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Rationality , Preferirei and Utility
"

Economic theory studies interaction betwaen individuati (Equilibrium) .
But let's start with Individual decision maxi ng ( Rational ity )

"
.

Individual Decision MaKing
Human

,
or e ven animals and Plants ,

solve decision problems all the time by nelecting alternatives amory the available ones .

Rational choice theory (the firnt half of the carne) assumer that they do it purpone fully and Optimal /y ( rationality) .

Rationality
Rationality is in economics a pro party that peoples

' Choices May , or muy not have . Rationalit in every day language . Logical /mare senso ?

In economica
,
Choices are " rational " if they are best according to the decision Maker's preferisce .

But what those preferred are is le ft to the

decision Maker
.
E vengone can have their own preferences .

Economics is not Judgementat .

What is preferisce
? In economic theory , an Individual is ranking of the alternatives ,

not about the Intensity of his feelings .

Economista une binary relation to anco de the answers .

Preferirei : Binary Relation

A binary relation R on a net ✗ specifici , for each ondered pair (× , y ) of Members of ¥ ,
whether or not ✗ related to y ( x R y ) in a certain

way .
Ne en code the annwer to it by 7 .

✗ 7 y : ✗ in at least as desirable as y .

"
I prefer × ho y

"
: ✗ 7 y but not ya ✗ .

" l regard × and y an equaHy desirable
"
: ✗ 7 y and y 7 ✗ or ✗ ~ y

Definition 1- 1 : Reflexire binary relation

A binary relation R on the net X is reflexire if for all member ✗ of X ,
✗ Rx

.

Definition 1 -2 : Complete binary relation

A binary relation R on the net X is Complete if for all Members X and y of X
,
either ✗ Ry or y Rx (or both) .

Question : Is a complete binary relation reflex.
-

ve ? Yes
,
it is

.

Definition 1- 3 : Transitiva binary relation

A binary relation R on the net E in transitiva if for any member × , y and z of for which ✗ Ry and y Rz ,
we have ✗ Rz

.

Definition 1- 4 : Pregare nce relation

A pregarence relation on the net E in a complete and transitiva binary relation on
.

Exercise : Encode answers by the binary relation 7 on = { Old Fashioned , Margarita , Mojito } or E- { Fanta , coca, Pepsi } .

Do the answers connint Of a preferire relation ? Yen
, if we have Completenem and transitivi ty .

Definition 1- 5 : Symmetric and Anti nymmehic binary relations
A binary relation R on the net E in symmetric if for any Members ✗ and y of for which ✗ Ry we have y Rx , and is

antirugheMetric if for any Members ✗ andy of I. for which ✗ =/ y and ✗ Ry ,
it is not the case that y Rx .

• Guld you give me an example of symmetric binary relation ? Equality
• (Ould you give me an example of anti nymmetic binary relation ?

"

Paid the restaurant bill of . . .

"

• In the re a binary relation that is nymMetric and anlinymmehic ? Yen
,
in this cane in core flexive , ex .

an enepty relation

• Is there a binary relation that is neither nymMetric nor anti nyvumehic ?
"

Len - than - or - Egual
" ( E) No Symmetry and no Anymmehy : 5<7 → 7 # 5 .

Definition 1- 6 : Equivalence Relation

A binary relation is an equivalence relation if it is reflexire , nymmetic , and transitiva .



Any equivale nce relation R on a net E divide into dinjoint subnetn such that tuo alternatives × and y belang to the name subnet if
and only if ✗ Ry .

Each of those nubnets is called an equivalence clan .
For the in difference relation , the equivalence classes are

referred to also as indifference sets ; the Individual regards all alternatives in an indifference net as equity desirable and alternatives
in differentiindifferente netn as not equity desirable .

Utility
You

May have
head

, perhapn in un Introduction economics clan ,
that economics studies the

"

utility Maximi zing
"

agent .

Indeed
,
in many economic

Models
, an Individual in dencribed not by his preferences but by a valve function . What is utility ? Why do we une it ?

A pregarence is a Complicated Object . If I # I = 100
, then are 4950 pairs .

The list will become very long ! An earlier Nay of Writing down pre perenni
in to annone to anign each items a number . The hi ghar the number the more nhe prepara an item .

U (a) = 5
,

U (b) = 2 implica a > b
.

If we are able to write down One' s prefernce s by this number anigning way , we nay her preferirei con be re presented by a utility function .

Definition 1- 7 : Utility function
For any net and preferire relation 7 on I

,
the function U : E ' R nepresenta 7 if ✗ 7 y and if U (× ) 7 U (Y ) .

We my
u is a utility function for 7 .

A natural question : which p reference relation can be represented by a utility function ? Every preferisce relation on a finite net can be represented by a

utility function .

Definition 1- 8 : Minimal and Maximal alternatives

For any net E and pregarence relation 7 on ¥
,
the alternative ✗ E in minimal with respect to 7 in # if y 7 ✗ for all ye E and is Maximal with

respect to 7 in ¥ if ✗ 7 y for all y e ¥ .

Every preferisce relation on a finite set has minimal and Maximal Members .

Lemma 1- 1 : Existence of minimal and Maximal alternatives

Let E be a non euepty finite net and Iet 7 be a pregarence relation on ¥
. .

At least are Members of E in minimal with respect to 7 in and at least

one Members is Maximal .

ExamPaf : Ne prova the renult for maxi mali ty by induction .

• Suppone II. 1=1 .
The single element is Maximal .

• Suppone the lemma is true for I I = n - 1 .

Ne prove it is true for I I = n .

• Pick any element y e ¥ .
# ILY } han n - 1 elements

.

• Then is ✗ E I { 94 that is maxi mal .

• If ✗ 7 y , the n × in maxi mal w .
rt

. 7 in # .

• If not , Then y Y × .
Became ✗ 7 2- for any Z E # I {94 , by transitivi ty y 7 Z .

Q
.

E. D
.

Picky t X

Praz : ( Def . 1- 8) I ✗ I = 1
,

/ ✗ I = N - 1
,

H / = N . I ✗ i { 941 = N -1 then 3- ✗ E XILY } 1. t.kz E ✗ ' {94 and ✗ & 2-
.

in clan la it has a Maximum)
element

① ✗ 7 y

We can compare ✗ and y (② yy, × then y in the maximum element thanks to transitivi ty

Proposition 1- 1 : Reparenting pregarence relation by utility function

Every pre femme relation on a finite net can be represented by a utility function .



Pref : Let be a fini tenet and 7 be a pregarence relation on E. Let Io = and Mr be the net of alternatives minimal w.r.t.io in ÌO
.

Lemma implica Mn in noneueply . lnductively , In = In-il Mr and Mr + , be the net of alternatives minimal w.tt . 7 in k .

Let UH) = K for all ✗ E Mae
,
K = 1,2 , . . . , K .

WWTS a 7 b iff U (a) 7 U (b)

case 1 : il (a) = U (b) iff they are both minimal in T.ua, -1 .
So that a 7 b and b 7 a

.

Hence a ~ b.

Cane 2 : U (a) > u (b) iff b is minimal W -
rit

. 7 in Eu(b) - e ,
no that a 7 b

,
and a E

u (b) - n is not minimal .

So that it is not the cane b 7 a
.

Hence
,
a > b

.
Q

.

E. D
.

Exam

Many preferire relations on infinite metri can also be represented by utility functions . E = [0 , 1] , ✗ 7 y iff ✗ 7 y .

U (x) = ✗ re presenta 7 . However
,
not all preferire relations on infinite metri can bere presented by utility function .

A famous counter - example :

Lexi co graphic prefernce relation over the unit nquare E = { (✗^ , a) : ✗ i.2 E [0,1 ] } for which the firat priority in the firnt coordinate and the

record priority is the record coordinate
.
e.g. , (0.3 , 0.1) Y (0.2, 0.9) > (0.2

,
0.3 )

.

Proposition 1 -2 : prefernce relation not represented by utility function
The (lexico graphic) p reference relation 7 on I = { (✗^ , ✗2) : ✗^

,
✗2 E [0,1] } dafined by He , ✗2) > (41 , Yz) if and only if

either : (i ) ✗i > Y , or

Iii) ✗^ = Yi and ✗a > Ya is not re presented by a utility function .

(Non) Uniquenem

If a preparare relation can bere presented by are utility function , can it be represented by d-her utility functions ?

Proposition 1- 3 : lncreaning function of utility function in utility function
Let f : IR ☐ R be an inCreating function . lf il representa the pre femme relation 7 on ¥

,
Then no does the function w degi nerd

by we) = f- (UNI) for all ✗ E # .

Exam

Eof : W (x) 7 W (Y ) iff f (UNI ) 7 f- ( u (Y)) Iff Uil) 7 UCY) iff ✗ 7- y .

What do utility level mean ?
Hedonic Interpretation : utility is an objective Measure of individual 's nell being .

"

Nature has placed Mannino Under the governance of tuo nove reign maniera , pain and pianure .
It is for their alone to point out what

we ought to do . . . By the Principle of utility is Meant that Principle which approva or disapprova of avery action what no aver

according to the tendency it appears to have to augment ordini ninh the happiness of the party Whore interent is in questioni
or

,
what is the name thing in d-her Words to promote or to oppone that happiness .

I nay of avery action whatnoever , and the re fore
not only of avery action of a private Individual , but of avery Measure of government

"
- Jeremy Bentham .



“Consider the problem of predicting the shots made by an expert billiard player. It seems not at all unreasonable that excellent predictions would 
be yielded by the hypothesis that the billiard player made his shots as if he knew the complicated mathematical formulas that would give the 
optimum directions of travel, could estimate accurately by eye the angles, etc., describing the location of the balls, could make lightning 
calculations from the formulas, and could then make the balls travel in the direction indicated by the formulas. Our confidence in this hypothesis 
is not based on the belief that billiard players, even expert ones, can or do go through the process described; it derives rather from the belief 
that, unless in some way or other they were capable of reaching essentially the same result, they would not in fact be expert billiard players.” - 
Milton Friedman, Essays in Positive Economic, 1953.

Choi ce

• Hypothetical questioni vs .

Real Choice questions .

• stato pregare ncen va
.
Revealed preferences .

° A preferire relation refero only to the Individual 's Mental altitude , not to the Choices he /nhe may make .

° In this lecture
,
ne darci be a concept of choice , Independently of pregarences .

Choir and Rational Choir

Definition 2- 1 : Choi ce problem and Choi ce function

Given a net E , a choi ce problem for I is a non evupty subnet of ¥ and a choice function for ¥ ,
c : 2
# \O/ ☐ ¥

,
atrociatei

with avery choice problemi A c- E a ring le mani ben of A ( the Members Chosen) .

Rational Choi ce : Choices are
" rational

"

if they are but according to the decision Maker' s preferences .

• Individual has a preparare relation E over E
.

° Whenever the has to mare a choice
,
nhe in aware of the net of possible alternatives .

° Sha Chooneran alternative that is best according to her preferisce over the net of possible alternatives .

Remava 1 : Recall economics is not JudgeMental , the Individual 's pre femmes can be " irrational
"

in avery day language .
Remava 2 : An an outsider , ne do not know 7 .

If the pre ference relation of an Individual is re presented by the utility function U .
Then the Individual acts as if he Maximi 2-es the function u

Under the comtraint that ✗ E A .

Max { UH) : ✗ E A } .

Rational izing choice : An if argument
Human beings unually do not com ciounly Maximi 2- e a preferire relation what they make decision . Although individuato rarely explicit y
Choose the best alternatives according to their preferire relation .

The Houndand pontification for Modelling individuata as rational is that
their behaviour can often be denari bed as if they make Choices in this way .

Individuati da not have to be aware of their preferenze relations .

The an>uueption that they Maximi ze nome preferire relation in appropriate ai long as we can denaribe then as if they behave in this way .

Rationalizing Choi ce : Definition

Definition 2- 2 : Rational izable choice function
A Choi ce function is rational i 2- able if then is a preparare relation noch that for avery cnoice problem the alternative specifico by
the choi ce function in the best alternative according to the preferire relation .

Example : Let = { ai b , c } .

• ( (¥ ) = a
,
( (ha , by ) = a ,

c ({ a , c } ) = a
,
c ( { b , c } ) = b .

la c l' ) rationalizable ? Yes
,
it is

.

° ( ( ) = a
,
c ({ ai by) = a , ( ({ a , c } ) = C

,
c ({ b , (4) = c . In c l ' ) rational izable ? No

,
It's not

.

Definition 2- 3 : Proparty a

Jiren a net # ,
a chàce function c for nalinfies proparty ✗ if for any nets A and B with B C A E and c (A) E B we have

( (B) = ( (A) .

Whenever the Choi ce from A in in a nubnet B then the alternative chosen from A is Chosen also from B
.

Eliminati
ng nome of the un Chosen

alternatives from A nhouldn ' t affect the rete di on of ( (
A) as the best option . ( Independence of irrelevant alternativa ( Ila)) .

"

Pro party d is a sort of Mathematical cominleucy
"
.

- Tang renfeng



Proposition 2- 1 : Rationalizable Choi ce function rating in pro party ✗ .

Every rational 2-able Choi ce function ratingin pro party ✗ .

Pref : ← Let c be a rationalizable choice function for ¥ and Iet 7 be a pregarence relation that rationalizes c . Exam

• For any net A E E ,
c (A) 7 Y for all yea .

• Assume BCA
.
Then c (A) 7 y for all y e B .

• By assumption , ( (A) E B. Thun , c (A) = c (B) .

Proposition 2- 2 : Choi ce function nalinfying pro party ✗ is rationalizable

lf E in a finite net then any choi (e function for nalinfying proparty ✗ is rationalizable
.

70-7 : o Lete be a Choi ce function for I nalinfying pro party ✗
. Dende III by n

. Exam

e We connlruct a preferire relation that rational
-

2- e c as follows .

• Denota c (E) = an
,
( (¥ ' han} ) = az ,

c (Il{oh , art) = a } ,
and so on .

° Considera defined by an > a, >
. . . > an .

° WWTS for all A c- E
,
the Maximal element in A w.tt . 7 is c (A) .

° Suppone the Maximal element in A in am .
Then any element in A rankn (Weakly) lower than am ,

i. e.
,
A E {am

,
aiuti

,

" '

, an } .
• We know ( (4am

,
avuti

,

' i -

, an } ) = am .

° By proparty ✗
,
c (A) = a m .

The Honey Pump argument
Economist s often assume that a choice function is rationalizable . Why ?

• Suppone = {ai b , e } , c (da ib }) = a , ( ( da , e } ) = C
,
CH b , (4) = b .

• And suppone you have a at
hard

.

° Step 1 . I offer to re piace a with c in return for 1 € .

Step 2
. I offer to re place c with b in return for 1 € .

Step 3
. I offer to replace b with a in return for 1€ .

• Non you have a at hard and are 3 € poorer .

• Rado Nep 1- 3 Wang times .

Rationalizingchoice : Proparty ✗ (Counter - Example)

Each of the people in the net = LA ,
131

,
132 } organizer a party .

A perron mi ght be invited to a subnet of those parties and can attend

only one party .
Individuati B1 and BL are bath good friends of the party you but the relations between B1 and 132 are tenne .

The persons behaviour

is as follows .

° If he is invited by A and B1
,
the acce ptn 131

'

n invitation .

*

She does no became rhe in worried that accepting the

• If he is invited by all three individuati , nhe adepta A's invitation .

* invitation of B1 or 132 will be interpreta negativa ly by the Otter .

Remar le 1 : Obviounly , Auch behaviour is not rationalizable by a preferire relation over E .

Remare 2 : The Meaning of Charing one alternative (B1) in affected by the presence or absence of and
-her alternative ( BZ) .



 
 

Preferirei Under Uncertainty

In the firnt topic , we discussed a model of preferirei aver an arbitrary net of alternatives .
Then are Iota of instance in real life in which an alternative in the

set involve randomnem regarding the consequence it yields (toHary) : Stacks
,
Education

,
Dinhas in a new restaurant .

Ne ntvdy preferirei Under Uncertainty in this topic .

Lotteria

what is a ldtry in everyday language? A raffle ticket that yieldn a Ferrari with probability 0.001 and nothing d-hermine .

A drawing of Iota in which Prizes are didn' build to the Winners among persona buying a chance .

Definition 3- 1 : Lotteria

Let'Z, be a net (of Prizes) . A Ioltery over E io a function p : È • R that amigas a positive number ( probability) plz) to a finite number of
Members of Z and 0 to all d-her Members , with {zez, PA) = 1 .

The ruppert of the Idtery p , dended supp ( p) , is the net of all prizes to which p amigas positive probabili ly , { 2- E
'

Z : pcz) > 0} .
Ne deride the net of all lotteria over Z by L ( Z) ,

the loltery that yields the prize 2- with probability 1 by [Z] (degenerate lotte ng) ,
and the they

that yields the prize -2
,
with probability ✗a far K= 1

,
. . . ,
È by X, - Z

,
☒ ✗

a
- 2-
<
☒ - - - ✗

K
' ZK or ( ✗^ , da .

. . .

,
✗
K) .

Exam plen : If Z, consista of tuo Prizes ,
Z
,
and -22 ,

Then each Members P of L (Z) in specifico by a pair (Pn , Pa)

of non negative numbers with run 1 , where Poi =P (za) and Pz =P (za) are the probability of the prizes .

Let Z = { Ferrari , 0 } .
How to write a lottery that yield s Ferrari with probabili ty 0.5 and notting with probabili ty 0.5 ?

What is L (z) ?

1 •

Pz o i - - - .
- ^ no

:

i
°

p,
i

the net L ( { zn
,
-2, }) of lotteria .

The point (Pi , Pz) on the line 1cgmentreprenent" The net L ({ zn
,

2- <
,
Z } }) of lotteria .

The point ( Pn , Pz , P}) in the Triangle
the lottery p for which P(za) = Pe and P (Za) = Pz

.

te presenta the to Hary p for which p (Za) = Poi
,
P(Za) = Pz and PCZ]) =P}

.

Pregare nces over lotteria
We are interested in preferire relations over Ll-2) . In Terms of the model in Topic

1
,
the net E in egual to L(E) .

Example 3.1 : A panini int

An Individual has a nhict preferire relation 7
"

over the net Z, of prizes and (Panini ntically) evalvates lotteria by the womt prize , according to the preferire relation ,
that occurn with positive probabili ty .

That is
,
ha prefern the ldtery PELLE) to the tolte ry 9- E L (E) if he preparo the wornt prize that acum with positive probabili ty in p to

the wornt prize that acum with positive probability in 9-
.

et Z
,
= { $100, $10 , $1 } and $100 >

*

$10 > * $1
.

• What is a pessimisti a pregarence over p = (0.9 , 0 ,
0.1) and 9- = ( 0.5

,

0.5
,
0) ? He pre ferri 9-

.

Example 3.2 : food and Bad
An individual divide the net Z of prizes into tuo nubnetn , good and bad .

For any
lotte

ry PELLE) , Iet G (P) = [zegood
PLZ) be the Total probabili ty

that a prize in good occurn . P 7 9- if and only if G (P) 7 G (1)
.

• Let 2- = { $100, $10, $1 } , good = { $100 } and bad = { $10
,

$1 }
• What is the pneference over p = (0.9 , 0 , 0.1) and I (0.5 , 0.5 , a)

? Ha preferii P .



Example 3.3 : Minimi Zing options
An Individual Wanta the number of Prizes that might be realize to be as smak as possible . p 7 E if and only if / supp ( P) / E / Supp (9) | .

Thin preferire relation Maries nenie for an Individual who does not Care about the realizetion of the lottery but Wanta to be as prepared as

possible ( Physica/ly or mentaliy) for all possible Outcomes .

• t.at Z
,
= { $100, $10, $1}

° What is the pre femme over p = (0,0 ,
1) and 9- = (0.5

,
0.5

,
0) ? Ha preferii P .

Properties of Pre ferences

Continuity

Definition 3 -2 : continuity
For any net Z of Prizes ,

a preparare relation 7 over L (Z) is Continuous if for any three prizes a , b and c in Z such that

[a] > [b) > [i ] then is a number X with 0 < ✗ < 1 such that ( b] ~ d. a ☒ (1- × ) - c
.

• The Intermediate value the 0rem : if f : [0,1] ☐ R is continuous
,
then it tares on any given value betweeu f- (0) and f- (1) at nome point in

[0,1] .

° Suppone that for the prizes a ,
b and c we have [a ] > [b] > [c] , and consideri lotterie of the form a. a ☒ (

1- ×) - c ( with OF ✗ E1)
,

e the continuity pro party reqvires that as we more continuanly from ✗= 1 (the degenerate ldtery [a] ) to ✗ = 0 (the degenerate lo#ery (D)
We pass (at least once) nome value of anch that the ldtery d- a ☒ (1- a) . ( is indi fferent to [b] .

° Smail Changer in probabilità do not changa the nature of ordering betneen tua lotteria .

• Let'Z = { $100, $10 , $1 } and $100 ↳ £ $10 >
*

$1
.

