 . 2
15 Use integration by parts. Set v = x and dv = e~3*dz. Then du = dz and v = —2¢ 3%,

Therefore:
/xe_éx dx = —2:176_%9” + /26_59"’ dox = —2$6_%z — 46_%$ +c

The indefinite integral is F(z) = —2xe 2" — 4¢72% + ¢. The condition F(0) = —1 gives F(0) =
—2.0-¢720—4e720 4 ¢ = —4 + ¢ = —1 which yields ¢ = 3.

2e”
/—(em)Q — dx

Setting u = e* we get du = e” dx and this yields

2.’E
/de:/ 2
(er)2 —1 u? —1

The last integral is a rational function and can be solved writing the integrand as a sum:

2 1 1
du = — d
/u2—1 N /(u—l u—l—l) N

du=Inju — 1] —Inju+ 1|+ C =Inle* — 1| = In(e”" + 1) + C

16 Note that €** = (%)% Then

Therefore

u? —1

17 From y = 1 + 3z% we get dy = 6z dx so that dy/6 = v dz. The indefinite integral, i.e. the set of
the antiderivatives of f, is

T B 1 IR T N N
[ o= [ap=g =g || +C
2

1 1
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The lower and upper limits of the x—integral are 0 and 1. Thus, the lower and upper limits of the
y-integral are y(0) = 1 and y(1) = 4. Therefore

4
1 1 1
— V4 —1="=
3\f 3\[ 3

1

[ s =30

“+o00
18 1. / 2~ 2dz. We have
3

b
1 1 1
/x_zdx:—— =——+4=
3 x 3
3
and
. 1+1 1
m [(—~4+=) ==
b—+00 b 3 3
thus

+o00 1
/ r3de = =
3 3

+o0 1
2. / ————dz. Use substitution rule: v = 2+ 1, v = v — 1, du = dz, u(0) = 1 and
o (z+1)3

u(b) = 1+ b. We have

/b;dac—/b“idu——L ——;—I—l
o (x4 1)3 . ud 2u?2 . 2(b+1)2 2
and

lim (——1 + 1) = 1

b—+00 2(b+1)2 4 2
thus

/+OO 1 d B 1
o @r1pT T2

—+o0
3. / e *dz. We have
1

b
/ e Pdr = -7 =—eltet
1
1
and
lim (—e_b + e_l) =e !
b—+oo
thus

—+oco
/ e dr=e!
1

+oo 2
4. / —— dz. We have
2 VT

b
2
2

VT

b
2

and

Jim (4\/5 _ 4\/5) — 400

b—+oo

thus the integral diverges.
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+oo
D. / ze~*" dz. Rewrite the integral as
0

and use pattern

/f’ef =e/ +C
Then
b 1 ' 1 1 1 1
[ e (‘5(“2)) AR L
and
) 11 42 1
lim — — e ==
bst+oo 2 2 2
thus
Foo 2 1
/ ze ¥ dr ==
0 2
0
6. / e?* dx We have
— o0
0 0 1
/(; 62:13 dz 6256 — 5 (60 o €2a)
and
- 0 _ 2a i
Jim 5 (=) =
thus
0
/ e dr =
0
7. / e3* dx. We have
_ 0 , 1
/ eSx dr = _e2x — = (60 _ 63(1)
a 3
and
Z (0 _ p3a)
Jim 5 (€= ) =
thus
0 5 1
Tdr = =
/_Ooe T 5
+00 2
1. / —xdx. Since
3 oxd4+at41
2x 2x 21

53 +a?+1  b1d  ba?
and we know (see theorem [§) that
+o0 1
/ — dx converges
5 T
then

+o0 2

x

- A converges
3 itz +1
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dz. Since

5 /*"0 323 +\/x
3

203 + 22 + /x

32° + & 3% 3
T2

23:3—1—232—1—\/EN 223

and we know that
+oo 3
/ —dx does not converge,
3

2
then
o0 :L‘2
/ - A does not converge
3 x+a+1
+o0 1
3. ———=dxz. Since
3 xvr+1
1 1 1

NI /T T 23

and we know (see theorem [8)) that

o0 1
——= dz converges
2372
3

then
+o0 1
/ —=dx converges
3 T

ve+1

+o0 ZE2
4. / 3 dz. Since
3 x° + ].

