


Rokionalidy, Preperencen ond Uity

" Econowi ¢ H‘emj rudies inferackon between indiviclah (Equilibiuad) - But lets abart with individual decinion making (Rahonaliby)".
Individval Decinion ﬂaldv\a

Howan, or even aniwals and plantn, rdve decaion problawn ol the Hue by anqu\a allernabver among the available onen .

Rakonal choice theory (the girat halg of the covrne) amuwes that they do it porponepully ond cpkwally (rakonaling) |

th‘anal-’l-\] in " 2conowich o progerty Hrat peoplen’ choicen MY, or Way not have. Rokohal\"‘j in '-""-“jd‘“j lamauaag. Loaicu|/mwe nenne

ln economicn, choian are "rakional” ip they are loant accord;v\a_ to the dedinion waker'n preferences. But what thone prepereuces are in legh to the

detmon wWaker . Fvenone. can have their own preferencer. £ conowicn in not J’vdazmem\—nh

What \m{?awv\w_’! In @eovowric -Hw_orj, an individval in ro\v\uiv\a of the allernativen, not about tre ndounihy of hin :}eel:r\ab.
Econowinkn une b'meu'\j relakon to enwode the annwern .

?ﬁz.gn.vc_ncm-. B?v\o\rj Relalion

A birary elabion R on o net X Apecigion, for each orded pair (x,y) of mewbern of X, whether or not x relaten Yo y (xR 9) in a cerkain
woy. We enwode the onnwer Yo it bj . X % \5 :

X in ot leaat ay denirable oo y.
"loeger x Wy": X %Y bk notyy x .

"1\ Mao!d X N‘A ‘1 an Qt\uau\j Ael\'lmb\z" A ‘j and ‘j TR ov X~y

Depinibion 4-4: Ro_*lv_x'.ve. bivmf‘j re\ation

A binor.1 relalon R on the nek X in reglaxive g fov all wmewber x of X, xRx.

sz;v\ih'ov\ A-2: Covup\q.k b]vml\j relahon

A bimnj relabon R on the fet X in cowsplete ig gor all wewbern x and yop X, qither va] or yRx (or both).

Quenkon- In a complele binarj relahon \'ef,\{x:vc? Yoo, it in.

DQ#]V\H’\—OV\ A-3: Trannihve b'\V\arj relahon

A binary relahon R on the net X in kansikve ig por any wmewbar X,y and 2 of X gor which xRy and YRz, we have x Rz,

Deginibion 4-4: Pregerence relakon

A pregerency relahion on the net X in o complete omdl Frannibive 'o'manl relafon on X.

Kxevdae: Fncode annwern oy the binory relakion % on X= {0 Fanhioned, ﬂarauv\'h, Mogito} or Y={Fan\-a\, Cocar, Pepniy .

b +he annwern connink 0} a preference relabon 7 Mo, i we have cowmpletenam and {-r”:\'\\wil-j_

Dze'mih'on 1-5: Sjwwvtzhic and At Aymmeic \Div\ar-j relabonn

A binary relaRon R en the aet X in Nqwimelric if gor any meusbarn x and y o X gor which xRy we hwe yRx, and in
ahkn\jmmﬁc i} for ony wmebern  x oy\&tj o X fox whiich X #Y ond xRy, itin ot the case that yRx.

« Could you a'\vq W on eseple of Aymmrebic bivmrj relakion? Equakl—-)
Could you give we an exousple. of ankAymwme e binary relakon 7 " Paid the redravrant Bl 9. "
In Hhere o b‘.v\arj relahon Hhat n Awamae e and m\\a‘/\jmmehid Yo, in thin cane s Wreplexivg, , eX. an wphy elakon

b Phere o binary relahon that in neither Aqwmatre nor anijwwahic? "Lem - than -or - Equl® () o Symumety and No Anpmeniely : 5t =+ 1 X5

Deginikion 4-6: Equivalenee Relakion

A bimrj relaion W an equvalene relation i it i replexive, I\jw«mzh‘c, and tramsifve.




A“j Qn‘viva\um ilabon R on a et X divider X inbo d\'AJ—oiv\{' mbnetn Auch that two allernabiven x ond y \oq\ona lo the fome Aubdet ip
and oml\j [} xRy. Each o} there nvbaetn in called an 2quivalence clan. For the in&fﬁo.mnce relation, the 2quivalence clames are
regerred to alio a iv\d'.”zmce_ reks ; Hae individoal w.aaroln all albernakver in an indipperence et ao equally darirable and allernatives
n dippereut indi peoreu® Aehn ad hot Qquq“\j den rable .