Doas the peni misti preferisce natinfy continuity ? No

• Let 2- = { $100, $10, $14 , good = { $100 } and bad = { $10
,

$1 }
.
Docs the goal and the bad preferirei natinfy continuity ? Yen

• Let Z, = { $100. $10 , $1 } . Don the minimi 2- ing options preferirei nalirfy continuity ? No

Independence

• Let È = { $100 , $10 , $1 } .

What is the loltery 9
.

that gives $100 and $1 with even Chances ?

• P = f- . [ $100] ☒ f- . [$1] = ( % ,
0
,
%)

.

° What is the ( compound) loHery r that leads P and 9- = [ $10] with even chances ?

° r = f. p ☒ f. I = (44 , 112 ,
114)

Definition 3- 3 : Compound loHery
Let '

Z
, be a net of Prizes , let poi

,
. . . . Pie be lotteria in L (E)

,
and Iet ✗^ . . . . , ✗ re be non negative numbers with num 1 . The compound loHery

✗^
. Poi ☒

. . . ☒ ✗
R

- Pre is the Idtery that yield) each Prize z e Z with probabili ty {a ✗ K Pie (Z) .

Definition 3- 4 : Independence
Let È be a net of Prizes .

A prefereuce relation 7 over L (Z) rating.
-

es the Independence proparty if for any lotteria :

✗
^

. Z
,
☒ . . . ☒ ✗

r
. 2-a ☒ . . . ☒ ✗E

_ z.pe and P - a ☒ (1 - P ) . b we have

[Zn] 7 p . a ☒ (1- p ) . b ti=D di - Z, ☒ . . - ☒ da - 2- a ☒
. . . ☒ ✗ ' 2-E 7 ×. . z , ☒

. . . ☒ ✗
µ

. ( p . a ☒ (1 - p) . b) ⑦ ' . . ☒ ✗E
- ZII
.

If we Mix tno lotteria with a thirdldtery ,
Then the preferisce ordering of the tuo ranking mi✗ tuned does not depeud on (is independent of ) the

particular thind loHeng uned .



• ¥ . L ☒ f- - L
"

can be thought of as the compound ldtery arising from a Coin ton in which Individual getn L if head comes up and L" if

taihdoes
. Similady , £ - L

'

☒ £ - l
"

. . .

• Conditionat on heads
, f- L ☒ f. L" is at least as good as £

. L' ☒ È ' L"
. But conditionat on taih ,

the tuo gira identica renultn .

• Independence req vires the
" nennible " conclusion that I - L ☒ È . L" be at least as goal as f- . L' ⑦ È - L"

.

Independence is at the heart of the theory of pre ferences Under Uncertainty .

It exploits , in a fundamental Mariner , the ntrudvre of Uncertainty pre sent in the

model . In the Theory of Consumer demand ,
ther is no reason to believe that a consumer 's pre ferences over various bundles of good 1 and 2 nhould be independent

of the quanti ties of the d-her goods that nhe will consuma . In the preneut context , howeuer, it in natural to think that an Individual 's prefemmes betneen

L and L' nhould determina which of the tuo nhe prepara to have as part of a compound ldtery regard les) of the d-her outcome , L
"
.

Whynhould L" be irrelevaut ? Sha doesn't comune L or L' together with L
"

but
,
ratner

, only Instead of it .

Independence - Exercise
° Gould you have are Counterexample of independent preferences ? Complementari foods
• Do the pessimisti e preferirei nalirfy independence ? No

• Do the "

good and bad
"

preferirei rating y independence ? Yes

• Do the " minimizing options
"

preferirei natinfy independence ? Yes

Monotoni city
connider lotteria that an> iyn positive probabili ly to only tuo prizes a and b

,
with [a] > [b] .

We ray a pregare nce relation over L (Z) in monotonia if it

rankn nvch lotteria by the probabili ty a occurs . The next renult nays that any preparava relation over LCZ)
that rating.- es the independence pro party is

mono tonic .

Lemma 3- 1 : Independence implica monotoniCity

Let'Z
,
be a net of Prizes . Amune that 7 ,

a preferire relation over L (E) , ratingin the independence proparty . Let a and b be tuo prizes with [a] > [b] ,

and Iet ✗ and p tuo probabili ties .

Then : ✗ > 13 ⇐☐ d. a ☒ (1 - d) . b b p . a ☒ (1 - p) . b .

=xpecled Utility
Definition 3 -5 : Expeded Utility
For any net È of prizes , a preferire relation 7 on L (Z) is causi nient with expeded utility if the re in a function v : Z • R such that 7 is

hepresented by the utility function Ù defined by : ÙLP) = E PG) V (Z) for each pe L (Z) . The function v is called the Bernoulli function
ZEZ

for the representation .

EU (Expecled Utility) is Mont commonly an>unico in economic theory . How don EU individual Compares lotteria ? It aHaines to each Prize 2- a number
,

which we referto as the value of the prize and denota vcz) .

When era tua Tiny a lottery p , it Calculator the expecled value of the lotte ry ,
{ PCZIV (Z)

.

2- E
'

Z
,

the prefenemies are defined by : p 7 I if I PHI V (Z) 7 {
9- (Z) vlz)

.

2- E 'Z
,

2- E
'
Z,

Main Question : What is the relation between EU and preferences
?

Proposition 3 -1 : Expected utility is continuous and Independent

A preferire relation on a net of lotteria that is anninient with expected utility ratingin the Continuing and Independence properties .

Continuity and Independence are necessary for a pregare nce relation to have a EU representation .

Pref : Let È be a net of Prizes ,
lat 7 be a preferire relation over L (Z) , and Iet v : Z,

☐ R be a function 1. t . Ù(P) = { PIZ)
✓ (Z) nepresenta 7 .

2- E
'

Z,

• continuity
° Leta

,
b and c E

'Z rating y [a] > [b] > (c] . EU • I + (

o ([Z] ) = v (Z) for all z E Z .
Thun

,
V (a) > V (b) > V (c)

.

° We can pick ✗ E [0,1] 1. t . ✗✓ (a) t (1- a) V (c) = ✓ ( b)
.

• Then it (✗ . a ☒ (1 - a) . c) = (( b] )
,
i.e.

,
✗ • a ☒ (1-×) . c ~ [b]

. Exam



° Independence

✗
^
. Z, ⑦ . . . ☒ ✗ ne

' Zoe ☒ . . . ☒ Xx
.

. Zie
.

7 4 . Z
,
☒ . . . ☒ da - (p . ✗ ☒ (1 - p) . b) ☒ . . . ☒ ✗E

.

- Ze
.

E
✗
,
V (za) t - - - t her (Za) t . . - t ✗E V (Ee) 7 d, v (za) + . . . t ✗ re (p ✓ (a) t (1- p) V ( b)) t ' i - t ✗E V (za)

È
V ( zu) 7 PV(a) t (1 - p) v (b)

E
[Zn] 7 p . a ☒ (1 - p) - b

Exam

Expecled Utility : Representation theOren

Proposition 3 -2 : continuity and Independence implica expected utility
A preferire relation on a net of lotteria with a finite net of prizes that ratingies the continuity and independence properties in conninleut with EU .

Continuity and Independence are ufficiout for a pregarence relation to have an EU representation .

Pref : Let Z be a finite net of prizes and Iet 7 be a preferire relation on UE) natinfying continuity and independence .

It ( o EU
Label Members of Z no that [2- ^] 7 . . - 7 [zia]

.

Let -2 , = M and 2- e
= m

.

Firat appone [ M] Y [ un ] .
Then

, by continuity , for avery Prize z ther is a number ✓ (z) n
.
t
. [z] ~ V (z) . M ☒ (1 - V (z )) - m

.

By monotoni City ,
VA) in Unique . Considera loHery P (za) - z ; Ot

- - - ☒ P (2-¥) . 2-⇐ .

App /ying Independence E timer
, p is indi ffereut with p (za)

. (V (za) . M ④ (1 - V (za)) - m) ☒ . . . ☒ P (ze ) - (✓ (ze) . M ☒ (e - VK.ve) ) . m)
.

A boia compound loltery in egual to : ( § P (Za) V (za)) . M ☒ (1- £ P (za) ✓ (za)) . m .

fiven [M ] > [un] , by monofonici ty , comparinon betneen any tuo compound lotteria p and q is equivalent to the compari non belweeu

§ P (za) v (Za) and { 9- (za) " (za)
. Non

, suppone that [ M] ~ [un] .
Then

, by Independence , p ~ [ M] for any ldtery P .

Choose u (za) = 0 for all K .

(P) = 0 ne presenta the preferire relation .

Exam

Expected Utility : Uniquenon

1g V :
'

Z
,

io IR is the Bernoulli function for an expected utility representation of a certain preferire relation over L (E) .

Then
, for any ✗ > 0 and p wcz) = ✗ VCZ) t p is a Bernoulli function for an expected utility representation .

Expecled Utility : Discussioni

EU in extremely convenient analyticaly (technical side) : it in very easy to work with EU and very difficult without it.
It in pervasivaly uned in Economics .

EU May provide a valuab le guide to action (normative ride) : People often find it hard to think nyn tematica lly about risky alternatives .

But if are believer that his Choices nhovldnatinfy the Properties on which the the0rem in built

(notably , the Independence) , then the the0rem can be nerd as a guide in his decision procera .

Theory and Experiments
• Then are 3 possible Monetary Prizes : 2.S mln

,
0.5 mln

,
0

.

,
• LoHeng L, = (0,1 , 0) un ↳

'
= (0.1 , 0.89 , 0.01) U (li ) = 0.5min

,

U (↳ ' ) = 0.25 t 0.445 = 0.695 mln

• LoHery La = (0, .tl , . 89) vs ↳
'
= ( . 10

,
0
,
. 9) U (4) = 0.055 mln

,
Ulli) = 0.25 mln

" "

- It's common to express Ln > Li
' and La ' > La . Is this behavior rational ? Yen

,
evan if it doesn't follow EV

= { 4, 4
'

,
La

,
La

' }
.

La > Li
'
> La

'
> La

.

Does this behavior nalinfy EU ? No
,
it vi daler Independence . E

ÉÌE
.

Li > Li ' =D 1 U ($1 mln) > 0.89 U ($1 mln) + 0.01 U($0 mln .) 1- 0 . I U($5 m)
° D

La' Y La ⇒ 0
. Il U ($1 mln) t 0.89 U ( $0mln) < 0.9 U ($0 mln .) t 0.1 U ($5 mln .) → 0

.
Il U ($1 mln . ) < 0.01 U ($0mln .) 1- 0.1 U ($5 mln .) Ln li

→ tu ($1 mln) - 0.89 U ($1 mln .) < 0.01 U ($0mln .) t 0 ? U ($5 mln .) → 1 U ($1 mln .) < 0.89 U ($1 mln .) 1- 0.01 U ($ 0min .) t 0.1K$ 5min
.)

It violaten the Independence axiom , nance this preferire relation Can' t have a EU representation . .

Thin thought experimeut is call ed the Allais Paradox : la II

① Charing Under Uncertainty is a regiedive activity in which are nhould be ready to correct Mintaka if they are povere inconntitent with the basic principles euebodied in the

Independence axiom .

② The Allain Paradox is of limited significano for economics as a White became it involve probabilità dare to 0 and 1 .



③ Accomodate the paradox with a Theory that defines preferirei over lager and more Complex Objects thou nivuply the Ultimate toHary over outcome .
For example , regret theory .

④ Stick with the Original choke domain of lotteria but to give up the Independence axiom in favor of nomething Weaver .

Money Lotteria and Rink Avernion

In
many economic melting s , Individual s seem to display avermi on to rink

.

We formali ze rink avermion and study its properties .

Ne assume that the net Z of

prizes in the net of nonnegative real numbers , and think of the Prize 2- as money $ Z
,
a Continuous Variable

.

The derivation of EU ai> uni ed a fini le number of Outcomes . However, the Theory can be extended .

Denota amants of Morey by the Continuous Variable Z
.
A Monetary toHeng in a cumulative distribution function F : R ☐ [0,1] . F (z) is the probabili ty that

the nealized payoff in ± z . If F admits a density function Then Flz) = [ f- (t) dt .

- co

The final distribution of a compound ldtery ✗ ^ . F
,
☒ . . . ☒ d-

☒
. Fre is FLZ) = £ ✗ rette (z ) .

Definition 3- 6 : Extending Expected Utility to Monetary lotteria
D-(F) = / vizi dflz) .

Ù () in the von - Neumann - Morgenstern (v . N - M) expected utility function defined on lotteria
.

vi) is the Bernoulli utility function defined on sure amants of Morey .

Rink Avemion and its Measurement

The concept of rinn avernion provider one of the Central analytical techniques of economic analysis . We begin with a general definition that does
not prenne an EU formulation .

Definition 3- 7 : Rink Avernion and Rink Neutrality
If Z, = Rt , a preparare relation 7 on LCZ) is rink - averne if [ / 2- dflz)] 7 F for avery F E LLZ) , in nhictly viste- averne if the indifferente hdds only when the

two lotteria are the name , in rinr - neutral if [ /zdflz)] ~ F for avery F E L (Zi) .

Rinn avernion : for all loHery F, the Corresponding degenerate loHery that Yield the expecled payoff with certainty is at least as quod as the hokey F itself .

Non
,
let' s add EU to the definition . lf preferirei admit an EU representation with Bernoulli function VC.)

,
Then it is rink averne if and only if :

/ vlzldflz) E VI / 2- dflz) )
,
Jensen's inequality . Defining proparty of a concave function . Under EU

,
rinn avermi on is equivalent to the concavi ty of vc.) ;

strict rink avermi on is equivalent to the ntrict concavi ty of Vt ) .

Strict concavi ty Menus marginal utility of Honey in de Creating . Utility gain from an extra dollar in unalter than utility ton of having a dollar les> .

Tharafore ,
a rink of gaining or Kooning a dollar with avere probability in not North faking .

Rink

Aversioni



Under EU
,
rink neutral is equivalent to the linearity of V1. ) .

A vneful concept for the analysis of rink aversion .

Rink

Neutrality

The figure nhows geometria

Definition 3- 8 : Certainty Equivalent construction of C (F, v) for an

Given a Bernoulli function V , the certainty equivalent of F , eran probability lotte ry
dended c (F, v) , in the amour t of Honey for which the betnaen 1 and 3

.

individual is indiffereut betneen the hokey F and the certain Note that ( (F, v) < 2 , implying
amovnt of ( ( F , v) ; that is , V ( c ( F, v)) = / ✓ (Z) dfcz) nome expected return is trader

for certainty .

Certaiuty
Equivalent

( (F, v) E fzdflz) for all F in equivalent to rink aversi on .

[ (F , v) E / 2- dflz) A-D U ( c (F, v)) E U ( / zdflz)) ED / ULZ) dflz) E U ( fzdflz))

Def . in clan : Given tuo V1
,
V2

. Un is more rink- averne 1-han V2 if : c (F , V1) E c (F
,
V2) for all F.

fiven tuo Vn
,
V2 .

Va in more rink-averne /more concave than V2 if I an inCreating concave function 10 , rt . V1 ( Z) = 0 (V2 (z))

V2 (z) , ¢ (× ) = In X , 0
' (× ) = ¥

,
lo
"
(×) = - ¥ < 0 then V1 (Z) = (v2 (z)) = (Z) = In Z

.

Proposition 3 -3 : Equivalent properties of link aversioni

suppone a preferire relation 7 advuits a EU representation with a Bernoulli utility function v on amants of Mooney . Then the following Properties are equivalent :

1) 7 is rink- averne

2) V in concave .

3) c (F, v) E / 2- d FCZ) for all F .

Once we know what it meam to be rive averne , we can try to Measure the extent of rink - avermi on .

Definition 3 -9 : Arrow - Pratt coefficient of absolute rink - aVersion

Given a tnice - differenti able Bernoulli utily function v for money , the Arrow - Pratt coefficientef absolute rive - avermion at 2- in defined

as ra (Z) =
- v

" (Z)/v' LZ) .

Rink neutrality is equivalent to the lineun'ty of V , that is , V
" ( z ) = 0 for all z .

Rinn avermi on in equivalent to V
"
E 0 when V in twice - differentiable .

Degree of rinn avermion to be related to the curvature of V : rinn averti on increase with the curvature of Vat × , whene ✓
"( z ) in a Measure of curvature of u at z .

But it is not invariant ho positive linear transformation of V . To make it invariant, the timp test modification is to une ✓
" (z )/v'Cz) .

If we changa nign to have a positive number for an Increaring and concave v , we get : - ✓
" ( z)/ v'Cz) .

Non that we are equipped with a Measure of rink avermi on , we can compare rink attitudes . fiven tuo Bernoulli utility function V1 and V2
,
when can we nay that

V2 in un ambiguounly more rink averne than voi ?

Threeplaunible definition : 1) ra (× , va) 7 ra (× , V1 ) for avery ✗ .

2) V2 is more concave than Voi
.
Thane exints an increaning concave function 0 1. t . V2 (Z) = 0 (Vr Cz )) .

3) ( (F, V2) E c (F, V1 ) for any F .

Proposition 3- 4 : Equivalent Companions of rink avermi on

Definition (1)
,

(2)
, (3) of the more - rinn - averne - than relation are equivalent .



Comparinon Payoff Distributions

In the previovs nection , we com pared utility function . Non ne compare payoff dirtibutions .

What is the Meaning of
"
the distribution F yields un ambiguounly higher return thou the dinhibution G

" ?

Twonennible criteri a suggest themselves :
- Fint

,
whather avery EV maxi mizer who Values more over ten preferii F to G .

- Second
, for avery amovnt of moneyz, the probabili tyog.geHing at least z in higher Under t thou Under G .

Fortuna lety , Thane tuo lead to the name concept .

Definition 3- 10 : Fint - Oder tto Chan tic dominance

the distribution F firnt- Onder 1tochantically dominales G if , for avery non decreasing function V : R ☐ R
,
we have : /vczid Flz ) 7 /vizi d G ( Z ) .

Proposition 3-5 : Equivalent definition

The distribution F firnt - Onder rtochantically dominate G if and only if Flz) E GCZ) for avery z .

Firat - Onder Strachantic

Dominance

F G
• Let 2- = { $1 , $10

,

$100 } .
F- (0 , 0.5 , 0.5) and G = (0.1 , 0.6 , 0.3) n

?
•

• Docs F FOSD G ? Yes 0.7
- [0.5 -

° Is the FOSD relation complete ? Transitiva ?
"

Subject
-

ve Expected Utility Theory ( SEU)
Two differenti' probabili ties " : SuperEnalotto vs Horse race

.

SuperEnalotto : Probabilities are obnervable
, objective . Sovueone Will pay 2€ to buy a SuperEnalotto . Probabili ty of winning Jackpot in 1 in 622,614,630 .

Overall oddn of Winn ing a Prize : 1 in 20 .

Horne race : Probabili ties are not obnervable ,
not objective . Say then are 3 hornes in a race . Someone who piacer a 2€ bet on a home A das not

necenan.ly have a 113 chance of winning .

We have beentalniny up to how about SuperEnalotto , but not home race .

If we want lo model situation of home races , we cannot think about preferirei aver lotteria .

Became we do not know probabili Kes .
We neeol a

differenti
etup . We are going to think about acts .

What is an act ?

Firat
,
we head to define Hates of the World .

We will do this with an example .
Considera race betweeuthree hornes : A

,
B and C

.

What are the possible outcome of this race ? (Excluding ti es) .

This is what we menu by states of the World .

An exclusive and ex haun live list of all the possible realizations in ancenario .

An act is then an action which is defined by the outcome it gives in each state of the World .

Have are tuo exampia :

• Act f : A 10€ even money bet that A will win .

• Act g : A 10€ bet at Odda of 2 to 1 that C Will win
.

So
,
how would you Choose betneen actn f- and g ?

SEV assumer the following : 1) Figure out the probabili ty you would associate with each ntale of
the World

.

2) Figure out the utility you would gain from each prize .

3) Figure out the expected utility of each act according to those probabili ties and Utilities .

4) Choose the act with the highest utility .



So
,
in the above example . Utility from f : [ it (ABC)

t IT (ABC)] v40) + [it (ABC) t it (BCA)] ✓ (-10) + [IT (( BA) + ITICAB)] v1- io)

Wham it is the probability of each act .

Utility from g : [ IT (ABC)
+ IT (ACB)]VI-10) + [it(BAC) t it (Bla)]v1- io) t [TUBA) + it ((AB)] v (20) .

Suppone v in linear . Then f is preferred to g if : tz } or the probabili ty of A winning in more than È times the probabili ty of C winniug .
[IT ((BA ) t t ((AB )]

Definition 3 -11 : SEU

Let È be a net of Prizes , I be a finite net of Hates of the World and F be the ranking net of acts (i. e . . F is the net of all function f : I • Z) .

We Ray that preferirei 7 on the not of acts F has a nubjective expectud utility representation if there exints a utility function v : È • R and probability

function 1T : r • [0,1] such that [
weat") = 1 and f 7 g ED [ ITCW) v (f- (W)) 7 { ITCW ) ✓ (gcw))

.

wer
wer

EU vs SEU

Ù(p) = { PLZIV (z) and (f) = { ITCW) ✓ (f- (W))
2- E

'Z, WEI

•

Why would tuo Dms Choose differentiy Under EV ? Became they might have different approaches to rink .