and we know (see theorem [8) that

+o00 1
/ —dz does not converge
3 T

then
+oo :L’2
/ ——dz does not converge
3 xr +1
TIn .
5. — dz. Since Inz < z for £ > 3 then
3 T
Inz €T 1
3 < 3 z?

and we know (see theorem [§) that

+o00o 1

/ —dz converges

22
3

then

T Inx

—dx converges

23
3
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+oo
6. / r3e % dx. Since e* > x° as ¥ — +oo (actually, e® > 2P for any p as © — +0o0) then
1

and we know (see theorem [§) that

+o00 1
/ —dz converges
1

then

“+o0o
/ e " dx converges
1

20 The indefinite integral of f is

Thus i
/ fx) do = F(k) — F(0) = —2ke™ 2% — 4e72% — (0 — 4)
0

and finally
lim (—21@@*%’“ Y L 4) .y

k—+o0

21 1. The graph of the derivative of F'(x) is that of f(x) (see Figure[5} left). F'(x) is an increasing
function and F(0) = 0. On [0, 1], we have

F(x):/xf(t)dt:/xtdtzgx

0

2

If 1 <x<2then

xT

O+/(t—1) dt = %—F(t — 1

1

F(x):]f(t)dt:jf(t)dt+]f(t)dt:g

Therefore,
— 0<t<1

‘%—x+1 l<z<?

2. Since f is piecewise continuous it is integrable and F(z) is continuous. Moreover, F'(0) = 0.
For x < 0 we have

F(x)= | f(t)dt= [ 0dt =0
[roe]
If = € [0,5] we have

=5z




—1 ! 1!

Figure 5: f(z) (on the left) and its integral function F(z) = [ f(¢) d¢ on the right.

Ifx>5
F(x):/f(t)dt:/5dt+/15dt:25+15t = 254 1bx — 75 = 15x — 50
0 0 5 5
Therefore,
0 <0
F(xz) =< 5z 0<z<5h

152 —50 x>5

. Since f is continuous it is also integrable and F'(z) is differentiable and F'(z) = f(z). Moreover,
F(0) =0. For 2 <0 we have

F(x):/xf(t)dt:/xetdt:—/oetdt:—et
0 0 x

If z > 0 we have

0
:_(O_Gx):ex_l

x

xT

= —eT=1—¢"

F(x):]f(t)dt:je—tdt:—e—t

0

Therefore (see figure [9),

T _ 1 <
Fla) = e z <0
l1—e™® x>0

. Since f is continuous it is also integrable and F'(x) is differentiable and F”(x) = f(z). Moreover,
lim F(z) =0. For x <0 we have

T—r—00

F(x):jf(t)dt:/xetdt:/xetdt:ex
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f() [ f(a)
1 1
4 2 2 1 4 -2 2 4
—1 —1
_ol ol
Figure 6: f(z) (on the left) and its integral function F(z) = [ f(¢) d¢ on the right.

If x > 0 we have

T 0 T

F(x):/f(t)dt:/etdt+/e_tdt:1+ —e!

—00 —00 0

x

=1+ (—e"+1)=2—¢"

2 5 9,
f(x) r

—4 -2 2 4
—1 ~1
—9 —2
Figure 7: f(z) (on the left) and its integral function F(x) = [*_ f(t) dt on the right.

5. Since f is continuous it is also integrable and F'(z) is differentiable and F'(z) = f(x). Moreover,
lim F(z)=0. For x < —1 we have

T——00
/f t)dt = /—dt
If -1 <z <1 we have

/f t)dt = /—dt+/1dt—1+ t

-1

=1l+(x+1)=2+2
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If x > 1 we have

xT —1 1 T
1 1 1
F(x):/f(t)dt:/t—zdt+/1dt+/t—2dt:1+2_ il :4_5
—o© —0o -1 1 1
Therefore (see figure [g)),
1
—— r <1
x
Flz)=<2+2 —-l<az<l1
1
4—— <1
x
4 % 4 4
f@) /(@)
2,,
2
-4 =2 2 4
‘ x
—2 -4 =2 2 4
_4,, _2

Figure 8: f(z) (on the left) and its integral function F(z) = [*__ f(t) d¢ on the right.

22 b).
23 a).

24 Since f is continuous we can apply the mean value theorem. The mean value of f is

1 b 1
b—a/ f(x)dx:b_a-()zo

and by the theorem there is at least one number ¢ such that f(c) equals the mean value, that is
fle)=0.