•

Why would tuo Dms Choose differentiy Under SEU ? Became they might have di g. ferent Utility Function due ho differentevulvation of the Hates of the world .

Consumer Preferences

In the firnt tuo topics , we di ncvnsed a model of pre ferences and rational Choices over an arbitrary
net of alternatives .

(the Mont general model) .

In the Thin topic , ne apply the model to lotteria .
( Pneferences Under Uncertainty and more nlructures

,
more results) .

In the fourth topic ,
ne apply the model to the Choi ce of what to comune :

- A context Central to standard economic theory .
But

,
what is comune phon ?

- In economia
,
we menu by

"
comunephon

"
a target variety of activities that we weon by

"

comune phon
" in everyday life .

- Whan you eat an apple , you consuma that apple ,
but aho

,
wheu you near a shirt , you consuma that shirt .

- Whan we 1tudy rationality in comuneption , we have in Wind all those applications .

In comunephon a likely candidate for a nuccesfvl application of the theory of rational Choi ce ? Do you give Iota of thought to your Choices about avery day consumi> tion , such

as dinner purCharles , or Clothes pvrchases ? Probably not . . . lndeeol
,
home of then wight be driven by addiction . But ramenbar from the previour topic that by

rationality we don't mean that peuple mare Careful/y considered Choices
, ne only mean that they act as if they Maximi 2- col nome causi nient prefereuccs . Perhaps , we

don't think that our comunisti on is as if it Maximized nome nell - defined preferisce , but to an outni de Observer it appears no .

Ultimate ly ,
data have to decide whather it is a goad model .

Bundle
of foods

Definition 4 -1 -1 : Set of alternatives (bundles)

the net of alternative in # = IRI .
A menrber of I is a bundle

.

• Why IRI and not RI ? Mont of the results are also true if Then are a Milli on goods ratherthanjunt tuo .
• Why IRI and not III ? % T-shirt ? Modelling Convenience .

Preferisco over bundle>

We non gire nome example of preferisco relations over bund les and reprenent then by indifference sets (or indifference Curves) .

The indifferente net for the pre perenne relation he and bundle a is { YE E : Y ~ a } , the net of all bundles indifferenti a .

The Collection of all indifferentietn in the partition induced by the equivaleva relation ~ .

If 7 in re presented by a utility function U
,
the indifferente set for the bundle a in 44 E : UCY) = U (a) 4 ,

the contour of U for the bundle a .

Hete
,

"
name utility " is analog on to "

name elevation
"
in Maps .



Example 4- 1 : Constant Tradeoff

the Consumer has in vuind tuo numbers V1 and V2 ,
whene Vi in the value he ami gusto a Unit of goad i .

Hin pregarence relation 7 in defined by the Condition that ✗ 7 y if Vix, + va ✗ e 7 Viyn + vita .

Thun 7 in represented by the utility function V1 ✗ i 1- Via
.

The indi fference net for the bundle (an ,
ar)

in { (✗1 , ✗2) : Un ✗a t Va ✗a = V1 an t v2 924 , a
line with Hope - Vi / v2 .

Example 4-2 : Ohly good 2 is valued

the Consumer Caren only about good 2
,
which he likes . His pre perenne relation is represented by the utility function ✗< .

For this prefer nce relation , avery indifference net is an horizontal line .

Example 4-3 : complementari goods
The Consumer wantn the name avuount of each goal and prepara la rger quanti ties . That is ,

he preferii a bundle ✗ to a

bundle y if and only if Min { ✗i. ✗ a } > min { Yn , 42} .
(think of the goods as right and leg t rhoest. Thun ,

mi n { ✗^ , ✗a }

is a utility function that nepreneut this preferisce relation .

Example 4- 4 : Lexi co graphic preferences

The Consumer Correr primari ly about the quanti ty of good 1 , if this quantity is the name in tuo bvndles , then he prefers the bundle with the

larger quanti ty of good 2
.

Formally , ✗ 7 y if either : 1) ✗^ > Yn or

2) ✗i = Yi and ✗2742 .

For this preferisce relation , for any tuo bvndles ✗ and y we have ✗ > y or y > × ,
no that each indifference net consista of a single point .

Monotoni city

Definition 4 -1 -2 : Monotone Preferisce Relation

the p reference relation 7 on IRI is monotone if : X, 7 Y , and ✗< 7 Y, ☐ (✗1 , ✗2) 7 (Ys , 42) and ×, > Yi and ×, > 42 ☐ ( ✗^ , ✗2) > (Yi , %) .

It is ntrongly monotone if : ×, 7 Yn ,
✗a 7 Ya and (✗^

,
✗a) =/ (uh , Y) ☐ (Xi

,
✗<) > (% ,

k) .

Monotoni city is ratingied as long as commodi ties are
"

goods
" rather than " bada " .

lf nome in a bad , we May redefine it .

For example , pollution is bad ,
we define comunisti on over

"

abncence of Pollution
"

.

Continuity

Definition 4- 1- 3 : continuity

The preparare relation 7 on RI is Continuous if Whenever ✗ by there exirts a number E > 0 such that for avery bundle a for which the distance to ✗ is

ten than E and avery bundle b for which the distance to y is ten than E we have a > b (where the distance between any
bund les (wi

,
wa) and (Zr , za) is

t wa - Z, 12 t twa- 2-212
.

continuoun Preferenien and Utility

Proposition 4- 1- 1 : Continuous preferenze relation and continuous utility
A preferire relation on IRI that can be re presented by a Continuous utility function is continuous .

Pref : Lett be a preferire relation and Iet u be a Continuous function that reprenent it .

Lat × > y .
Then he) > ULY)

.
E = § (ulx) - ULY)) .

By the continuity of Uther 7s c- (0, } d (× , y)) such that : Ula) > ulx) - E for all a c- Bs (×)

h (b) < ULY) 1- E for all be Bg (Y) .

Thun Ula) > U (×) - E > U(Y) t E > U(b)
.

Exam



Proposition 4- i -2 : Continuous preperenne relation and Continuous utility .

Every Continuous preparava relation can be represented by a Continuous utility function .

Convexity

Definition 4- 1 -4 : Convex Pregarene Relation

The pregare nce relation 7 on IRI in convex if : a 7 b =D la + (1- d) b 7 b for all he (0,1) .

And nhictly con vex if a 7 b and a =/ b =D da t (1- 1) b Y b for all he (0,1) .

Convexily : the trade- off s that the consumer is Willing to make aueongdifferent goods .

Anthony but Central hypothesis in economia .

A basic inclination for diversification :

• Under convexity , ✗ ~ y ,
then I × + I y 7 ×

.

• A realiHic of economic life .

•
"

Economic theory would be in serioun difficilty if this pontvlated propensity for

diversification did not have significant dencriplive Content " - MWG
.

• Guld you think of a cho ice situation that violate con vexity ?

Example : Convexity on Lexi co graphic preferirei
Lexi cographic preqerences are convex .

1-nume (an , az) 7 (bn , ba) . If an > be Then for avery 1£ (0,1) we have t an t (1- 1) b, > bn and this ta t (1 - t ) b Y b
. If an = b, then

tan t (1-d) bn = bi
.

In this cane az ? ba and hence la> t (1- 1) b, 7 bz , no that ta t (1- d) b 7 b
.

Convexity : Character
'

zation 1

Topo niti on 4- 1 -3 : Chiara Clerization of Convex pregare nce relation

the prefernce relation 7 on RI is convex if and only if for all ✗
*
E I the Upper contour net of ✗

* { ✗ E : ✗ E ✗
* } ( containing all bundles at least as good as ✗

* )

is Convex
.

troop : Only if . Assume that he is Convex .
Leta

,
b E { ✗ E : ✗ 7 ✗

* } .
Without ton assume a 7 b .

Then for he (0,1) , la t (1-1) b 7 b 7 ✗
*
.

lf . Assume that the net { ✗ E È : x 7 ✗
* 4 in convex for all ✗

*
. If a 7 b then we have a € { ✗ c- E : ✗ 7 b } .

b E { ✗ c- E : ✗ 7 b } . Convex ity gives ta t (1-1) b in the net . Thun la t (1- 1) b 7 b .

E✗am

Mathematically ,
convexity is equivalent to Convex indifference curve .

What does convexity mean in economic terms ?

It une ans that the avuovnt of good 2 that the consumer in Willing to give up for are more Unit of good 1 in gelting unaHer as the Consumer has more and more

of good 1
. Very loosely speaking , the marginal utility of goal 1 , expressed in Units of good 2 , io diministri ng : the more of good 1 the Consumer ha> ,

the loss is an additional Unit of good 1 North to her .

(onvexity : Decreasing Marginat Role of Substitution
Comi der three bundles a = (10,10)

,
b = ( 11 , 10 - p) , and c = ( 12 , 10 - P - y) for which a

~ b ~ C
.

Whan the amount of good 1 increase from to to 11
,
the Consumer is Kept indifferente by reduci ng the amovnt of good 2 by 13 .

Whan the amovnt of good 1 increase from 11 to 12
,
the Consumer is Kept indi ffereut by reduci ng the amount of good 2 by 8 .

Strong monotoni city and convexityimpliesdecreaningmarginalraleofnubnh.lvtion , p 7 8 .

The role at which good 2 io nubntituled for goods deCreaser as the amovnt of good 1 increase .

Suppone , to the Conway that p < y .

Then 13 < È (pt r ) =D (11 , 10 - I (pt t)) e b = (11 , 10 - p) . But (11 , 10 - I (pt r)) = fa + I c 7 c ~ b
.



Convex ity : characterzation 2

Proposition 4- 1 -4 : Pregereuces with concave representation are Convex

A preferire relation 7 on RI that is represented by a concave function is convex .

Pref : Let 7 be a pregarence relation represented by a concave function U
.

Assume that a 7 b
,
no that u(a) 7 ulb) .

By the concavity of U , u ( la + (1- 1) b) 7 tu (a) + (1- 1) Ulb) 7 Ulb) .

Thun
,
la t (1-d) b 7 b

.

Exam

convexily of t das not imply U in concave
.

Thera May not be any concave utility function reparenting a particular Convex preferire relation 7 .

Definition 4- 1- 5 : Quasi concave function

U : IRÌ ☐ R in quasi concave if u(✗ a t (1- a) b) 7 min { Ula) , U (b) 4 for any × , y E IR
'

and ✗ e [0,1] .

Proposition 4- 1- 5 : Convex preferisces and Quasi concave utility
suppone the preferenze relation 7 on IRI can be re presented by utility function U .

7 is convex if and only if u is quasi concave .

Consumer Choice

comunephon net

•

Connum p tion Choices in limited
to those bundles one can affonda

i The affondability of a bundle dapanda on tuo thingn : ma rnet prices p and Wealth W
.

•

foods are traded in the Market at dollar prius that are Public quoled .

P = ( Pn
,
E)
T
E R?

- Dollar cont of a Unit of each good .

- A negative price meam a buy is paid to comune .

- For simpliciter ,
ne assume p » 0

.

• Price - Taming Assumption : Prius are beyond the Influence of the Consumer .
-

✗ E in affordable if : p . ✗ = Print Pz✗< E W
.

Definition 4- 2- 0 : Wa Iranian budget net

the WaIranian
, or competitive budget net Bp,w = { ✗ E : P . ✗ E W } is the net of all feanible bundles for the Consumer who f-aces Market prices p and has

Wealth W
.

Given p and w ,
the Consumer 's Choi ce problem is to Choose a bundle × from Bp ,

w
.

° Budget Hyper piane : { ✗ E : P . ✗ = w }

° Bp , w is Convex .

Demand Functions and comparative Statistics

• A Walranian demand function is a function ✗ that as>igns to each budget net are of its Members .

• Define ✗ (( Pn , Pat , W ) to be the bundle assigned to the budget net B ( (Pn , Pz) , w) .
The definition does not assume that the demand function in the renult of the Consumer 's Maxim iziny a preferire relation .

In the next page we propose

nome excuuples .



1) The Consumer purchases only the cheapergood ; if the price of the goods are the name , ne divide his Wealth eqvally betneeu the tuo .

2) The Consumer choones the name quanti ty of each good and spenda all his Wealth .

3) The consumer spenda half of his Wealth on each good .

4) The Consumer boys as muchas he can of good 1 up to 7 unita and with any Wealth remaining buys good 2
.

(Mps
,

0) if Pre Pz

2) =3) ✗ (P,W) = (Lf , <¥) 4) ✗ ( p, w) = {
(Mk

,
0) if WE 7- Poi1) ✗ (P

,
W) = { ( Mah , Napa) if Pn = Pz

(0 , Mpa) if P, > Pa
(7
,%) if w > 7Pa

We non introduce nome desirable properties demand function May nalinfy .

Definition 4- 2- 1 : Homogeneon of degree zero
the Walranian demand function ✗ (P . w) in homogeneoun of degree zero if ✗ (xp ,

✗ W) = ✗ ( P
.
w) for any P, W and a > 0

.

• Choice depend only on the net of feanible points .

• Can
you think of any example of violationa

? Yes
,
when you' roaming in one country and spending in a parer /richer ora .

Definition 4-2-2 : Walras ' Law

The Walrasian demand function ✗ (P
.
w) natinfies Walras

' Law if , for avery P » 0 and w > 0
,
we have P - ✗ = w ✗ E ✗ (P

,
w)

.

The Consumer fully ex panda his Wealth .
• Don't we have savings no that budget is intertemporale.
i Fully expends Wealth over lifetime .

✗^ ( P , W ) =
PZ

Poi + Pa
'¥ ,

✗< (P . W) = P Poi

% + pa
' È

• Don ✗ ( P . w) nalinfy homogeneity of degree zero when 13=1 ? ✗ (P
,
w) = ✗ (i P.tw) a ×, ftp.lw) =

^ "

tp, + xp,

i = ✗ ^ (Pini)
.

So
,
Yes

.

P2
- Docs ✗ (P ,w) ralinfy Walras ' Ian when 13=1 ? Poi . ✗n t Pz - ✗2 = W ☐ È

p
, + p,

•È + %'

p
,
Ip
,

'f- = Pat Pi
. W = W

.

So
,
Yen .

Poi 1- Pz
- How about the case pe (0,1) ?

Wealth Effect

comparative statistici : how Choi ce varie with changa in Wealth and price .

• Wealth effect for goodi : at any (P, w) ,
a ✗ilPiù / aw

• A good is normal at (P. W ) if 2 Xi (P . w) / aw 70 .

- A good in Inferior at (P, w) if a ✗ i (P
.
w) / aw < 0

.

i If both goods are normal at all (P , W) ,
then demand is normal

.

• When goods are large aggregales (food , shelter) , Instead of disaggregato (ore kind of nhoes) .

° Dw ✗ ( P, w) = ( a × , ( P , w) / 2W ,
2 ✗< ( P. w) /aw)?

Price Effect
' How connvvuptionn changa as pùces vary

?

• Suppone w and Pa are fixed .

×
, ( Pn

,

.

,
w) Offer curve : locus of points demanded in as we range over all possible Pa .



' Price effect of Pi on good j : 2 ×
,
- (P, w) / api .

• dxi ( P, w ) / api E 0 ? Not necessary
' food i is raid to be a Giffen good at ( P, w) if a ✗i ( P , w) / api > 0 .

Giffen foods
Low - quality goods May be Giffen for Consumers with low Wealth .

Imagine a poor Consumer in ilially is having Potatoes became they are a low- cont way to avoid hunger .

If Price of Potatoes full , he can afford to buy d-her , more desirable foods that also Kelp him from bling hungry .
His consumi>tion of Potatoes May nell full as a renult .
This nhory involve a Wealth consideration : When price of Potato falls ,

the consumer is effective/ y wealthier , he can affond lo Purchase more generally .

How about law of demand ? Hdefy standard economic and consumer demand Theory determinino a downward Hoping demand curve
.

• b food 2 a Giffen good at (E , Pi ,
w) ?

Weak Axiom of Revealed Preqereuce
Non

,
we bing rationality back to the pictura .

Definition 4- 2-3 : Weak Axiom of Revealed Prefereuce (WA)

the Walrasian demand function ✗ (p , w) rating in the Weak axiom of revealed preferisce if the following proparty holds for any (P, w) and (P
'

,
W

') :

If P . ✗ (P'
,
W
' ) E W and ✗ (P ' , w ' ) =/ ✗ (P , W) , the n P

'
. ✗ (P, w) > w '

.

dea behind :

° P . ✗ (P '
,
W
' ) E W and ✗ (P ' , w ' ) # ✗ ( P. w) mecum that which facing (P , w), Consumer chose ✗ (P , w) even though ✗ ( P

'

,
W
' ) was also affordable .

• This Choi (e
" reveah " a pregarence for ✗ ( P

,
w) over ✗ (P

'

,
W ' )

.

• Suppone we expect the Consumer to display nome consisteva in his demand behavior .
i He would Choose ✗ (p , w) over ✗ (P ', W

') Whenever they are both affordable .

• If no ,
bundle ✗ ( P

,
w) munt NOT be affordable at the price - Wealth Combination (P

'

,
W
' ) at which the Consumer Choones ✗ (P ' , w

' ) .

i That is
, we Munt have p

'
. ✗ ( P . W ) > w

'
.

Proposition 4- 2 -1 : Demand function of rational Consumer nalinfies WARP

A Walrasian demand function ✗ (p
,
w) that is rational ized by a monotone preferire relation to ratingin the Weak axiom of revealed preferisce .

Proof :
Let ✗ be a demand function that is rationalizcd by the monotone pregarence relation E .

Assume
,
contrary to the renult, that (

i ) a is revealed to be at least as

good as b and (Ii) b in revealed to be belter thana
. Given (i) we have a 7 b. By (ii ) there are Price Pr and Pz and Wealth w such that b = ✗ ((Pn , Pa) , w)

and Pear t Praz < W
. Lat c be a bundle in B ((Pn , Pa) , w) with (n > an and Cz > az . By the monotoniCity of the p reference relation we have c > a

,
and since

bis Chosen from B (( Poi , Pz) , W) we have b 7 C
.
It follows from the transitivity of the preferire relation that b > a , contradi ding a 7 b .

£ ✗Alle p /es : wa rating,- ed became ✗ (P". w" )
is not on the fimt budget line

sali ^ f- in WA It nalinfi es WA it doesn't rating y wa
It doesn't natia fy WA



ImplicaKon : • WA has significant implica lions for the effect of Price Changer on demand .

i we head to concentrate
,
however

,
on a special Rind of Price changa .

. Price Changed affect Consumer in tuo wayn :
- Alter the relative cont of differeut goods .

- Aho changa real Wealth .
• Ne isolate the fimt effect .
• Imagine a situation in which changa in pinces in accompanied by a changa in wealth that in itial consumi> tion bundle just affordable
at new prices .

• ( P
,
W) and ✗ (P, w) inilially . P • P

'

.
Let w' = P

'
. ✗ ( P. w ) .

• 4W = OP . ✗ (P
,
W) where op = ( P

'
- P)

. Slutsky Wealth Compensation.

Proposition 4-2-2 : WA and Compensation price Changes

suppone that ✗ (P , w) in honeogeneous of degree Zen and natinfies Walras ' Ian
.
Then ✗ ( P, w) natinfies the near axion if and only if the

following pro party holds : For
any compensato Price changa from an ini Kal situation (P , W) to a new price -Wealth pair (P

'

,
W
') = (P ', P

'
- ✗ (P. w))

,
we have :

(P' - P) . [✗ (P
'

,
W
' ) - ✗ ( P . w)] E 0 with strict inequality Whenever ✗ (P

'

,
w
') =/ ✗ (P, w) .

(1)

Eof : Only if Part : ( wa • Compensated Law of Demand)

• Suppone ✗ (P '
,
W ' ) =/ ✗ (P

,
w )

= 0

• The LHS of (1) can be Written as : P ' . [✗ (P ' , W ') - ✗ (P , w )] - P . [ ✗ (P ' , w ' ) - ✗ ( P, w)]
.

(2)

' Walras ' Ian
,
W '
= P

'
. ✗ (p ' , W

' ) .

• CompensaTed Price changa , P
'
. ✗ (P , w ) = w

'

.

• Firnt terni in zero .

• ✗ (P, W) in affordable Under (P
'

, w
' )

.

• WA implica ✗ (P
'

,
W
' ) Munt NOT be affordable Under (P . w) : P . ✗ ( P

'

,
W
' ) > W

.

• Second term > 0
.

Exam

compensaIed Law of Demand

Ineguali ty (1) can be Written as Lip . DX E 0 where OP = ( P ' - P) and DX = [✗ (P ' , W
' ) - ✗ ( P, w)] .

Demand and price nove in Opposite directions .
Law of demand holds for compensato Price Changer .

Compensato Law of Demand :
' consideri the nivuple cane OP = (OP, < 0 , 0)

- Dp - DX = DP, ti ✗^ < 0 .

• ☐✗n > 0
.

• Law of Demand ? Wa is not ufficient

• The comintency requireenent ambo di ed in the Weak axiom (combined with homogeneity of degree zero and

Walras' law) is equivalent to the compensated law of demand ,
not " uncompensato " law of demand .

Tasting Rationality in practice

° WA/ Rationality in a black and White Criterion .

It determina either that a consumer is rational
,

or that mha is not
.
Then is no grey area .

• A nother question that we caldana is whather those violati 0ns are
" nerioun

"

. But what is " serioun
" ?

° This is a good question , but are that we have to team Open hare .

• How do people Choose their comunephon in practice?

' Beatty ,
T.k.

,
& Crawford , I. A .

(2011)
.

How demanding is the revealed preferisce approach to demand ?

Their work studi es the comunisti on behavior of Spanish households belweeu 1985 and 1997
, using a government Collected expenditure survey .

They have Observations on 3,134 hovneholds .

The data report e✗pendi tvres not for Individual goods ,
but for

"

aggregata
"

,
such as

"

food
"

.

The firnt renult that Beatty and Crawford report is that 95.7 % of the obnerved home holds pars the rationality test . That is an extraordinary large number .
The renvlt matches Observations in othernlvdies

.
Previoun research has fovnd predominantiy rational behavior amory New York dairy farmers , Danish Consumers ,



Childan and Capuchina Monkeys .
The paper goes further , though .

Hanno
, why it reems that evengono in the World is rational .

They compare the rational proporti on amory real
the Spanish home holds with that of a riunitar , fictional group of home holds , who have the

name budget netn as the Spanish hovnehddn , but who random/
y pick

their connum ption .
This

group of
homeholds can just be simulated on the

computer . They dinover that those homeholds would also pars the rationality tent with high rate, only 4.5 % lower thou the obnerved pas> rate

of the Spanish house holds
.

Caution: don't interpret the high number of peuple passing the rationality test
as a

"

triumph of economic theory " .

Why do they have the finding that evan random homeholds behave rationally ?

Mont of the time budget nets are her Ied , as the right figure .

That is
,
o ne budget

net is just layer than the other . Price fluctvationn in their net of Observations are

rurali
,
but income variation are large . If are budget set in larga 1-han another

,
whateverchoice the home hdd Mares ratingi es the axion

of revealed preperenni .

What don all of this teach un ?

1) Approaching data through the tensei of the theory that we have Nudied is likely to be nuccensful .
2) Howaver

,
that don notte Il vs nn ch about the " True " rationality of people .

But it is Useful to rely on the economic model of Consumer behavior whennlvdying Consumer Choices in practice? Or nhovld me perhaps adopt

a random choice model ? Ore advantage of the economic approach in that it allons un ti attributi preferirei lo people .

Thane preferences then atlow Us to amen how nell the Market nati nfies those prefereuccs . Having an answer to this question is extremely
Useful which thinking about public policy and the Market . Economista proceed in this Nay all the time .

Are the preferirei that we attributo

to consumers realty those that they reveal ha un through their choices .
But what che do we have to work with ?

Consumer Demand

utility Maximi zalion Problemi set

We non turn to the study of the Consumer 's decision problem Under the assumptions that : • the Consumer has a Continuous and monotone pregarence relation .

• UN) is a continuous utility reparenting Thane preferences .

Definition 4- 3 -1 : Utility Maximization Problem
the Consumer 's problem of Charing her Mont preferred bundle give prices p » 0 and Wealth w > O can non be Hated as the following
utility Maximi zati on Problem (UMP) : Max nel 1. t

. p . ✗ E W
.

✗ ? O

Exercise ma✗ UE) = ✗^ ✗ a 1. t . 2in 1- ✗ 2 E 4 .

✗ 7 0

Xn = 1 ✗
*
= (1 , 2)

2h t ✗a = 4 • ✗ a = 4 - 21h a U (X) = ✗
a (4-2×1) = -2×12 + 4×1 ☐ 2%×,

= - 4×1 t 4 = 0 (×, = 2 then#*) = 1 . 2=2

Remarks : 1) Indead the re in a notti on .
A general feature of UMP .

2) A soluti on gives un the Optimal consumi> lion bundles and
the Maximal utility valve .

Proposition 4 -3 -1 : If p » o and Ul - ) is Continuous
,
Then UMP has a notti on .

Pref : If p » 0 , then the budget net Bp ,
w
= { ✗ E RI : p . ✗ ± w } io a bovnded and closed net.

Any bounded and closed net in R
'

in compact .

A continuava function hai a Maximum value on any Impact net .
E ✗ am

The Objects emerge from UMP:

1) The Consumer 's net of Optimal conunphon bvndles , the not tion of UMP .

2) The Consumer 's Maximal utility valve , the valve function of VMP .
We how focus our attention on the properties of these tuo .



Walrasian Demand Function

• Walranian Demand Correspondence : The run that as>igns the net of Optimal bundle in
UMP to each (p , w)» o in denoted by ✗ (p . w) E IRE.

• Walranian Demand function : Singled valued ✗ (P
.
w)

Proposition 4-3- 2 : suppone that u l' ) is a continuous utility function reparenting a
monotona preference relation t defined on IRI . Then the Walrasi an demand

Correspondence ✗ (p , w) poner the following Properties :
1) Homogeneity of degree zero in (P , W) : ✗ (xp ,

✗w) = ✗ (p , w) for any P , w and ncalar ✗ > 0 .

2) Walras ' Law : p . ✗ = W for all ✗ E ✗ (P
.
w)

.

3) convexity /Uniqueneri : If to is convex
,
no that UL. ) in quasi concave ,

Then ✗ (P
.
W) is a Convex net

.

Moreover
, if 7 in ntrictly Convex ,

no that UL.) in nhictly quasi concave , Then ✗ (p , w ) consista of a single element .

Pref HOmogeneity-i.Bap.sn = { ✗ E IRI : xp . ✗ ± ✗ w } = { ✗ E IRI : P . ✗ E w } = Bp , w

Nole that this pro party does not Mcguire any assumption on u .

Homogeneity was an assumption in Topic 4- 2 , but a property nere .

Exam

Prep Walras ' Law : Poof by contradidion .

Suppone p . ✗ < w far nome ✗ E ✗ ( p . w) . Then there Munt exist and-her bundle y = (✗ a + E , ✗< + E) where E > O in nmallenough

such that p . y < w . By monotonicity of & , y > × .

This contradicto ✗ being Optimal in VMP
.

Exam

Pref Convexity / Uni opener) (Part I ) : suppone that u is quasi concave and that then are tuo bundles × , ✗ ' E ✗ (P
.
w) and ✗ =/ ×

'
.

Dende ULX ) = U (✗
' ) = U*

.

WWTS ✗
"
= ✗ ✗ t (1- d) ✗ ' E ✗ (p , w ) for any ✗ E [0,1] .

By quasi concavi ty ,
UH " ) 7 min { ulx ) , u ( ×

' ) } = u* .

P . ✗
"
=P . [✗ ✗ + (n - a) ×

'

] E W
.

✗
"
is feasible in UMP

.
Henie

,

✗
"
E ✗ (P, w) .

Prof Convexity lunigianesi (Parte) : Proof by contra dickon .

Suppone that u in nhictly quasiconcave and that then are tuo bundles ×
,
✗
'
E ✗ (p , w) and ✗ =/ ×

'
.
Denota un = ne') = u?

By nhict quasi concavi ty ,
ulx

" ) > min / ULH , UN' 14 = U
*
.

P . ✗
"
=p . [✗✗ + (1- a) × ' ] E W .

✗
" is feanible in UMP

.

This contradicta with the assumption X
,
✗
'
are Optimal . We conclude their can beat montone element in ✗ (P , w ) .

Example : UMP with Cobb-Douglas Utility function .

ma×
✗ zo

✗è ✗
<

^ ' ✗
1
.

t
.
P
,
✗ a t Pzxz E W

.

Max

✗ zo
✗1
✗
✗ <
^ - ×

1.t
.
Poi Xn t Pax, = W ☐ ma×

✗ zo
×
,
✗ ( W - Prin)

^ -✗
a FOC : ✗ ✗^

✗ - ^ ( n - th Xr)
^ - ✗

t Xi (1 - a) (W - P, ✗^ )
-✗

(- Pn) = O

• ✗ ×,
× - ^ ( n - P, ✗a)

^ - ✗

= P
,
×,
✗ (1-d) (w - Poi ✗^)

-×

• ✗ ( W - Poi ✗n) = (1-a) Poi ✗i → ✗ a = IL > 0 and ✗< =
(^ - × ) w
Pz

The expenditure on each commodity in a Constant factor of Wealth for any Price Vector p .

Exercise : Verity the three Properties for the Walranian Demand function generated by the Cobb-Douglas utility function .



Definition : Marginal Rate of Substitution . Suppone that ult is a differenti able utility function reparenting a monotone preferisce relation 7 defined by IRI .
The marginal rate of nubnlilvlion at bundle ✗

,
dended MRS ( ×) in Un (×) / U, (×) where Ui (×) is the marginal utility w.int . goodi .

• MRS is also the Hope of an indifferente curve (more precinely , to the dope multipli ed by -1) Passing through ✗ .

• UCX) = C , Un (Hd ✗it ll , (×) d ✗< = 0
,

- §¥- = Un (× '

Uz (X)

Proposition 4- 3- 3 : Marginal rate of nubnlitution and price ratio . Suppone that UCI is a differentiable utility function reparenting a monotone

preferisce relation 7 defined by 1127
. If ✗

*
E ✗ ( p , w) ,

Then : ① ✗I > 0 and ✗
<
*
> 0 =D MRS (✗

* ) = Poi / Pz

② ✗ i
*
= 0 =D MRS (✗ * ) E Poi / Pz

,
i.e.

,
×:= On ✗I > o ⇒ 7¥ E "¥

③ ✗I = O =D MRS (✗ * ) 7 Poi / Pz ,
i. e.

,
×,
*
> O a ✗I = 0 ⇒ LÌ z Muz

PT

Prop (Part 1) :

• Suppone that ✗it > 0 , ✗<
*
> 0

,
and MRS (✗*) < Poi / Pz . Exam

i Let ✗ ' = ✗ * t (- { , E Poi / Pa) for nmall enovyh E > 0
.

• ×
'
in on the budget line, i. e . . p . ✗ ' = w .

• Ulx ' ) = u (✗ * ) t (✗e ' - ✗f) U, (✗ *) t (✗e' - ✗E) Uz(✗
*) + 02

.

. U (× ' ) - U(✗
*) = - E Un (✗

* I t E Poi / Pz Uz(✗*) to
'
> 0 1- 02

' Thun
.
✗
' in feanible and achi va higher utility level than ✗

*

,
contradicting the fact that ✗

*
is a notti on of UMP .

Prof ( Part 2 , 3)

° Similar argomenta entablinh part 2 and 3 .
° We farego

the proofn (Covered in the exam) .

Exam

Example : UMP with Cobb-Douglas utility function . ¥? ✗^
✗
✗ il - ✗ 1. t . Poi ✗i t Pzxz E W .

Exercise : solve it using the relationship between MRS and price ratio .

Exercise : UMP with linear utility function ¥ ✗it ✗a 1. t
. Poi ✗n t Pak E W .

U = utilityIndirect utility Function
V = indirect utility

Indirect Utility Function : for each (p , w ) » 0
,
the utility level of the UMP in denoledvlpiw-c.IR .

It in egual to u (✗* ) for any ✗* E ✗ (p , w) .

Proposition 4 -3 -4 : Suppone that ut ) is a Continuous utility function reparenting a monotone preferisce relation 7 defined on IRI .

Then
,
the indirect utility function is :
① Homogeneity of degree zero in (p . W) : ✓ (xp , aw) = v ( p , n) for any (Pini ) and 1calar ×>0 .

② Strictly increaning in w and non inCreating in Pn and Pz .

③ Quasi Convex : the net {(P . w) : v (p , w) ± ☐ 4 in Convex for any T .

④ Continuous in p and w
.

• Pro party 3 nayn ✓ io quasi conVex , not quasi concave .

And it do es not requin u to be guari concave .

Prof : • Pro party 1 and 2 follow reality from previOvs direunion .

- We porgo the pro of of 4 (not covered in exam)

• To prove 3 ,
VCP

,
w) in quasi Convex , appone that V (p, W) E Ù and V ( P

'

,
W
' ) E t .

• For any ✗ E [0,1]
,
conni der (P " , w " ) = (Xp t (1-d) P

'

,
✗ w + (1 - a) w ' ) .

• WWTS v ( P
"

,
w
" ) E Ù

,
i. e.

, for any X with P
"

. ✗ E W
"

, we have u (✗ ) It .

• P
"
. ✗ E W

"
=D ✗ p . ✗ + (1- ×) P

'

. ✗ E ✗w + (1- a) W ' .

i Either p . ✗ E W or P
'
. ✗ E W' (or both) .

" If p . ✗ E W
,
then u (× ) E V ( P

.
w)vi

lf P
'
. ✗ E W

'

,
Then Ue) E VLP '

,
w
') E Ù

'

Exam



The Walranian demand function does not defend on the utility representation .

The in direct utility function does : ° If VIP , w) is the indirect utility when utility function is u .

• Then the indirect utility function corresponding to utility representation ùlx) = f- (Ue ) ) in t ( p ,w) = f- (vip, w)) .

E✗ pendi ture Minimizalion Problem
min

In this neclion
,
we Andy the following expenditvre minimizalion problem (EMP) : ✗ zo

P ' × 1. t.ua) 7 U
.

VMP : the Maximal level of utility that can be obtained given Wealth level .

EMP : the minimal level of Wealth required to Mach utility level U .

The name aiu of Effi ci ont une of pvrCharing power White reveming the notes of ObjectIve function and connlraint .

Through out this neclion ,
ne assume u is Continuous and monotone

.

✗
*
: the least contiy bundle that Hill allons the consumer to achiave the utility level U .

It lies on the lowest possible budget line in the

feanible net .

E ✗eroine : ¥ no 2×1 t ✗2 1. t . U(×) = ✗1×2 7 2
. Solution : ✗ ☒

= (1,2)
,
p . ✗
*
= 4

UMP and EMP are dandy related .

Max ll (×) = ✗1×2 1. t
.
2×1 t ✗ 2 I 4

.
Solution : ✗

*
= (1,2)

,
U (✗ *) = 2

.✗70

{dationnhip between EMP and UMP

Proposition 4- 3 -5 . Suppone that u is a continuous utility function reparenting a monotone preparare relation to define on # = IRI and
that the price Vector is p » 0

.
We have :

① If ✗
*
in Optimal in the UMP when Wealth in w > 0

,
then ✗

*
is Optimal in the EMP when the required utility level

is u (✗* )
.

More over, the minimi 2-ed ex pendi tvre level in this EMP in exactly w .

② If ✗
* in optional in the EMP when required utility level is u > Ulo) , then ✗

*
in Optimal in the UMP when Wealth is p . ✗

*

.

More over
,
the maxi mized utility level in this UMP io exactly u .

Hickman / Compensaled Demand Function

The net of Optimal bundtes in the EMP in denoled h ( p, U) , Hickman / compensated demand Correspondence .

Hickman / compensaIed demand function if ringle valve di

Proposition 4 -3 -6
. Suppone that UL.) is a Continuous utility function reparenting a monotone pregare nce relation 7 defined on RF .

Then for any p >> 0 , the

Hickman demand correspondence h (p , ut Panem the following Properties :

① Homogeneity of degree zero in p : h (xp , n ) = h (p , n) for any p, U and rcalar ✗ > 0 .

② No excem utility : Ue) = U for all ✗ E h (p , n) .

③ Convexity lunigianesi : If 7 in Convex , no that UC. ) in quasi concave ,
their h ( p , n) is a Convex net . More over , if a is 1ticky convex,

no that UCI in ntictly quasi concave , then h (p. u) consista of a single element .

This proposition parallelo Proposition on the properties of Walraniau Demand .

P-nof.proparty①: Homo geneity of degree zero in p E✗am

the Optimal comunephon bundle when minimiziny p . ✗ nubject to Ue) 7 U is the name as that for minimi2- ing xp . ✗ nubject to u(×) 7 × , for any ✗ > 0
.

Pref . Proparty ② : No Excess utility Exam

Thin proparty follows from the continuity of UE) . Suppone there exintn an ✗ E h ( p . U) such that u (×) > U .
Considera bundle ✗

'
= ✗ ✗

,
whene ✗ E LO , 1) .

By continuity , for ✗ clone enovgh to 1 , Ulx
' ) 7 U and p . ✗

'
< p - ✗

.
Contradicto ✗ bling Optimal in the EMP .



Pref . Pro party ③ : Gnvexity lunigianesi
The proof of this pro party parallelo that for the convexity /Uniquenon pro party of Walrasi an demand function .

Henie
,
ne fare go

this pwof .

(May be Covered in the exam)
Exam

Expenditure Function

• fiven p » 0 and required utility level n > Ulo)
,
the value of EMP in dended e ( p , n) .

< The function e (P . u) is called the ex pendi tvre function .

• Its value for any (P . u) in simply P . ✗
*

,
Whore ✗

*
is the solution of EMP .

Proposition 4- 3 -7 . Suppone that UL. ) in a Continuous utility function reparenting a monotone pregarence relation 7 defined on IRI
.

Then the ex pendi tune function is :

① Homo geneity of degree one in p : e (xp , u) = ✗ e (p, U ) for any p , u and ncalar ✗ > 0 .

② Strictly increa ring in U and non decreaniny in Pn and Pa
.

③ Concave in p .

④ Continuous in p and u .

The four properties parallel the properties of the in direct utility function for UMP .

Proof . Proparty ① : Homogeneity of degree 1

The Courtraiut net of the EMP in unChanged when price changa .
Thun

, for any Valar ✗ > 0 ,
minimi 2-ing (xp) . × on this net leads to the name

Optimal consumi> tion bundles as minimi 2- ing p . × . Letting ✗
* be Optimal in both Circumstances , we have e (xp ,

n) = xp . ✗
*
= ✗ e ( p , n)

Exam

pref . Pro party ② .
Part I : Increaring in U .

Suppone that e (p . u) were not strictly increating in u ,
and Iet × ' and ✗

" danda Optimal comunephon bundles for

required utility level s u' < U
"

, renpectively .

Then we have p . ✗
'

7 p . ×
"
. Considera bundle I = ✗ ✗

" Whore ✗ E (0,1)
.

By continuity of UE ) , ther exintn a clone enovgh to I such that UCI) > U
' and p . ×

'
> p . E .

But this contradi ctn ×
' being Optimal in the EMP with required utility level U

'

.

Parte : Nonda crearsi ny
in Pi

suppone that price vechors p
" and pi have p,

"

z P,
' and Pa

"

= PL
.
Let ✗

" be an opti mi 2- ing bundle in the EMP for pinces p
"
.

e (P
"

, 4) =p
"
. ✗

"
7 p

'
. ×

"
7 e (p ' , n) . The latter inequality follows from the definition of e ( p ' , n) .

Exam

Pref . Proparty ③ : concavi Iy in p

Fix a required utility level Ù .
Let p

"
= xp + (1 - a) p

'

for ✗ E [0,1] .

Suppone that ×
" is an Optimal bundle in the EMP for price p

"
.
Then e (p

"
,
n) =p

"
. ✗
"
= Xp . ×

" t (1- a) P ' . ✗
"
7 ✗ e ( p, E) + (1- ×) e (p

'
,
Ù ) ,

where the tant inequality follows became UE") 7 Ù and the definition of the ex pendi ture function implica that p . ✗
"
z e (p , ù) and

p
'
. ✗
"
7 e(p

'

,
ù) . The concavi ly of e (p, ù) in p for given it is actually fairly intuitive . Suppone that we ini Kally have F and that I is an Optimal

bundle at p . If prius changa but we do not Iet the Consumer changa her comunephon bundle ,
Then the ranking expenditvre Will be p . E , which is

a linear expression in p . But
,
when the Consumer can adjust her comunephon , a) in the EMP

,
her minimized expenditure can be no greaser thun this

aueovnt
. Thin amants to concavi ty became a nimilar relation Mint how at each point of the graph of d- , n) . Exam



mia

Example: EMP with Cobb-Douglas utility function . fino Piri t Pax , i.t
.
✗i ✗il

- ✗
zu ⇒ ×> o

Poi ✗ it Pak i. t . ✗i ✗i
- ✗
= h

1- ×

✗
^

- ^ - × /" -× )
= o ⇒ p

,
×,
411 -a)

=p
,
a
Hi - ✗ I ×

=D ¥Yo Thx, + P, U
^ /" - ×)

×
,

-%' - ×)
=D FOC : P

, + P,
UN" -× )

- °

, _ ×
=D

G-a) P, ]
"

%
,
ha (P, n) = [ G- ×) Poi ]

✗

a⇒ × , = {GIÙ
,
/
"

in > 0 then h
, (p . u) = [

× "

✗ Pa

and elfin) = [✗ ✗ (1- a)
×"

] Pipi' n .

E ✗ eroine : Variety the properties of h( P . U) and e (p, n) .