Continuity is indeed necessary. If f(z) = 1 for x > 0 and f(z) = —1 for x < 0 then for every

b > 0 we have \
/ f(z)dz =0
b

25 Say c is a continuity point for f and suppose f(c¢) > 0. Then, by continuity, for every ¢ > 0

there is a 0 such that if 0 < |z —¢| < 4 then |f(z) — f(c)| < e. Take e = f(c)/2 and let & the
corresponding 6. Then

even if f(z) # 0 for all z € R.

flz) = flo)| < == Je—d <d



that is

|z —¢c| < do
Thus, since f is non-negative, we have
b c+do f(c) c+do
/ f(x)de/ f(x)dx>7/ dx = f(c)dy >0
a 0—50 C_(SO

which contradicts the hypothesis about the integral of f. Then, it must be that f(x) = 0 at every
point of continuity.

Note that the function need not be 0 at isolated points. For example, the previous function can
be equal to 1 at a point in [a, b], say (a + b)/2. The integral would be 0 anyway, since the value of f
at any single point does not influence that of the integral.

26 f(x) > 0 for every x so the integral equals the area under the curve. The graph of f is

8

and therefore

/Sf()d *14—4—1—9*9
; z)de =3 5 =

27 f(x) = ¢*” is strictly increasing on [0,1] and f(0) = 1 and f(1) = e. Thus we immediately have

1
1< / e du.
0

To prove the second inequality, note that f'(x) = 27e*” and
F(x) = 26 + 42%e” = 2¢" (1 +222) > 0

therefore, f is convex on [0, 1] which means it’s bounded by the chord passing through (0, 1) and
(1,e). Then the area under f is bounded by that of the trapezoid with sides 1, e and height 1, that
is (1+¢€)/2.

28 The slope of the tangent line to F'is the value of F'(z) = f(z). At z = 3 this is equal to

and the equation of the tangent line to F' in xg = 3 is

y=F(3)+ F'(3)(x — 3)
=0+ f(3)(z —3)
4

= 5@—3)
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29 The integrand is defined for any real ¢t because the denominator never vanishes. Thus F' is defined
for all real x. The two improper integrals

1 “+o0
t+1 t41
/ 4+ / 1oy
Lo P41 . t2+1

lim F(x) = +o0

both diverge and therefore

T—r—00
and
lim F(z) = +o0.
T——+00
We have +1
x
F'(z) =
(z) 2 +1
and 2> o1
—x° —2x +
F// - - = =
(x) (CCQ + 1)2
whence we see that x = —1 is a stationary point. Since F"(—1) = 1/2 > 0, F has a local (and

global) point of minimum at z = —1. F” is positive only in —1 — V2 < 2 < =1+ +/2 and thus the
function is convex in that interval and concave outside of it. Finally, F'(1) = 0 (see figure [9).

20 4
10|
e |
20 -5 10 ——=— 5 0" 15 20
.

dit

Tt4+1
Fi 9: Fx) =
igure (x) /1 oS

The definite integral can actually be computed using techniques that are beyond the scope of
these lectures. One finds that
T

Tt4+1 1 1
F(x):/l t2—:_1dt:Eln(x2+1)+arctanx—§ln2—z

30 Let
flt) =te ™.

Since f(t) = f(—t) and f(t) is continuous, F' is differentiable and it’s an even function (that is,
F(—z) = —F(z)). The improper integral
+oo
/ f(t) dt
0
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converges, say to a > 0. Thus

and by symmetry
lim F(z)=—a
Tr——00

We have

F'(z) = zhe

which is non-negative for all x (and vanishes only if x = 0). In addition
F'(z) = —2¢ % 2%(2? — 2)

which is positive if £ < —v/2 or 0 < = < /2. In these intervals, F is convex. For z > /2 or
—V2 <z <0, Fis concave. The graph of F is sketched in figure

2

1.5+

Figure 10: F(x) :/ tre " dt
0

31 The two functions .
oa) = [ (o)
0
and

h(z) = /xlf(t) dt —/jf(t) dt

are both differentiable, since f is continuous, and their derivatives are

Then, differentiating the equality

/Ow ft)dt = /1 f(t)dt, Vo € [0, 1]

we get
@)= —f@), Veelol
which means f(z) = 0 for all z € [0,1].

32 a).
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