UMP and EMP

Link between Hickman demand and Wakani an demand : h (P . U) = ✗ ( P , e ( P. u)) and ✗ (P , w) = h ( P . V (P . w)) .

Compensated demand : Ari price vary ,
h ( p

.
w) gives pre cindy the level of demand that would an

'

re if the consumer 's
Wealth were simultaneously adjunted to Keeps her utility level at u

.

This Type of Wealth Compensation is Known as Hickman Wealth Compensation . 4Wh.in, = e ( P
'

,
U) - W .

Thus
,
the demand function h (P

.
U) Keeps utility level fixed as prius Changer . Walranian demand Keeps money Wealth fixed but allons utility to vary .

Hicnnian Demand and compensato law of demand

Proposition 4-3-8 . Suppone that u.) is a Continuous utility function reparenting a monotone preparare relation 7 defined on RI and that
hip, n) consista of a single element for all p » 0 . Then h (p , a) nalinfies the compensato law of demand :

For all p
' and p

"
,
(P
"
- P

' ) [ h (P " , n) - h ( P ', n)] I 0 .

' Own- price effects are non positive .

• The com para bientalemerit is not true for Walrasian demand .
• Walranian demand need not nalinfy the law of demand . Giffen goods .

Pref : For
any p» 0

, consumi> tion bundle h (p , n) in optional in the EMP , no it achi eres a lower expenditvre at prices p thou any d-her bundle that

offera a utility level of at least U
. Therefore , we have p

"
. h ( p

"

,
n) E P

"
- h (p

'

,
n) and p

'
. hip " , a) 7 P

'
. h (p ' , n) .

Sub trading thene trovo ineguali lies yieldis the renultn .

Exam

A Jungle

Topic 4 1hdi esone individual 's decision maning in the Market. Ne now , for the firnt time ,
consideranenti re economy in which individuato internet .

A jungle game

Then are 4 individuata
,
{ 1 , 2 , 3 , 44 and 4 Caves

,

dai B. C
,
D } in a Jungle . Each can can accomodate only ore pernon and each per non can Occupy only ore

care .

The ntrength Onder in 1 D 2 D 3 D 4 .

A pernon whowants lo Occupy a cave correnti y Occupied by a Weaver pernon can dono .

The pre ferences are the following :

Individuato Model : Society
1 2 3 4

A noci ety consinting of a net of individuati and a net of hanes . Each home can accomodate only ore pernon and each pernon con Occupy
B B A B

only one home . Differenti people May have differenti>references over the hanes , but everyone preferito Occupy any home thou to be hometen .
C D B C

the ahi gnment of hanes is determina by the individual s
'

ntrengthn ; the concepts of proparty and Owners hip do not exist .D A C A
1- pernon w ho wants to Occupy a home Current/y Occupied by a Weaver pernon can do it niuiply by presenti ug himself to the Current occupantiA C D D
The pacem in ondarly : everyone Known evengone che's ntrength ,

and on neeing that a rtronger pernon wants to Occupy his home , a personvacates

it without a fight , which he Known he would lone
.



Definition 5- 1- 1 : Society
A nociety ÌN ,

H
,
(E) ieri > consista of : ① Individuati

,
a finite net N .

② Homer
,
a finite net H with the name number of Members as N .

③ Preferirei , a ntict pre genetica È for each individuali e N .

Definition 5- 1- 2 : Assignment and Allocation
An assignment for a noci ety < N , H , (Fi ) ieri ) in a function from the net N of individuati to the net H of hanes , associati ng a home with avery
Individual

.

An allocation is an assignment in which each home in arnigned to exactly one individual .

What determina the allocation q. homer ? Presuma bly the individuali preferirei play a note
.

What if tuo Individual botti Wanton home ? An additional factor : the individuali relative power .

• Ne assume that betneen any tuo individuato ther is stable power relation : either i in ntronger thanj , or ] in ntnonger thani .
• No two individuati are equally Powerful .
• Preci nel

y , we
take as given a binary relation D on the net of individuali , where i Ds une ans that I is more Powerful thou ] , in which cane I can take over the

home Occupied by J .

Definition 5- 1 -3 : Jungle
A jungle ( N , H , ( lei ) ieri , D ) consista of a noci ety 4N , H , (7

i ) ieri > and a power relation D
,
a complete , transitiva , antinymmetric binary relation on the

net N of individuati .

Remarks : . ne assume that the number of hanes in egual to the number of Individuals and that no Individual is indi ffereut betneen any tuo hounes .

• Power is not only phynical
• No proparty rights .

• Outcome of a nlwggle indeterministici
No cont of fighting .

Equilibrium

An equilibrium in a model in generally an outcome that is stable given the forum assumed to be active . In a Jungle , a stable outcome is an allocation in which

no Individual prepara any home
that he can obtain to the one ha occupi es . Thun , an allocation is not an equilibrium if nome individual prefers the home Occupied by a

Weaver Individual to the home he wrrently occupi er .

Definition 5- 1- 4 : Equilibrium

An equilibrium of the jungle < N , H , (7
i ) ieri

,
D ) is an a / location a

*
such that for no individuati i , ] E N is it the Care that i D ] and a

* G) È a* ( i )
.

An equilibrium of a jungle is an allocation a for which no individuali prefern the house at) Occupied by any Individual j whois Weaver than i to the home
a (i ) that nhe occupi es .

Example , for the jungle conninting of the noci ety we introduce d earlier to gather with the power relation D for which 1 D 2 D 3 ☐ 4 ,
the allocation

(B
,
D
,
A
,
c ) is an equilibrium .

Equilibrium: Existence

Enry jungle has an equilibrium .

That is
, for avery net of individuali , net of haines , Profile of pregarence relations , and power relation ,

an allocation - at least are
,

ponibly more than one - is habla againnt the exercise of power . We prove this renvlt by Knowing that an allocation generated by a procedure called serial dictatornhip
is an equilibrium .



Equilibrium : Serial Dictatorship

Definition 5- 1- 5 : serial Dictatorship

For the noùely ( N , H , (Ii ) ieri) and ordering Ii , iz , . . . , in of the Members of N , the serial dictatornhip procedure generate the allocation deqined indu ch'vely
as follows . lnilializalion : the home ha allocato tra individuali

,
in the best home in H according to Iis pre g-arena relation , &

"
.

InduClive Step : For every K 72 ,

the home ha allocato to individual ire is the best home in H il hi . . . . , ha -1 } according to in 's pref . relation , 7
i "

.

Proposition 5- 1- 1 : Evey Jungle has an equilibrium
For any jungle < N

,
H
, ( 7

i ) ieri , D) and the allocation generated by the serial dictatornhip procedure for the society < n
,
H
,
lei ) ieri) and the ordering

D is an equilibrium .

Prof : Leta be the assignment generated by the serial dictatornhip procedure for the society { N ,
H
,
lei ) ieri > and the ordering D .

The number of hanes is the name as the number of Individual> ,
no the procedure antigas to avery Individual a home . Evey home is assigned only once,

no the an ignmenta in feaiible , and hence an allocation . The allocation is an equilibrium became the have assigned to each Individual is the best

home
, according to the individual 's preferirei , among all the hanes not as>igned to ntronger individuato .

Exam

Proposition 5- 1- 2 : Every jungle has a Unique equilibrium

Everly Jungle has a Unique equilibrium .

Pref: (By contradi ction) Without ton of generali ty assume that N =L 1,2 . . . - in } and 1 ☐ 2 D . . . D n
.

Assume that a and b are tuo equilibrium of the Jungle .

Denota by i
*
the Hongest Individual i for Whom a (i ) =/ b (i ) . That is , ali) = b ( i ) for all i < i

*
and a (i * ) =/ b ( i * ) .

a is an equilibrium =D ali *) > i
*

a (a) = b ( i * ) ;

b is an equilibrium =D b (i * ) si
*

b (j ) = a ( i
* )

.

contradi Chon .

The concept of equilibrium in a jungle is stake .

i Problemi 2 (b) in PS 5 denariben a dynamic pacem that starts from an arbitrary init
'al allocation and anus you to show that this pacem converga to an equilibrium .

The assumption that the Individual s' preparava are ntict in eventi al for this renult .

i Problemi 2 (a) in PS 5 amen you Ironhow that if are or more individuato are indifferente between tuo hounas then a jungle May have more thou are equilibrium .

A clan game

Then are 4 individuati
, { 1 , 2,3 , 4 } and 4 Caves

,
{ Ai B , ci D } .

Each Cave can accomodate only ore pernon and each pernon con Occupy only ore
care . The allocation of hanes to people is determinerà not by the balance of power , but by Mutual agreement . One allocation in replaced byanother
onlyifeveryone agnes : no one Objects and at least ore pernon prepara the new allocation .

The pregarences are the following :

Individuati Pareto Stability the
game

end, when the current allocation in immune to replacement .
1 2 3 4

No a/location in batter for name peuple and no name for anyone .
B B A B

C D B C

Definition 5- 1- 6 : Pareto Stability
D A C A

The allocation b in the noci ety { N , H , (È ) ieri ) Pare ho dominata the allocation a if b (i ) È ali) for all i EN and b(il >
i ali)

A C D D

for nome i c- N .
An allocation in Pareto stable if no allocation Pareto dominata it .

>
are to Optimal = Parto Efficiente Parata stable

.

The notion of Pareto stability das not involve power . 1-nother potential source of instabili ty .
Whenever ome

allocation in Pareto dominated by another, the latter wi II re piace the former . What if both band e dominate a ?



Proposition 5- 1- 3 : serial dictatornhip allocation in Pareto stable
For any roùety and any ordering of the individuato ,

the allocation generated by the serial dictatornhip procedure in Parete stable
.

Pref :

Equilibrium and Pareto Stability in a jungle

we how connect the notion of equilibrium and Pareto stabiliti .

Equilibrium: an outcome be immune to the une of power .

Pareto Stability : the outcome be immune to a reallocation to which everyone agnes .

Proposition 5- 1 -4 : The equilibrium of avery Jungle is Park stable .

Pref : Evey jungle has a Unique equilibrium .
This equilibrium in obtained by app lying the neri al dictatornhip procedure for the power relation .

Serial dictatornhip allocation in Parata stable .

An Exchange Economy

-0pic 4 studies are Individual 's decision Wareing in the Market .
•

Topic 5- I corsi der an anti re economy in which Individuals Interactive a jungla or a clan .
• We non consideramentire economy in which individuato internet through Markets .

A Market game

Then are two individuati
,
{ Ann , Bob} and tuo goods {Apple , Banana 4 ,

in an Island .

Ann hai 6 apples ,
and Bob hai 6 bananas

.

Ann and Bob's prefernces

are re presented by Ur (✗^ , ✗a) = × ,
" } ✗a

" }
,
Ua (Xi

,
✗a) = ✗^^

"
✗a
"}

renpectively .

Ann and Bob can trade with each ather .

Ann = (} Fi , f- ¥') and Bob = (% ¥' , } Fi) where w
,
= 6h and we = 6Pa then Ann = (4 , 2,1¥ ) and Bob = ( 2,1¥ , 4)

Model

Definition 5- 2 -1 : Exchange Economy
An exchange economy { N , (e

i ) ieri
,

e ) consista of : ① individuali
,
a finite net N .

② pregarences for each individuali e N ,
a monotone and Continuous p reference relation 7

i
over IRÌ .

③ inilial allocation
, a function e that as>ignn to each Individual i c- N a bundle di) e IRI , the
bundle that i initially ownn

,
with {ien en ( i ) > 0 for K = 1,2 .

Price System and Budget set

Definition 5- 2-2 : Price System and Budget set

A price system is a pair of nonnegative numbers di fferent from (0,0) .
The value of the bundle ✗ = (✗ ^

,
✗a) according to the price system p = ( poi , Pz) in

px = Poi ✗n + Pzxz ,
and for the exchange economy (N , (7

i ) ieri , e) , budget net of Individual IEN given the price system p is B (p , e li )) = {✗E RÌ : P ✗ I Peli)} .

Price System

Two interpretantions of a Price system .

The firnt and Mont litera is that prius are qvoted in a Monetary Unit . Each Individual can nell any amants of the goods
in his init

'al bundle and he the Monetary proceda to buy amants of d-her goods .
The record Interpretation is that the Price reprenent the ratio at which the

goods May be ex Changed . Specifically , the price system (Pn , Pa) meam that are unit of good 1 May be ex Changed for Pr / Pa Units of good 2
.

In both Interpretation ,
a price system pin equivalent to any price system of the form Xp = HPa , 1Pa) for I > 0 .



The name conventionally given to this result and similar results for other models of economies is the “First Fundamental Theorem of Welfare 
Economics”. The result says that for any equilibrium allocation, no other allocation exists for which some individual is better off and no individual is 
worse off. The invisible hand is (Pareto) efficient. An implication is that if the initial allocation is not Pareto stable, every equilibrium involves 
exchange/trade. The converse statement is also true: if the initial allocation is Pareto stable, then no trade occurs in equilibrium. 

The conclusion of this result depends critically on the assumption that each individual cares only about the bundle he consumes (No Externality). 
Consider a variant of an exchange economy in which individuals care also about the bundles consumed by other individuals. Suppose specifically 
that the economy contains two individuals, with initial bundles (1,0) and (0,1). Individual 1 is negatively affected by individual 2’s consumption of 
good 2; his utility is a1(1) + a2(1) - 2a2(2). Individual 2 cares only about his own consumption; his utility is 2a1(2) + 3a2(2). Assuming that each 
individual takes the consumption of the other individual as given, (1,1) and no trade (the induced allocation is the initial allocation) is a CE.
This outcome is not Pareto Stable: the allocation b for which b(1) = (0, 0.5) and b(2) = (1, 0.5) is preferred by both individuals.

Allocation

Definition 5- 2- 3 : Ami gnuient and Allocation

An anignment in an exchange economy { N , (Yi ) ieri , e) in a function from the net N of individuati to the net of IRI of possible bundles of goods . An allocation in

an anignmenta for which the run of the assigned bundles is the run of the initio/ bundles : [ ali
) = { e li )

.

ieri ieri

competitive Equilibrium

Definition 5-2-4 : competitive Equilibrium

A competitive equilibrium ((E) of the exchange economy ( N , (È ) ieri , e) in a Pair (p , a) in which : P = (Pn
,
Pz) in a Price system and a is an anignment ,

Auch that : ① Optimalily of Choices for avery Individual IEN the bundle a (it is Optimal according to ri in the budget net BIP ,
e (it) .

② Feanibilily ,
a is an allocation .

An allocation is a competitive equilibrium allocation of the exchange economy ( N , (ti ) ieri , e > if for nome price nynteen p , (P , a) is a competitive equilibrium of
4N , (E) ieri

,
e)

.

• When in (P. a) not a CE ? Either at least one Individual des not Choose her Optimal bundle or for at least one of the goods ,
the Total amourt that

the individuati want to purchase in diffevent from the total aneovnt available .

• If (P . a) is a CE then no is (tp , a) for any l>
0

.

• In a CE all individuato face the name Price system and each Individual Choones an Optimal bundle from a budget net defined by this price system ,
which is not

affecled by the individual 's Choi ce , reema reasonable when N in larga .

• Is nell - defined when N = 1 ? Yes , it in . Only the reasonablenem of the concept in questionable .

Proposition 5- 2- 1 : Pro party of assignment of bundles on budget lines

consideran exchange economy 4N , G-
i ) ieri

,
e) . Lat p be a price system with (Pn , Pz) » 0 .

Considerare assignment a with pa (i) = Peli ) for all ieri .

If the run of the quanti ties of onegood in the bundlen in the assignment a in egual to the run of the quanti ties of the good in the initio bundle then
this equality holds also for the d-her food -

that is
'

{ a. g) =[ e, (i) ⇐☐ [ a, li) = I lati ) .

IEN ieri ieri IEN

Given any price 1yntem and any arnignment that cominto of Optimal bund les ( given the price system) , if for are goal the run of the assigned quanti ties is egual to the
run of the individuati inili al holdings , Then the name is true also for the othergood . This venit in uneful when calcola ting competitive equilibrio, became it Menus that

if we fino a Price system for which demand and supply are egual forcone good , then we know that they are egual for the d-her goal , no that the price system is comintant

with competitive equilibrium.

How about an exchange economy with L goods ? If L- 1 Markets dear , Then all Markets dear .

Prof : By Paci) = Peli ) for each I
,
we have : §y [ Pianti ) t Praz ( il] = I[Piedi) t Pzlz ( il] , no P

, ( non ci)
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<
Ci )) .

IEN

So that
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i) = 0 ☐=D I a, (i ) - §
,

e
,
(i ) = 0

.
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Proposition 5- 2 -3 : Pareto Stability of competitive Equilibrium Allocation

Eveng competitive equilibrium allocation of an exchange economy is Pareto stabile
.

\

Prof : Le t (P. a) be a CE of (
N
,
( ti ) ieri

,

e)
.
Assume that a is not Pareto stable .

Then Then is an a / location y such that y (i ) 7
'
a (i ) for all i and YIJ) >

'
a (5) for

home ] . a (i) in Optimal according to È in I 's budget net implica PY (i) 7 Peli ) . Otherwine , ali ) is not Optimal . al]) is Optimal implica PYCJ) > Pelt) . Otherwise ,

al]) is not Optimal . Thun, P . [ Y (il > P . Feci) . Contradi ding the feanibility of y, § Yli ) >{ e li ) .
Henie

,
a is Pareto stable

.
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The first half we dealt with Decision Theory, it analyzes the decision problems of an individual in isolation. Now, in the second half, we deal with 
Game Theory, it can be called also Interactive Decision Theory. 

Game Theory (GT) is the formal analysis of the behaviour of interacting individuals. The crucial feature of an interactive situation is that the 
consequences of the actions of an individual depend (also) on the actions of other individuals: Interdependence.

This is typical of many games people play for fun, such as chess or poker. Hence, interactive situations are called “games” and interactive 
individuals are called “players”. If a player’s behaviour is intentional and he is aware of the interaction, he should try and anticipate the behaviour of 
other players. This is the essence of Strategic Thinking. 

We try to develop an understanding of how people actually behave, and how they should be advised to behave, in strategic situations. First, it 
identifies a language with which we can converse and exchange ideas about human endeavour. Second, it provides a framework that guides us in 
constructing models of strategic settings - a process that engenders insights by challenging us to be clear and rigorous in our thinking. Third, it 
helps us trace through the logical implications of assumptions about behaviour. 

Four main topics: Representations and Basic Assumptions, Static Games, Dynamic Games, Information. 

We start with a very simple example, a price-competition game. Two firms (1 and 2) compete by each selecting either a High (H) or Low (L) price 
for a product that they both produce. 

Firm 1 selects price (either H or L) first. Observing Firm 1’s selection, Firm 2 selects price. 
The monetary payoffs are the following: if both firms select H, then they share the market, each gets 1 M; if one selects H and the other selects 
L, then low price firm takes all the market and gets 2 M, the high price firm gets 0; if both select L, each gets 0.5M. 
This situation can be analysed as a game which can be represented with a rooted tree with utility numbers attached to terminal nodes (leaves), 
player labels attached to non-terminal nodes, and action labels attached to arcs/branches. 

Nodes represent places where something happens in the game (such as a decision by one of the players), and branches 
indicate the various actions that players can choose.
We list the players’ payoffs in the order of the players’ identifying numbers. Player 1’s payoff is written first, followed by 
Player 2’s payoff, and so on. 

Now we consider another price-competition in which each firm has to select between H or L without knowing the other firm’s decision. 
The players learn about each other’s choices only after both are made. 
Referring to the tree in (a), we represent Firm 1’s lack of information by specifying that, during the game, it cannot distinguish between two 
nodes in which it makes decisions. 

How to represent this lack of information? Adding a dashed line.

Decision Notes: Players make decisions at these places in the game.
Terminal Notes: Represent outcomes of the game — places where the game ends.

Each terminal node also corresponds to a unique path through the tree, which is a way of getting from the initial node through the tree by 
following branches in the direction of the arrows.
In an extensive form, there is a one-to-one relation between paths and terminal nodes.

It is common to use the term Information Set to specify the players’ information at decision nodes in the game.
An Information Set describes which decision nodes are connected to each other by dashed lines (meaning that a player cannot distinguish 
between them). Info sets precisely describe the different decisions that players have to make.
Every decision node is contained in an information set; some information sets consist of only one node. The information sets in a game precisely 
describe the different decisions that players have to make: x info sets, x decisions to make. 

How many info sets for Firm 2 in (a)?
How many decisions to make for Firm 2 in (a)?

How many info sets for Firm 2 in (b)? 
How many decisions to make for Firm 2 in (b)?

Game Theory
Introduction

Representation

Then are several differentwayn of denn
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Two players simultaneously throw their right arms up and down to the count of “one, two, three”. (Nothing strategic happens as they do this). On the 
count of three, each player quickly forms his or her hand into the shape of either a rock (R), a piece of paper (P), or a pair of scissors (S). The players 
make this choice at the same time. If the players pick the same shape, then the game ends in a tie. Otherwise, one of the players wins and the other 
loses. The winner is determined by the following rule: rock beats scissors, scissors beats paper, and paper beats rock. Each player obtains a payoff 
of 1 if her or she wins, -1 if he or she loses, and 0 if her or she ties. Represent this game in the extensive form. Also discuss the relevance of the order 
of play (which of the player has the move at the initial node) in the extensive form. 

How to write Strategies? The easiest way of writing strategies is to put together the labels corresponding to the actions to be chosen at each 
information set. For example, one strategy for player 2 is to select the high price (H) in the top information set and the low price (L’) in the bottom of 
information set; this strategy can be written HL’.
There are four strategies for player 2: HH’, HL’, LH’ and LL’. We use different labels for a player’s various information sets to avoid confusions.

Complete contingent plan means more than just a “plan” for how to play the game. Player 1 in the game shown in Figure (b) needs a plan for his 
second information set if he selects O at the first! Can’t we just say that player 1 has three different strategies, O, IA, and IB? In fact, no.

The definition of a strategy (a complete contingent plan) requires a specification of player 1’s choice at his second information set even in the 
situation in which he plans to select O at his first information set. Stating that player 1’s plan is “O” does NOT provide enough information for us to 
conduct a thorough analysis.

The study of rationality will explicitly require the evaluation of players’ optimal moves starting from arbitrary points in a game. This evaluation is 
connected to the beliefs that players have about each other. Player 1’s optimal choice at his first information set depends on what he thinks player 2 
would do if put on the move. Furthermore, to select the best course of action, player 2 must consider what player 1 would do at his second 
information set. Thus, player 2 must form a belief about player 1’s action at the third node. A belief is a conjecture about what strategy the other 
player is using; therefore, player 1’s strategy must include a prescription for his second information set, regardless of what this strategy prescribes for 
his first information set.  

Extenniva Form Exercise
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Definition : Strategy
A Strategy is a Complete contingent Plan for a player in the game .

One of the Mont Important concepts in game theory .

The
"

Complete Contingent
"

part of this definition is what Maker it powerful and , to nome people , a bit confusi ng .

A full npecification of a player 's behaviour , which denariben the action that the player would take at each of his possible decision points .
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,
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Strategy Space
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Another reason why it is important to specify a complete contingent plan is that players may make mistakes in the course of play. For example, 
suppose that you are player 1 in the game shown in the previous example. Suppose that I am instructing you on how to play this game. I might 
write instructions on a piece of paper, hand the paper to you, and then leave town before the game begins. I could write “select O”, but, even 
though that instruction seems to be enough information in advance, it does not give you sufficient guidance. You might make a mistake and 
select I instead of O at the beginning of the game. What if player 2 then picks I? There you are, red faced and indignant, yelling at the sky, “Now 
what am I supposed to do?”.

Two players have to decide how much to contribute to a charitable project. Suppose it is known that the project will be successful if and only if the 
same of the players’ contributions is at least 900. The players know that they each have 600 available to contribute. The players make contributions 
sequentially. In the first stage, player 1 selects her contribution x € [0, 600], and player 2 observes this choice. Then, in the second stage, player 2 
selects his contribution y € [0, 600]. Hence, S1 = [0, 600], while player 2 has an infinite number of information sets, S2: [0, 600] —> [0, 600].

The extensive form is one straightforward way of representing a game. Another way of formally describing games is based on the idea of strategies. It 
is called the normal form (or strategic form) representation of a game. This alternative representation is more compact than the extensive form in 
some settings.
Let’s start with any game in extensive form. Each strategy profile fully describes how the game is played. 
Strategy Profile —> a path of game tree —> terminal node —> payoff vector. 

In short, each strategy profile implies a specific payoff vector. Define                       as player i’s payoff function. For each                       is player i’s 
payoff in the game.

A convenient way of describing the strategy spaces of the players and their payoff functions for two-player games in which each player has a finite 
number of strategies is to draw a matrix.  Each row of the matrix corresponded to a strategy of player 1, and each column corresponds to a strategy 
of player 2. Thus, each cell of the matrix (which designates a single row and column) corresponds to a strategy profile. Inside a given cell, we write 
the payoff vector associated with the strategy profile. 
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Pick a larger number game. Player 1 and 2 simultaneously announce a number between 0 and 1. The player with the larger number is the winner. 
Each player obtains a payoff of 1 if he wins, -1 if he loses, and 0 if he ties. What are the strategy spaces?
Find one belief of player 1. It could, for example, be a uniform distribution on the set [0, 1]. What is the set of all possible beliefs of player 1,      ?
The set of all probability distributions on [0, 1]. 

Related to a belief is the notion of a mixed strategy. A mixed strategy for a player is the act of selecting a strategy according to a probability 
distribution. She might flip a coin and select A if the coin lands with the head up and B if the coin lands with the tail up. A mixed strategy of player i, 
              , is a probability distribution over his strategy space, where       is the set of probability distribution over his strategy space.

Game Theory is about rational choice of strategies when each agent’s utility depends not only on their own choices, but also on the choices of other 
agents. We assume that, if a player’s action will determine which of several outcomes will occur in a game, then this player will select the action that 
leads to the outcome he most prefers. Rationality means maximising one’s subjective expected payoff. 

Rationality is a weak assumption in the sense that any coherent preferences can be accommodated by the theory. Rationality does not necessarily 
imply that the players seek to maximise their own monetary gains, though we often assume it in the course. In some settings, however, players are 
highly motivated by other factors. It is important to accurately describe their preferences by including the non traditional elements in the description 
of payoffs. The key point to remember is that game theory can accomodate any preferences that have a mathematical representation. 

Conventional analysis of behaviour requires that players have shared understanding of the entire game. The players know the extensive-form (or 
normal-form) game that they are playing, which includes the recognition that, in the course of play, individual players will not be able to distinguish 
between nodes in the same information set. Shared understanding is vague. To be precise, we use the notion of Common Knowledge.

Belief s , Mixed Strategy & Expeded Utility

Beliefn

Suppone we are playing the Battle of the Saxer (Bos) game .

You are player 1 and I am player 2 .

Suppone you think I Will nurely play B .
What rlrategy Will you Choose ? B

suppone you think I Will nurely play A
.
What rlrategy Will you Choose ? A

suppone you are not sure about my strategy .

What strategy Will you Choose ? A

It is Important for players to think about each ather 's strategie Choices . We Use the term belief for a player's

amenment about the strategies of the others in the game .

Definition : Belief
A belief of player i , 0 _ i £ Lisi , is a probabili ty distribution over the strategies of the d-her playera , where DS-i is the net of probabili ty distribution

over the strategies of all the players except player i.
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We assume that the game is common knowledge between the players. It is as if, before the game is played, the players gather around a table on 
which the game has been depicted. 

Imagine three professors, A, B, C, sitting in a circle, each wearing either a red hat or a white hat (as a Bocconi faculty meeting tradition). Each 
professor can see the hats of the other two professors, but not his own. 
Suppose that all the hats are red. 
Then Professor D asks the question of the dat, “What’s the color of your hat today?” No Professor could answer this question. 

D certainly is not satisfied with their answers and says “everyone knows that there is, at least, on red hat in the room, and we are professors, we 
could do better than this!”

After announcing this well-known to everyone fact, D asks again. “A, what’s the color of your hat?” “Sorry, I do not know”. “B, do you know the 
color of your hat?” “Sorry, I don’t know either.” “C, how about you?” “Yes, I know! It is red!”

Is C lying to ease D? If not, how does he figure it out? And why does a seeming uninformative message change the result?

Sure, C is not (as a Bocconi Professor). Here is C logical process.
If both B and C hat are white, then A can answer with confidence that his hat was red. But he can not tell, which reveals to B and C that at least 
one of them is wearing a red hat. 
C watches B also admit that he cannot tell his hat color, and then reasons as follows: “If my hat had been white, then B would have answered 
that he was wearing a red hat, since we both know at least one of us is wearing a red hat. But B could not answer. Therefore, I must be wearing 
a red hat”. 

The story is surprising because aside from the apparently innocuous remark of David, the other professors appear to learn from nothing but their 
own ignorance. Indeed, this is precisely the case. Why does a seeming uninformative message change the result? The fact that there was at 
least one red hat in the room was mutual knowledge, but not common knowledge, at the first beginning. After D made the announcement, it 
became common knowledge, B and C could draw inference from A answer, eventually enabling C to deduce his hat color. 

Game Theory is about rational choice of strategies. Rational decision making may require complex calculations and a sophisticated understanding of 
the other players’ motivations. Standard game theory assumes that the players are sophisticated and that they can handle whatever difficult 
calculations are needed for payoff maximisation. But, in reality, behaviour sometimes diverges from this rationality ideal and it does so in systematic 
ways. Sometimes real players do not have a shared understanding of the game they are playing. Sometimes a cognitive bias warps how they develop 
beliefs about each other. Sometimes real players are unable to perform all of the complicated calculations that would be required to determine an 
optimal strategy. Sometimes players do not fully understand each other’s rationality or lack thereof. 

We do not expect the outcome of our theoretical models to be perfect indicators of the real world. The relevant question is how closely the theory 
approximates reality. Where the approximation is poor, there might be an opportunity for the theory, in a normative sense, to play an instructive role in 
helping people to better understand the strategic settings they face (and to select better strategies). On a descriptive sense, there may be a need to 
enrich the theory to incorporate real bounds on rationality. 

Game Theory is the analysis of rational behaviour in games. This endeavour separates roughly into two components:
- Solution concepts which precisely defining concepts of rational behaviour and leads to theories of how games are or should be played. 
- Applying the concepts to study specific examples and applications. 

Topic 7 focuses on a definition of rationality that operates on the normal form of a game. A player is thought to be rational if:
- through some cognitive process, he forms a belief about the strategies of the others, and
- given this belief, he selects a strategy to maximise his expected payoff

The Rationalizability solution concept combines this definition of rationality with the assumption that the game and the players’ rationality are 
common knowledge/belief.
The Nash Equilibrium solution concept adds the assumption that a social institution helps to coordinate the players so that heir beliefs and 
actual behavior are consistent.
Topic 8 presents refinements of the rationality concept that are sensitive to individual information sets in the extensive-form representation of the 
game: backward induction, subgame-perfect equilibrium, and a variant for games with a negotiation component. 
Topic 9 expands the analysis to look at games with exogenous random events (moves of nature), where the solution concepts are called 
Bayesian Rationalizability, Bayesian Nash Equilibrium and Perfect Bayesian Equilibrium. 

Topic 7-1 covers the two most basic concepts in the theory of strategic interaction: dominance and best response.

Definition : common knowledge
A particular fact F in raid to be common know ledge betneen the players if each player Known F, each player Known that the others know F,
each player know that avery d-her player Known that each player Known F ,

and no on
.

A Puzzle

The lssve of Realism

Overview of Solution Concepts

Dominance and Best Response

Dominance

suppone that you are player 1 of the game . Select your ownntralegy . Strategy U has an Interesting pro party . Regardten of player 2h choice . U gives you a strictly

higher payoff than does D . If player 2 play s L ,
Then you obtain 2 from playing U and 1 from playing D . If player 2 nelects R

,
Then you obtain

5 by playing U and 4

by playing D .
We nay that strategy D is dominaIed by strategy U

.
D nhould ne ver be played by a rational player 1 .



Before enriching the theory, let’s use the concept of dominance to identify rational play in a simple application. 
For both players, strategy C is dominated by strategy D. We would therefore predict that neither player would select C.
However, both players would be better off if they each selected C.

Group Interests vs. Individual Interests
Players are jointly better off if they each select C rather than D. However, each has the individual incentive to defect by choosing D. Strong 
individual incentives can lead up to group loss. 
Remark 1: What if players can retribuite each other? Then it should be explicitly modelled in the game. Changing the payoffs or adding the 
retribution stage. 
Remark 2: What if players have the opportunity to form legally binding contracts? Then it should be included in the game. Theorists do in fact 
pursue this angle; see Chapter 13 in Watson’s Book.
Remark 3: What if players play this game multiple times? Then it should be included in the game. Theorists do in fact pursue this angle; we will 
pick it up in Topic 8.  

What are the Pareto efficient strategy profiles in Prisoners’ Dilemma? 
(C,C), (C,D) and (D,D). 
(D,D) is Pareto dominated by (C,C).

Dominance is a good descriptive and prescriptive concept. But it is just the beginning of our development of a theory of behaviour. Indeed, in most 
games, players have more than one undominated strategy. We move on to explore the process by which players actually select their strategies, at 
least among those that are not dominated. 
Rational players think about the actions that the other players might take; that is, people form beliefs about one another’s behaviour. To maximise the 
payoff that you expect to obtain — which we assume is the mark of rational behaviour — you should select the strategy that yields the greatest 
expected payoff gains your belief. Such a strategy is called Best Response (or Best Reply). 

Suppone that you are player 1 of the game .

Is
any nlrategy dominaTed by and-her nlrategy ? D is dominated by M

.

Suppone that you are player 1 of the game .

In
any nlralegy dominated by anothernlrategy? No pure nlrakgy in dominated by another pure nlralegy .

HoWever
,
a Mixed strategy , (¥ , È ,

0 )
,
dominates D . If L , Then you obtain 2 from (%

, 112,0) and 1 from D . If R , then you obtain 2 from

l' 12,42
,
0) and 1 from D .

Definition : Dominance

1- pure nlralegy Si of player i is dominated if the re is a ntrategy (Pure or Mixed) ti c- Lisi Auch that Ui (ri
, si) > Ui (si , si) for all ntralegy profiler si E si of

the d-her play era .

Remarks : Strict dominance vs Weak Dominance ( > vs 7) .

Playing a dominated nlrategy is not rational .

The Firat Strategic Tension

Pareto Efficiency

Definition : Pareto Dominance

A ntralegy profile s Pareto dominales ntralegy Profile s ' if : lli (s ) 7 Ui (s' ) for all player i and the inequality is nhict for at least are player .

Definition : Pareto Efficiency
AstraIegy profile s is Pareto efficientif there is no otherntrategy profile s

' that Pareto dominales s .

Bent Response

Definition : Bent Response

suppone player i has a belief Q; E DS-i about the strategies played by the other playern . Player is ntrategy Si € Si is a best response if Ui (si
,
0
- i) Z Ui (si

'

,
Qi)

for avery si
'
E Si .

For
any belief 0 - i of player i , ne denota the net of best responsa by BRI (O_ i) .



              Playing a best response to one’s belief about the moves of others is not in itself a strategic act. One can think of it as merely a computational 
exercise associated with rationality. Forming one’s belief is the more important component of strategy.

Suppose you are to play the following game as P1 and discuss your strategy with your friend, the panda guy.
On the basis of your knowledge of P2, you think that P2 will certainly choose strategy A in the game. 
Therefore you plan to select A as well. Upset with your statement, the panda guy criticises you for “giving in”.
You should demand the best outcome for yourself by playing B, he asserts. 
Should you follow the advice of your friend? In fact, you should not. Your actual choice in the game as no direct effect on the other player’s thought 
process or action. Players select their strategies simultaneously and independently. You cannot directly influence how the other player will act in a 
game such as this one. The best you can do is to form a well-reasoned opinion about what strategy he will take and then play a best 
response to this belief. The rules of the game do not allow you to signal your intentions to the other player by your choice of strategy. So, perform 
whatever mental gymnastics are necessary for you to settle on a belief about P2’s behaviour and then play a best response.

The most substantive component of behaviour is the formation of beliefs. Indeed, herein lies the real science of game theory. Success in games often 
hinges on whether you understand your opponent better than he understands you. In fact, beliefs are subject to scientific study as well. The study of 
beliefs of players’ is at the center of the study of strategic behaviour. 

There is a precise relation between dominance and best response, the latter of which underpins the theories of behaviour to come. To state 
relationship, we first define two concepts. For a given game, let        be the set of strategies for player i that are not strictly dominated. Let    be the 
set of strategies for player i that are best responses, over all of the possible beliefs of player i. Mathematically, 
If a strategy    is a best response to some possible belief of player i, then     is contained in 

For two-player matrix games, where               , you can most easily compute this set by using the following procedure.
- Look for strategies that are best responses to the simplest beliefs — those beliefs that put all probability on just one of the other player’s 
  strategies. These best responses are obviously in the set       so they are also in 
- Look for strategies that are dominated by other pure strategies; these dominated strategies are not in          and thus they are also not in 
- Test each remaining strategy to see if it is dominated by a mixed strategy. This final step is the most difficult, but if you are lucky, then you 
   will rarely have to perform it. 

Topic 7-2 (Chapter 7 in Watson) discusses the implications of combining two fundamental assumptions: 
- Players best respond to beliefs (rationality)
- Rationality is common knowledge/belief between the players.

Example

suppone you are Pt with belief 0.1 = (1 , 0,0)
,
what is BRI ( 0.1) ? Un (Y 0.1) = 2

,
Un ( M

,
0
-n ) =3

,
Un (D

,
0.1) = 1 . BR

^ (Qn) = { M }
.

Suppone you are Pt with belief 0.1 = (113,112 , 116) ,
what is BR, (0-1) ? U

, tu, O_ ^) = ! ✗ 2 + I ✗ 0 + f- ✗ 4 = § ,
Un /M , 0.1) = È , Un (D, 0. .) = %.

BR
, (0-1)=1174 .

Remarks :

Dominance and Bent Response

ÙDi Bi

Bi = { si / 70; E DS- i St. Si E BRI (Oi) }
Si si Bi

.

Example

Final Bz and Da .

ÙD
,
= { LY

,
Be = { L }

.

Final Boi and Di
.

Di = {Ù, M } , Be = {Ù, MY .

*

D in dominata by ( % , } ,

0)
,
Di =L M }

, P. 57 of Watson for details .

Bi = Di ?

Proposition : ln a finite two - player game , Bn
= Di and Bz = Da

.

A game is finite if each player
has a finite number of options , the number of playera in finite .

Bi = Di

Bi Di .

Di Bi .

Example

E Br
,
¥ E Bn

.

TÙE Bn
,
dominated by Z

check Z
. Suppone Z is dominated by PE t (n - P )¥. Then , 2 pt 6 (1 - P) > 5, 7-Pt 1 (1 - P) > 3 . P <

^ /4
,
P >

^ /3 .

Rationalizability

Example

suppone that you are player 1 in the following game . What is ÙD, , your net of Undomina Ied strategici ? ÙD
,
= {A. B }

.

Are we finished with

the analysis ? Not by a long shot . Put you rnelf in player l'snhoes .
io domina/ed by Y. . By the rationality of P2 , nhe Will not play ¥ . Since youbeliever

he is rational
, you Mould ami gn zero probabili ty to her nlrakgy .



Simple logic led to a unique prediction in the example. With rational players and common beliefs/knowledge of rationality, the only outcome that can 
arise is the strategy profile (B, Z), yielding the payoff vector (1, 2). As in the prisoners’ dilemma, our prediction here is a decidedly inefficient outcome.
Both players could fare better if the strategy profile (A, X) were played, but neither player finds it in his or her interest to do so. 

1. Delete all of the dominated strategies for each player. 
2. Then define R^1 to be the strategy profiles that remain. 
3. The next step is to remove any strategies that are dominated in this reduced game and define R^2 as the strategy profiles that remain.
4. Continue this process to identify smaller and smaller sets of strategy profiles, R^3, R^4, ..., until no more strategies can be deleted. 
5. Let R denote the resulting set of strategy profile — those that survive this iterated dominance procedure.

The procedure just illustrated is called iterative removal of (strictly) dominated strategies (or iterated dominance, for short). We can apply the 
procedure to any normal-form game as follows. First, delete all of the dominated strategies for each player, because a rational player would never 
use one of these. Them define R^1 to be the strategy profile that remain. Common beliefs/knowledge of rationality therefore implies that it is 
common knowledge that a strategy profile in R^1 will be played. In other words, essentially the players are interacting in a “reduced” game in which 
R^1 is the set of strategy profiles. The next step is to remove any strategies that are dominated in this reduced game and define R^2 as the strategy 
profiles that remain. As before, it is then common knowledge that a strategy profile in R^2 will be played. Continue this process to identify smaller 
and smaller sets of strategy profiles, R^3, R^4, ..., until no more strategies can be deleted. Let R denote the resulting set of strategy profiles — those 
that survive this iterated dominance procedure. 

A very simple and precise theory of behaviour is represented here. 
- Each player should play a best response to her belief. In this way, the belief rationalises playing the strategy. 
- Furthermore, each player should assign positive probability only to strategies of the other players that can be similarly rationalised. 
- Combining rationality (best-response behaviour, never playing dominated strategies) with common knowledge implies, and only implies, that 
   players will play strategies that survive iterated dominance. We call these the rationalizable strategies.  

In two-player games, dominance and best response imply the same restriction. Iterated dominance is identical with the procedure in which strategies 
that are never best responses are removed at each round. The logic of rationalizability depends on common belief/knowledge of rationality and the 
game. 

Observe that rationalizability does not always lead to a unique strategy profile. In fact, it often has little bite in games. Rationalizability merely 
requires that the players’ beliefs and behaviour be consistent with common belief of rationality. It does not require that their beliefs are correct. We 
have thus identified another tension in games, which is called strategic uncertainty. One manifestation of strategic uncertainty is the coordination 
problem, which players often face in games such as the battle of sexes.

Topic 7-2 presents rationalizability and iterated dominance. While now, with topic 7-3 we cover applications of rationalizability: two (Location and 
70 Percent) in the lecture, one (Partnership) for self-study.

We consider a very simple model of location choice by competitors. Suppose two people — call them Chris and Pat (C and P) —work for the same 
large soft drink company. Their job is to sell cans of the company’s soda at a popular beach. They will be working at the same beach and, by 
company policy, must charge the same price. The company has committed to give each salesperson a commission of 25 cents per can sold. Each 
salesperson must work from a booth that is stationary on the beach. The only decision that each person has to make is where on the beach to set 
his booth at the beginning of the day. Chris and Pat select the locations for their booths independently and simultaneously. 

The beach is divided into nine regions of equal size, 

Booths may be located in any one of these regions (and it is possible for the salespeople to locate in the same region). On a given day, 40 people in 
each region will each wish to purchase a soda. Thus, if a salesperson serves all of the customers in a single region, he will earn $10. Customers walk 
to the nearest booth to make their purchases. If the customers of a given region are indifferent between the two, half go to one and half go to the 
other. C and P seek to maximise their income. 
We first represent the game in normal form. 

You mi ght as Wall rhine the Column of the Matrix Corresponding to nlrategy E .

Striking E leads to a new
"

game
" in which you Choose belweeu A and B and your opponent Choones betneeu Y and Z .

In this reduced game , your strategy A in nhictly dominaIed by B .
That is

, Knowing that your opponent Will not play E , your only rational ntralegy
is to play B .

You can rhine rivale gy
A from consideration . You with play B . Interestingly enough, we can take this logic one nkp further in this game .

Your opponent Known that you know that he Will not play ¥ .
Thun

, recognizing that you are rational , ha deduces that you with not play A .

Putting probability 1 on the event that you Will play B , his Orly best response is to play E. .
That is

,
in the reduced game where you play only B. strategy T.is dominated

Rationalizability

R
"
! R

The Second Strategic Tension

Location and Partnership

Location fame

1 2 3 4 5 6 7 8 9

N =L( iP } ; Si = {1 , 2 . . . . , 9 } ,
i = C ,

P ; U; (Sc
,
Sp) = ? =D Ue (2 , 5) = 3 * 10 = 30 , Up = (2 , 5) = 6 * IO = 60 .

Uc (1 , 9) = 45 = Up (19)



We begin our analysis by evaluating strategy 1 and 2 against all of the opponent’s strategies. 

In fact, strategies 1 and 9 are the only dominated strategies in the game. Why? 2 is a best response to the opponent selecting 1; 3 is a best response 
to the opponent selecting 2... 

Rationalizability implies that the players, in their quest for a large share of the market, both locate in the same region at the center of the beach. The 
model solidifies some intuition that can be applied more generally. 

- Location of Gas Station.
- Product variety: taste for sweet cereal.
- Politics: politicians, just like salesmen with consumers, seek to capture the majority of voters.

Topic 7-2 (Chapter 7 in Watson) discusses the implications of combining two fundamental assumptions: 
- Players best response to beliefs (rationality);
- Rationality is common knowledge/belief between the players.

The concept is quite weak in that no additional assumptions about behaviour are made. We do not assume that each player’s beliefs are consistent 
with the strategies actually used by the other players. 
There are many settings in which rationalizability is the appropriate behavioural concept (buying a house, locating a friend on your fist trip to 
Disneyland, interview at a new company, military conflicts).
In other settings, strategic uncertainty is resolved through a variety of social institutions (repeated social play with norms, pre-play communication 
between the players, an outsider mediator suggests strategies). 
The point of Topic 8 (Chapter 9, 10 in Watson) is to begin to explore rational behaviour when actions and beliefs are coordinated by social 
institutions. The underlying idea is that through some special force (such as those just discussed) behaviour in a game is coordinated, or 
congruous. Congruity can refer to consistent and regular behaviour in a game that is played over and over in society or by the same parties who 
interact repeatedly. Congruity can also refer to behaviour in a one-shot game in which communication or social history has aligned the beliefs of 
each player with the strategies of the others. We shall examine the common element — the combination of best-response behaviour and 
reduced strategic uncertainty.  

A group of three students will be in a breakout room. First two in the BBoard are P1 and P2 respectively. 3rd is moderator. P1 and P2 play BoS by 
submitting strategies to moderator via private chat. 

Moderator announces the outcome.

All groups play the BoS game once. No public messages other than announcing game outcome. Then...
- Group 1,4,7 play the game (step 3,4) five more times.
- Group 2,5,8 play the game (step 3,4) twice more: chat between P1 and P2 allowed.
- Group 3,6,9 play the game (step 3,4) twice more: moderator can make suggestions.  

The simplest notion of congruity is that the players are best responding in a setting of strategic certainty. In other words, the players coordinate on a 
single strategy profile. In such a case, the players’ belief and behaviour is consistent, with each player’s belief about another player’s strategy 
concentrated on the actual strategy that the other player uses. Because of these accurate beliefs, the players are best responding to each others’ 
strategies. To say it differently, the players’ strategies are “mutual best responses”. 

1 2 3 4 5 6 7 8 9

1) Sp = 1 , Uc (1,17=45 , Ue (2,1) = 80 . Uc (1 , Sp) < Uc (2, Sp) for all sp E S'p

2) Sp = 2 , Ucci ,2) = IO
,
Uc (2,27=45

. Strategy 2 nhictly dominata ntralegy 1 for botti p /ayers .

3) Sp =3 , Uclt , 3) = l'5
, Ue (2,37=20 Strategy 8 Micky dominate ntrategy 9 for bath player .

:

Ri
"
= { 2,3 , 4 , 5,6 , 7,8 } ,

R
,
-

'
= {3 , 4,5, 6,7 }

,
Ri? { 4,5, 6 } , Ri

"
= { 5 }

,
Ri
'
= { 5 }

.

R = { (5,5 ) }
.

Applications of The Location Model

Partnership ( see Chapter 8 of Watson Book) .

A Partnership fame
shared by

µ
Firmin Profit ☐ the 2 ,

P layers

✗
, YE [0,4] ; P = 4 ( ✗ tytcxy) with C E [0,114 ) .

X? Y' ; Un =L (✗ tytcxy) - x2 and Uz =L (✗ tytcxy)-y
'

① Suppone you believe y = 1 , U, (× , 1) = 2 (✗ ti tcx)- ×
'
and 3¥ = 2 1- 2C - 2x = 0 =D ✗ = etc

② Suppone you are M and have a belief with expectaliony . Then expected payoff in 2 (✗ tytcxy) - ×
'

.
F. O.C. : 2 + ZCJ -2 ✗ = 0 =D ✗

*
= 1 + cit

.

Then Bra ( Y ) = It ( Y and Bra (E) = 1 + CI with ce [0,114)
,
×
, 4 E [0,4] and R? = [0,4]

,
then R ? = [11-(101,1+44)] and Ri

'
= [ 1 tch) , 1 + ( (^ +4C) ] .

From which we can see that Ri
"
= [a

"

,
b " ] where a

""
= it C. a

" and a
'
= O White b "" = 1T c. b " with be 4

.
Hence ak ta and b " ! b and we

have that a = 1 1- c. a =D a =
^

1 tc

R = { ^ ? , }
'

and P =
8- 4C

(1- c)
2

and U ; =
3
(n - c)

2 - Efficienti outcome :
Max

×
, y

Un t 42
.

È = Ì =
, -22 , > [(

Battle of The Saxer

Nash Equilibrium

Definition : Nash Equilibrium
A nlrategy profila se 5 is a (pure nlrategy) Nash Equilibrium if and onlyif Si E BRI ( si) for each player i. That is , Ui ( si , S .;) 7 Ui ( si

'

,
si ) for every

Si ' E Si and each player i .



The Nash Equilibrium has found many uses in economics, partly because it can be usefully interpreted in a number of ways.
- Stable point of adjustment (Social convention, evolution, biology).
- Self-enforcing agreement (In the self interest of each player to follow the agreement if others do. No unilateral deviation).
- Persuasive advice (Any advice that was not an equilibrium would have the unsettling property that there would always be some player for 
   whom the advice was bad.

Firms 1 and 2 produce exactly the same good, say marble brick. Simultaneously and independently, the firms select the number of bricks to produce, 
q1, q2 >= 0. All of the brick is sold, but the price that consumers are willing to pay depends on the total output q1 + q2. The price is given by the 
simple function p = 1000 - q1 - q2. Production cost is 100 euros per brick. Firms wish to maximise their profits.

From quantity competition to price competition. Suppose that the two firms simultaneously and independently set prices, p1, p2. They are forced to 
produce exactly the number of bricks demanded by customers at these prices. Total demand is given by Q = 1000 - p. Consumers purchase brick 
from the firm that charges the lower price. Demand is split evenly if prices are equal. Production cost is 100 euros per brick. Firms with to maximise 
their profits. 

Nash Equilibrium : Interpretation

Nash Equilibrium : Examplen

Definition : Strict Nash Equilibrium

A nlralegy Profile se $ is a nhict Nash Equilibrium if and onlyif Si = BRI (si) for each player i .
That is

, Ui (si , si) > Ui (si
'

,
S
- i) for avery si

'
E Si . And each player i.

Player is nlrategy si in the only bent response to si ,

NE in Matrix James
-

An algo ri thou for finding NE in Matrix games . - -

-
- -

① Find the bent responsa of player 1 to each of the strategies of player 2 .
- -

- -

② Find the best responsa of player 2 to each of the ntrategi.es of Player 1 .
- -③ NE = Mutual Bent Responses .

-
-

Nash Equilibrium Applications

Cournot Duopdy Model

Step 1 . Raprenent the Cournot Duopdy in a normal form game .

N = { 1,2 } ,
si = [0 , to) ,

i = 1,2
. Un (91 , 92) = (1000 - 9, - 92) 9, - 1009 , . Uz ( 91,92) = ( 1000 - 9 , - 92) 92 - 10092 .

Step 2 .
Calcolate the bent - response function .

Became we Will be Koning for a Nash Equilibrium strategy Profile , we can think of each firmi's best response as a function of the other firme in quanti ty
( ratherthan a belief about this quanti ty ) . Un is a downward parabola , aria function of 9, .

° ""

gq ,
= 1000 - 291 - 92 - 100 = 0 =D BR, ( 92) = 450 - 92/2 .

The game is nym
Metric

,
no 13122 (%) = 450 - 9112

.

Step 3 .
Final Mutual beat responder . Look for 9,

* and q,
* such that Bra ( 92* ) = 9,

* and Bra (91* ) = 92* =D 9 ,
*
= 9,

*
= 300

.

HoWever
,
(300 , 300) is not efficienti ( 225,225) Maximi 2- es the run of profits and Pareto dominata NE .

Can you find other strategici that Pareto dominata NE ?

Bertrand Duopdy Model

step 1
. Reprenent the Bertrand Duopdy in a normal form game .

O if Poi > Pa
N = {1,2 } ,

Si = [0 , to) , i = 1,2 . U
, ( Pn , Pz ) ={(noo . p, ) p, - poo (pagg . p,) if p, < P, U2 Dehaven equivalent/ y . . .

È [( 1000 - Pn)Pi - 100 (1000 - Pn)] if Poi = Pz

Step 2
.

Fino a NE : ( Pn
,
Pa) that Pi in BR to Pj . Firat , if I Pi < '00 , negative profit ( for at /cartone firmi . Therafore , Pi ? 100 for i = 1,2 .

Suppone P; > 100 for i = 1,2 .
Bath firma deviate . Suppone Pi > P] = 100 far nome i . Firmi j can raise profit from 0 by Pj + E .

Suppone Pi =P] = 100 . Neither firm can gain by c. hanging Price .

Exercise Now
, suppone firma have different production conta . Prove that their is no pure strategy NE .



Two political candidates (P1 & P2) decide where to locate on the political spectrum [0, 1]. Voter’s ideologies are distributed across the political 
spectrum with a pdf f on [0, 1]. Candidates simultaneously and independently select their policy locations. Each voter is assumed to vote for the 
candidate who is located closest to the citizen’s ideal point. 
A candidate wins by obtaining more votes than the other candidate does. A candidate gets a payoff of 1 if she wins, 0 if loses, 1/2 if ties. 

Let us analyze the game by looking for a Nash Equilibrium. First, we claim s1 = s2 = x in equilibrium.
- Suppose s1 != s2.
- If P1 wins then P2 can change to s1. 
- If P2 wins then P1 deviates.
- If tie, both move to the middle.

Now, where is s? Location game in Topic 7 suggests the “center”. x = 0.5? No. x* is the median ideology, 
(x*, x*) is the UNIQUE NE. 

- Any unilateral deviation from (x*, x*) would get fewer votes and lose. 
- For any other (x,x), moving towards x* is profitable. 

Each of you can pick one number from {1, 2, ..., 20}. The mode x will be calculated. If there are 2+ modes, the highest is chosen. 
If x < 20, then everyone who selected x + 1 get (x + 1)/10 bonus points in the final, and others get zero. 
If x = 20, then everyone who selected 1 get 1/10 bonus points in the final and others get zero. 

The game players standing for a large population of agents. Each of the agents chooses a pure strategy, and the payoff depends on the fraction of 
agents choosing each strategy. The mixed strategy hence represents the distribution of pure strategies chosen by each population. 

Procedure for finding mixed-strategy equilibria: 
- Calculate the set of rationalizable strategies by performing the iterated-dominance procedure. 
- Restricting attention to rationalizable strategies, write equations for each player to characterise mixing probabilities that make the other player 
   indifferent between the relevant pure strategies.
- Solve these equations to determine equilibrium mixing probabilities. 

Madian Vetor Theorene

[
*

f- (t) dt = 0.5
.

Mode game

Mixed Strategy Nash Equilibrium

Definition : Mixed Strategy Nash Equilibrium
considera ntrategy profit e te ( Tn , 9 ,

. . .

,
Tn) , where Ti E 4Si for each player i. Profiler is a Mixed - strategy Nash Equilibrium if and onlyif Ui (ri

,
E) 7 Ui (si ' , ti)

for each si
'

E Si and each player i .

t is a Mixed - strategy Nash Equilibrium if and only if ri is a bent response to Fi for avery player i.

For a Mixed strategy to be a best response .
it Mint put positive probabili ty only on pure strategia that are beat responder .

Existence of NE

Proposition : Existence of Nash Equilibrium

Every finite game (having a finite number of player and a finite ntrakgy npace) has at least are Nash Equilibrium in pure or mi ✗ed strategico .

Procedure for Finding Mixed - Strategy NE



Rationalizability and Nash equilibrium are based on the normal form. Topic 9 focuses on extensive form. Features of extensive form suggest refined 
version of Rationalizability and Nash equilibrium: Information, How to look ahead and evaluate other’s responses. 

An extensive form game is define by a tree that has been properly constructed and labelled, a directed graph.
Trees consist of nodes that are connected by branches. Each branch is an arrow pointing from one node to another. 
Start from a given node and trace through the tree by following arrows. 

- Nodes that can be reached in this manner are called successors of the node at which you start.
- Branches from a given node point to its immediate successors. 
- A node’s predecessors and immediate predecessor are defined similarly by tracing backward through the tree. 

A tree starts with the initial node and ends at terminal nodes (from which no arrows 
extend). We would like the initial node clearly to designate the “beginning” of the 
tree, and so we impose the following rule on trees: 

A path through the tree is a sequence of nodes that:
- Starts with the initial node
- Ends with a terminal node
- Has the property that successive nodes in the sequence are immediate successors of each other.

No two paths should cross.

Remember that branches represent actions that the players can take at decision nodes in the game. We label each branch in a tree with the name of 
the action that it represents. 

Information sets represent places where players have to make decisions. An information set is a set of nodes between which a player cannot 
distinguish when making a decision. The concept of an information set adds the following two rules for trees. 

More on Extemive Form

Rule 1

Tree Ru le 1 : Every node is a Acamar of the init
'al nodo

,
and the ini ha/ mode is the only are with this

proparty .

Rile 2

Tree Ruk 2 : Each node except the initio node has exactly ore immediate prede cenor . The ini li al mode has no predecessori .

Rvle 3

Tree Role 3 : Multiple brauchen ex lending from the name node have diffevent action labels .

Rvle 4 and Role 5

Tree Role 4 : Each Information net container decision modes for only one of the players .

Tree Role 5 : AH nodes in a given Information net Munt have the name number of immediate suaeMors and

they Mint have the name net of action laben on the branches leading to thene nuocenon .

Perqect Recall

Playern renembar their own part action as nell as
any d-her events that they have obnerved .

Perfect va . Imperfect Info

Per feat Information : Every Information net of the exknnive form is a single node .

( no danhed line in the Tree)
.

Imperfect Information : Otherwine .

What are the nlralegy spaces of player 2 in the following games ?



There are two firms in this market game: a potential entrant (player 1) and an incumbent (player 2). The entrant decides whether or not to enter the 
incumbent’s industry. 

- If the entrant stays out, then the incumbent gets a large profit and the entrant gets zero. 
- If the potential entrant does enter the industry, then the incumbent must choose whether or not to engage in a price war. 

If the firm triggers a price war, then both firms suffer. If the incumbent accommodates the entrant, then they both obtain modest profits. 

There are two NE (I, A) and (O, P). Take a closer look at (O, P). 
- The entrant prefers not to enter if she expects the incumbent to initiate a price war. 
- The incumbent’s thought process here consists of an ex ante evaluation; that is, the incumbent is willing to plan on playing the price-war 
   strategy when he believes that his decision node will not be reached.

Is player 2’s threat to initiate a price war incredibile in reality? If not, how should P1 respond? To summary, an equilibrium specifies an action that is 
irrational conditional on a particular information set being reached. 

More should be assumed about players than that they select best responses ex ante (from the point of view of the beginning of the game).
Players ought to demonstrate rationality whenever they are called on to make decisions. This is called sequential rationality. 

If sequential rationality is common belief between the players (at every information set), then each player will “look ahead” to consider what players 
will do in the future in response to her move at a particular information set. 

To operationalise the notion of sequential rationality, one has to deal with some intricacies regarding limitations on the beliefs players have about each 
other at different information sets. 

Backward induction, subgame perfect Nash equilibrium, forward induction. 

Identify an optimal action for each information set by working backward in the game tree. Consider a game of perfect information (there are no 
dashed lines in the extensive-form diagram). 

- One can start by looking at the decision nodes that are immediate predecessors of only terminal nodes. There is no need to think about the 
   behavior of other players. 
- We assume that he will select the payoff-maximising action. Let us call the other actions “dominated”. 
- The procedure then moves to evaluate decision nodes whose immediate successors are either terminal nodes or the nodes we already 
   evaluated. From each node in this second class, the payoff consequences of each action are clear because the player on the move can 
   anticipate how other players will behave later. 
- The process continues all the way back to the initial node. 

The backward induction procedure identifies a unique strategy profile for every game of perfect information 
that has no “payoff ties” (where a player would get the same payoff at multiple terminal nodes). 
The procedure is also well defined and meaningful for perfect-information games with payoff ties, but in this 
case it can lead to more than one strategy profile. Further, it can be applied even to some games with 
nontrivial information sets but it is dodgy in general. 

Sticking with games of perfect information, regardless of payoffs, the backward induction procedure is well- defined.

Sequential Rationality and Subgame Perfection

Example

Sequential Rational ily

Definition : Sequential Rationality
An Optimal strategy for a player nhovld Maximi ze his or her expeckd payoff , Conditionat on avery Information set at which this player has the more .

That is
, player is nlrategy nhould npecify an Optimal action from each of player is Information sets , even those that player i does not believe (ex ante) Will be

reached in the game .

Bacrwand Indudion

Definition : BackWand Indvdion

This is the procan of analyzing a game from the end to the beg inning . At each decision node
,
one strikes from consideration any action that are dominated,

given the terminal nodes that can be reached through the play of the action identifica at naanor nodes .

Renult

Every finite game with per fact Information has a pure - strategy NE
.
Bacnwand indu ch'on Identifier an equilibrium .



Another direction to represent sequential rationality:
- Start with the concept of Nash Equilibrium and then think of refinements based on the consideration of sequential rationality. For any given  
   game, we can calculate all of the Nash Equilibria and then remove the ones that violate sequential rationality. 

What is “violate sequential rationality”? NE + Subgame.  

We can analyze a subgame as a game in its own right. 
How to find a subgame?

- Take any node x in an extensive form. Examine the collection of nodes given by x and its successors. 
- If there is a node y that is not a successor of x but is connected to x or one of its successors by a 
   dashed line, then x does not initiate a subgame.

How many subgames in the right figure? Two: the entire game and the subgame starting at node y. 

Once players are inside a subgame, it is common knowledge between them that they are inside it.
Subgames are self-contained extensive forms - meaningful trees on their own.
Subgames that start from nodes other than the initial node are called proper subgames. 
Observe that in a game of perfect information, every node initiates a subgame.

A solution concept should be consistent with its own application from anywhere in the game where it can be applied. Because Nash equilibrium can 
be applied to all well-defined extensive-form games, subgame perfect Nash equilibrium requires the Nash condition to hold on all subgames. 

How many subgames? 2.
How many NE? (UA, X), (DA, Y), (DB, Y).
How many SNE? The only SNE is (UA, X), why?
The proper subgame has one NE (A, X).
(DA, Y) and (DB, Y) are not subgame perfect, because they do not specify Nash equilibria in the proper 
subgame. 

The subgame perfection concept requires equilibrium at every subgame, meaning that if any particular 
subgame is reached, then we can expect the players to follow through with the prescription of the strategy. 

This is an important consideration, whether or not a given equilibrium actually reaches the subgame in 
question. Nash equilibrium (DA, Y) entails a kind of threat that the players jointly make to give player 1 the 
incentive to select D at his first information set. But the threat is not legitimate. 

In the proper subgame, (A, Y) is about as stable as potassium in water (not very stable :)). Player 1 has the strict incentive to deviate from this 
prescription. 

SPE is a refinement of NE: An SPE is a NE. Such a profile must specify a Nash equilibrium in every subgame, one of which is the entire game.
For games of perfect information, backward induction yields subgame perfect equilibria. 

How to calculate SNE:
- Direct approach (harder): Examining the matrices corresponding to all of the subgames and locating Nash equilibria. 
- Backward-induction procedure: consider smallest subgames, then “prune” the tree. 

Sub
game Perfection

Definition : Subgame

Given an extension - form game , a node × in
the free is raid to ini Kate a subgame if neither ✗ nor any of its succession are in an Information net that container nodes

that are not successioni of ✗
.

A sub
game

is the tree structure defined by such a node ✗ and its successo rs .

Definition : Subgame per fect Nash Equilibrium (SPE)
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Two pirates, A and B, find a pile of gold in treasure island. A and B have to decide how to split the treasure. 
Their friend and consultant, C, proposes the following method. A proposes a way to split, (1 - m, m). B 
decides to accept A’s offer or not. If B accepts, then A and B will get 1 - m and m portion of the treasure 
respectively. If B declines, C will throw the gold to the sea so that neither of them gets anything. 

How many subgames does this game have? Infinite. Every decision node for player j initiates a subgame. 
Claim 1: Player j has only two sequentially rational strategies:        accept all offers;        accept all offers of m > 0 and reject m = 0.

- Consider the subgame following offer m > 0: reject leads 0, accept leads m > 0 —> Accept.
- Consider the subgame following offer m = 0: reject leads 0, accept leads m = 0 —> Indifferent.

Any SPE must include        or         on the part of player j. 
Claim 2: m = 0 and           is a SPE. 
Claim 3:          cannot be part of an equilibrium.  Player i has no well-defined best response to       . 
There is an unique SPE of the ultimatum game: player i selects m = 0, and player j selects        . The payoff is (1,0). The equilibrium is efficient. The 
player who is in the position of making a take-it-or-leave-it offer has great bargaining power. 

Multiple offers and counteroffers by the parties over time: house sell, market. Offer and counteroffers take time. In home sales, one party may wait a 
week or more for an offer to be considered and a counteroffer returned. Most people discount the future relative to the present. To incorporate 
discounting into game-theoretic models, we use the notion of discount factor. 
A discount factor    for player i is a number used to deflate a payoff received next period so that it can be compared with a payoff received now. 
Suppose a period is 1 week. 
Question 1: Do you prefer receiving x euros today or next week? Most people would prefer today. 

- People are generally impatient. 
- Opportunity to spend money earlier rather than later. 
- Earn interest. 

Question 2: What is the amount of y euros receiving today that is indifferent with x euros receiving next period? 
- 
- 
- Larger correspond to greater patience.
- Payday lenders usually charge interest of 15 - 20 for every 100 borrowed, APR 400%

C proposes a new two-period, alternating-offer bargaining game to A and B. In the first period, player 1 makes an offer m1. After observing the offer, 
player 2 decides whether to accept or reject it. If accepted, the games ends with P1 receiving 1 - m1 and P2 obtaining m1. If rejected, then in the 
second period the roles reversed. Player 2 makes a counteroffer m2, which player 1 either accepts or rejects. If P1 accepts P2’s offer, then P1 gets 

    and player 2 gets . If player 1 rejects player 2’s offer, then both players obtain 0. 

Observe that the two-period, alternating-offer game consists basically of repetition of the ultimatum-game structure. In the first period, the players 
interact as in the ultimatum game, with player 1 playing the role of i and player 2 the role of j. If the offer is rejected, then time passes into the second 
period, where players interact in an actual ultimatum game with the roles reversed. The game ends after two periods. If an agreement is reached in 
the second period, then the payoffs are discounted relative to the first period. 

If player 2 rejects m1, then he effectively induces play of the ultimatum game in the following period. Then subgame perfect implies that P1 accepts 
all counteroffers and P2 chooses m2 = 0. From the perspective of period 1, these continuation values of players are

If P2 rejects m1, he will obtain the full surplus in the next period, which is worth       in the first period. Therefore, P2 must accept any                  , 
reject any , and be indifferent when             . Only one thing has yet to be determined regarding behavior following P1’s initial offer: 
whether P2 accepts or rejects the offer 

 . As with the ultimatum game, the only NE has P2 accepting                 ; furthermore, P1 makes this offer. Thus, there is a unique SPE of the two-
period game. 

- P1 offers 
- P2 accepts if and only if 
- If  , P2 always offer m2 = 0.
- P1 accepts any m2.

The equilibrium yields a payoff of  to player 1 and        to player 2. 

Patience is positively related to bargaining power. 
- If P2 is impatient, then her equilibrium payoff is close to 0.
- The relation between patience and bargaining power is supported more generally, for example, a T-period game.

The equilibrium entails agreement made in the first period.
- The equilibrium of the general T-period game also features agreement without delay.
- Although the bargaining games studied thus far provide a theory of bargaining power, they do not yield a theory of bargaining delay or 
  inefficiency.
- However, delay and inefficiency are regular occurrences in real bargaining settings. 
- People do not always have complete information about each other in the real world?

Definition : Continuation Payoff
For a given node ✗ in a game , a player

'
n Continuation payoff in the payoff that this player will eventually get contingent on the path of pay Passing through node × .
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Let’s enrich our model further. C proposes a newer version of the game that runs for a potentially infinite number of periods. There is no final period in 
which bargaining takes place. It looks like more complex than a T-period game, however searching for a SPE is not harder. A special property 
(stationarity): the subgames starting from any period t are exactly the same as the subgames starting from period t + 2.

SPE specifies an equilibrium on every subgame. Let us look for an equilibrium of the infinite-period game that is stationary in the sense that a player 
makes the same offer whenever he is on the move. 
Also suppose that these offers are accepted. Suppose P1 offers m2 in odd periods and P2 offers m1 in even periods. The continuation payoff vector 
from any odd period is (1 - m2, m2). From the perspective of the current period, not discounted to the beginning of the game. The continuation payoff 
vector from any even period is (m1, 1 - m1). 

Player i’s equilibrium offer puts player j in the position of being indifferent between accepting the offer and rejecting it in favour of going on to the next 
period. Accepting gives mj in the current period; rejecting leads to 1 - mi in the next period, that is                 discounted to current period.

That is and . 

One can prove that the outcome sketched is the unique subgame perfect equilibrium outcome in the infinite-period game. The equilibrium features 
agreement in the first period and yields payoff vector:

i’s payoff increases as     increases and    decreases.
Suppose . Then payoff vector converges to (0.5, 0.5) as 

There are five pirates (in strict order of seniority A, B, C, D and E) who found 100 gold coins. They must decide how to distribute them. The pirate 
world’s rules say that the most senior pirate first proposes a plan. The pirates, including the proposer, then vote on whether to accept. If the majority 
accepts the plan, the coins are dispersed and the game ends. In case of a tie vote, the proposer has the casting vote. If the majority rejects the plan, 
the proposer is thrown overboard from the pirate ship and dies, and the next most senior pirate makes a new proposal to being the system again. The 
process repeats until a plan is accepted or if there is one pirate left. 

Pirate have lexicographer preferences:
- Each pirate wants to survive.
- Given survival, each pirate wants to maximise the number of gold coins he receives. 
- Each pirate would prefer to throw another overboard, if all other results would otherwise be equal. 

They are rational and have common belief in rationality. The pirates do not trust each other, and will neither make nor honour any promises between 
pirates. 

How to model private information?
- Incorporate random events in a game that are out of players’ control.

- Move of Nature
- Nature is a player in the game, whom we may call player 0
- But nature is a non strategic player.
- Nature’s actions are defined by a fixed probability distribution and not by incentives.

- Texas hold ‘em example.
- Players’ hold cards are selected by nature at the start of the game.
- Each player immediately observes her hold cards;
- Each player does not know other players’ cards.

Incomplete information refers to games having moves of nature that generate asymmetric information between the players. Theorists use the term 
type to indicate the different moves of nature that a single player privately observes. Often, a player’s private information has to do with his or her 
own personal attributes and tastes, to which the term type is particularly well suited. For example, we can speak of the different types of home buyer 
distinguished by different valuations of the house. 

P1 has private information on nature’s move. 
- P1’s type determines P2’s value of accepting a gift. 
- Private info often concerns a player’s own payoffs, it sometimes has to do with the payoffs of others.

Rational play requires P1 who knows his own type to think about what he would have done had he been another 
type.

- Suppose P1 is a friend and would like to send a gift. 
- P2 does not P1’s type.
- P1’s optimal decision depends on how will P2 react. 
- P2’s optimal decision depends not only on friend P1 but also on enemy P1. 
- Put oneself to the other player’s shoes. 
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Bayesian normal form: Normal-form version of a game with nature. Same procedure as in previous topics... With a bit more work to compute payoffs 
by averaging over the random events in the game. 

For example, 

This is not the true normal form of the game because player 1 observes x before making his decision.

There are two methods of evaluating Bayesian games. 
- Compute rationalizability and Nash Equilibrium on the Bayesian normal form. 

- Nash equilibrium and rationalizability concepts can be applied directly to any game with 
   random events. 
- Bayesian Nash equilibrium and Bayesian rationalizability. 

The second method entails treating the types of each player as separate players.
- For example, if player 1 is one of two types, A and B, then it may be helpful to think of 1A and 
  1B as distinct players.
- Treating types separately often simplifies the analysis of infinite games, where calculus may be 
   required.

Next we present two examples, one for each method.

Consider a simple Cournot Duopoly game with incomplete information. 
- Suppose that demand is given by p = 10 - Q, where Q is the total quantity produced in the 
   industry. 
- Firm 1 selects a quantity q1, which it produces at zero cost. 
- Firm 2’s cost of production is private information (selected by nature). 

- With probability 1/2, firm 2 produces at zero cost, L type.
- With probability 1/2, firm 2 produces at a marginal cost of 4, H type.

- Firm 2 knows its type, whereas firm 1 knows only the probability that L and H occur. 

Let and  denote the quantities selected by the two types of firm 2.  The payoff functions 
are the following: 

Find the best-response functions for the three players. 

Jacob is in the market for a used car. He meets a shifty looking man named Francesco at Mercatino delle Occasion who has an attractive 15-years-
old car for sale. He imagines himself at the wheel, cruising in Milan, taking in the flirtatious glances of many woman’s through his sunglasses. Then he 
imagines the engine exploding, followed by an embarrassing scene in which he watches from the curb as a firefighter dowsed his vehicle with water.
Jacob says to Francesco, “The car looks good, but how do I know it isn’t a lemon?” Francesco rejoins, “Bro, you have my word, this care is a peach; 
it’s in great shape!” Jacob insists, “nonsense! Since I will not likely see you again, your word means nothing to me. I know game theory. You have no 
way of establishing a reputation with some one you will never meet again.”  Francesco nods and says, “Okay, lets talk turkey. KBB tells the market 
price. In the end, you will have to decide whether you are willing to pay the Blue Book price for the car, as I must decide whether to offer the car at 
this price.” 
Suppose there is some fixed market price, p, for fifteen-years-old sedans of the type that Francesco is selling. Assume that Jacob and Francesco 
play the game as follows: 

What are the equilibria?
Two kinds of equilibria are possible in this game. In the first kind, only the lemon is 
traded. The second kind of equilibrium features trade of both the lemon and the 
peach.
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Let us check whether there are values of p for which only the lemon is traded in equilibrium:
- Jacob selects T and Francesco plays the strategy            (no trade if peach; trade if lemon).
- In order for Francesco’s strategy to be optimal, it must be that 0 <= p <= 2000.
- Conditional on knowing that Francesco only offers the lemon for sale, Jacob is willing to trade: 

Let us check conditions for which only the lemon is traded in equilibrium:
- Jacob selects T and Francesco plays the strategy            (no trade if peach; trade if lemon).
- p must be high enough so that Francesco is willing to sell the peach, p >= 2000. 
- Jacob’s expected value of owning the car must be at least as great as the price: 
- There is an equilibrium in which both types of car are traded as long as: 

- q >= 1/2 is a necessary condition. 
- Unless the probability is sufficiently high (there are not too many lemons in the world), there is no equilibrium in which the peach is 
   traded.
- The price p [2000, 1000 + 2000q]

- If q < 1/2, then only lemons are traded in equilibrium.
- This outcome is inefficient because trading the peach creates value.
- Thus, the model demonstrates that asymmetric information sometimes causes markets to malfunction. 

In the lemons example, the seller has private information. Other markets have different information structures. In many instances, prospective buyers 
have private information. Seller would like to find the buyer with the highest willingness to pay and strike a deal with this buyer at a price close to the 
buyer’s valuation. (Un)fortunately, for the seller, she may not know the prospective buyers’ valuations. One way for the seller to encourage 
competition between prospective buyers and to identify the highest valuation is to hold an auction. 

- Nowadays, objects worth astronomical sums of money change hands every day in auctions, not only household objects, art and antiquities, but 
   also securities, minerals and energy. 
- Public procurements can also be conducted as auctions. 

The seller has a painting worth nothing to her. Two potential buyers, 1 and 2. Buyer i’s valuation                   and is independent with  
If buyer i gets the painting and pays x, his utility is                 ; If buyer i doesn’t get the painting and pays x, his utility is -x.
Each buyer i privately knows his own but not
U[0, 900] is a common prior among buyers and the seller. 

Each buyer / bidder simultaneously and independently submit bid      . The painting is awarded to the highest bidder. In case of tie, randomly award 
with equal probability. The winner pays a price equal to the second-highest bid. 

- For example, 
- Buyer 1 wins, and pays 200.
- Buyer 1’s payoff is  ; Buyer 2’s payoff is 0. 

Suppose you are buyer i with value 500. You do not know how to bid. You ask your dear friends for advices. 
- Your friend A proposes bidding 500 because being honest is a merit. 
- Your friend B proposes bidding 400 so that you pay less when you win. 

Let consider four cases: 

Your friend T who have taken game theory classes tells you it means 500 weakly dominates 400 in the language of GT. 
Your friend B has a new proposal of bidding 600 so that it is more likely to win. Shall you follow his new advice? Let’s compare 600 and 500 by 
considering four cases: 

Your friend T says you can generalise this observation to any bid higher than 500. 
500 weakly dominates any x > 500. Let compare 500 and x by considering four cases: 

Similarly, you can show 500 weakly dominates any x < 500, friend T argues. 
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Each buyer/bidder simultaneously and independently submit bid         . The painting is awarded to the highest bidder. In case of tie, randomly award 
with equal probability. The winner pays a price equal to the first-highest bid. 

- For example,
- Buyer 1 wins, and pays 900. 
- Buyer 1’s payoff is ; Buyer 2’s payoff is 0. 

You turn to your friend T for help again. He says the following: 
- Do NOT bid more than your valuation. You would then get a negative payoff if you win. 
- Bid your valuation gives you zero payoff. 
- You should consider bid less than your valuation,                    . You would then get a positive payoff if you win. 

It turns out the other buyer also went to T for help. He recommends both of you bidding half of your valuation,                 . Shall you follow his advice?

Recall that the winner of the second-price auction pays the second-highest bid, which (as you can check) happens to be one-half of the winner’s 
valuation on average. Thus, the first-price and second-price auctions yield the same expected revenue for the seller, 300. This about “revenue 
equivalence” between different auction forms actually holds in many auction environments. 

- Rationalizability, NE, and SPE in games with complete information. 
- Bayesian Rationalizability, Bayesian NE with incomplete information.
- Bayesian SPE? Not really...
- The next example shows we need something goes beyond subgame perfection. 

- P2 enjoys opening gifts from both types of P1.
- The game has sequential decisions.
- Subgame perfection? No proper subgame. 
- Every BNE is subgame perfect, in particular                   is.
- However, R is dominated by A.
- We need a solution concept that isolate every information set for examination (where as SPE            

isolates every subgame).
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Suppone you know Pt is playing (91=0.5 , 9<=0.5) where 9, and 92 are the probabili ties of NF and Ne .

- A gift is presented to you . What is your belief about the gift ?

Sequential Rational- ty

Suppone p = 112 and you are player 2 .
-

Suppone you know Pt is playing ( 9, = 0 , 9<=0.5) where 9, and 92 are the probabili ties of NF and Ne .

- A gift is presented to you . What is your belief about the gift ?
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- A gift is presented to you .

It is from Enemy .

Will you accept or reject ? R .

Suppone P = 112 and you are player 2 .

- suppone you know Pt is playing GFNE .

- A gift is presented to you .

It is from Enemy .

Will you accept or reject ? A .



1. Start with a strategy for P1. 
2. Calculate posterior (updated beliefs) by using Bayes’ rule.

- In the event that Bayes’ rule cannot be used, arbitrarily select a posterior and you will generally have to check different potential posteriors with 
  the next steps.

3. Given the posterior, calculate P2’s optimal action.
4. Check whether P1’s strategy is a best response to P2’s strategy.

- If so, you have found a PBE.

Two special classes of (pure-strategy) equilibria.
- Separating equilibrium: the types of a player behave differently.
- Pooling equilibrium: the types behave the same.

Suppone p = 112 and you are player 2 .
-

Suppone you know Pt is playing (91=0.5 , 9<=0.5) where 9, and 92 are the probabili ties of NF and NE .

- A gift in presented to you . 9=42

- Will you accept or reject ? Indifferente

suppone p = 112 and you are player 2 .
-

Suppone you know Pt is playing (91=0 , 9<=0.5) where 9, and 92 are the probabili ties of NF and NE .

- A gift is presented to you . 9=4}

- Will you accept or reject ? A.

'BE

Definition : Assessment

An amenment is pair of (a.µ) , whene ✗ is a nlralegy profile and µ is a belief system ; i.e. , for each Information net I , µ ( • II) is a probabili ty Measure over

nodes in I
.

Definition : Perfect Bayesiani Equilibrium (PBE)

An amenment (✗ , µ) in a near Perfect Bayesiani Equilibrium (WPBE) if at each Information set I the following are nalinfied :

1) Sequential Rationality . Given belief system µ ,
✗ in seguenti al rational .

2) Bayern
-

an Updating . fivenntrakgy profile ✗ , µ in conninlent with bayesiani rue Whenever possible .

Finding PBE

PBE : The Lift game

Then are 4 potential pure - strategy equilibrium :

1) Separati ng equilibrium : (NFGE ) with a connintent belief 9 .

2) Separati ng equilibrium: (GFNE) with a canni nient belief q .

3) Pooling equilibrium : (GFGE ) with a connintent belief q .

4) Pooling equilibrium : (Nene ) with a Cominternt belief q .

PBE : The fift fame - (NFGE ) PBE : The fift fame - (Gene)

1) PI choonen (NFGE ) 1) PI choonen ( GFNE )

2) By Bayer ' rvle , 9=0 .

2) By Bayer ' rvle , 9=1 .

3) Given q = 0 , PL
'

s Optimal strategy is R .

3) Given 9=1 , PL
'

s Optimal strategy is A .

4) Given R , PI ' s Optimal nlrateyy is (NFNE) 4) Given A , PI ' s Optimal nlrateyy is (GFGE )

NO PBE NO PBE

PBE : The fift fame - ( GFGE) PBE : the Lift game - ( NFNE )

1) Pt Chaves (GFGE ) 1) Pt choones (NFNE )

2) By Bayes ' ruk , 9 =P . 2) Bayes ' rule has no bite , 9 E [0,1] .

3) given q =p ,
P2 's Optimal strategy is : 3) In Onder ho nupport (NF, NE ) , Plis nlrategy nhould be R .

• If P < 112
,

PL R ; fiven R , ( NFNE) 4) In Onder to nupport R ,
P2's belief 9 E ' 12 .

i If P = 112
,
P2 A ; Given A , (GFGE ) A PBE in (( NFNE) , R , 9 E 112) for any p .

• If P = 112
,
P2 in indifferente beTween Rand A . Only A supporto a PBE

.

A PBE is ((GFGE ) , A , 9 =P) when P 7112 .