Uh\it\’

You Moy have head, perhapn in an ]vxhroclucl-orj economi ¢ clam, that economicy Atudian the “UH\'W vmx'.mi‘eina" agent.

Indeed, in Many 200n0wsic modeln , an individval in deacnbed not by hin preferencen bt by a Valwe fonction. hat iy ofiliby 7 Ny do we wa 7

A prference in a wowmplicated objact . o IX\ = 400, there are 4950 poirs. The lint will ecome very |on3 L An cadier way o wrﬂiné down pre pareon
0 to onk one fo o'niav\ eoch town a number. The h‘uahu the wwmber the wore e pregers an tau . w(a)=5, w(®=2 wapher o rb.

lt we are able to wnte down one'n preperencen by thiv nowber amigning Wy, We fay hee prefarences Cou ke reprenented by a UKkl fuachion.

Degivition 4-3 : UKliby funchon
Tor ony et X and preference relahon & on X, the .Qvnd{on w: X—R repreaentn > %%y and -'f' wx) > uM™.
We ray U in q quil-\J Juackion for %.

A natvrdl quanbion: which meemr\u. relabon can be mpnamkxl b.1 a u’n’\il\) -%\Md\'ov\ 7

Ew_nj preference r\akon on a #‘.vﬁk net can be Rpreseuted b-, a
UHl\'l-sj f.uv\ckon.

Deginikon 4-3: Minimol ond maximal allernakiven

For ony net X and pregerence relation > on X, +he allernabive xe X in mivimal with renpect bo >in X ity % x gor all ye X and in moximal with
reapect to 7 in X ig X by for all yeX.

EWJJ preperem e elahon on a %;vﬂk rME ey wwmiwal and oo mal wetbern |

lewwma 4-4: Exintemce of winimal and woximal alkrnatives

et X be o ronewphy dinik nek and let % b o preference relobon on X. At leant one wewber o X o winimal with respect to % in X and at leart
one Wby in Wayiwal.

Pooof: Wa prove the renukt for wasimalily by induckon. Fxqw
* Sopjone |X1=4. The /\'\V!a\q clanaut i woximal .
* Soppore the lewma in frue for (Xl= n-4. We powe it in tre for |X1=n.
* Pix ony element ye X X\AYY han n-4 2lewento.
+ There in xe X \ {4y +that in waxiwal,
I x %y, then x in wmaximal wrt ¥ inX.

Lg. not, then y ¥ . Becawe x » 2 for any 2 e X \{4Yy, by hrqms‘.hwhj y%»2. QED.

?:‘cu.‘j.e)(
Procg (Deg. 4-8)  Ixl=a, I¥I=N-4,  IXlsh & X\ =01 phon 3XEXWSY 14 Vae X\{8Y and x5 2.
ih clam L It had AW\AX;W-UW‘,_)
AT
XY

We can compare X and 9 4@ Y% * hen Y i the moximum ddement Hhanen Yy +mn/\:l'ivik’

PmFon'\Fon 4-4: Ra.?mr\evxkna pregerence relabion by uh'l:l-\j function
Ever\j pre perunce wlahon on o fivﬁk— nek con be rﬁywmhlre,al bj o vh'\i’nj funchon.




gvggg-. let X be o fin’nk At ond ¥ be o prepercnce relakon on X. Let Yo =X and M be the net o allkrnabver minimal wort. > in Y,
Lo mwa impton M, i nov\w?kj. \uéucl-\'vv.lj, Ye = Ye-x\ Me and Mees be the act o allermativer minimal wrt. 5 in Y.

X

M, M, M;

< =< f - 3
u(x)=1 = uitj=3

Mg

u(x)=K

let W)= K ov al x& Me, k=42, k. WWTS & % b igp U(D Y  (0)

Cone A: W(a) = U(b) ipp they are both wimiwal in Y (4. So that a % b and bha
Gne 28 W(a) > w(k) ite b i wminimal Wt g Yu(b)_.{, fo that a % b
So thot itin not the cae b ) a

Hanee a ~ b,

= OY\A a € YM(b)-" ih no\' V\MV\IW\al
. Hence, a >b. Q.E.D.

E—X(NWL

Nanj prefarence relakons on in;?vﬁk Aekn can alno e repre remted b‘j Ul-ili\j %uv\ck'on'\. X=1014], x 7Y B x>y

W)= x reprnentn Y . Howaver, not all prrQeeuce relakowy onm ]he{h”{ Adkn can be H’_Prcm,nlul b.j quiLJ *uv\oh‘om.
A amoun counker-exousple:

Lo.X'lt‘_o%rquic prepartnce rlakion over the wnik Auare X = 4 (4, %)t Xuq € T_O-"]\ {ov which the firnt F"“"”"j w the fient wordinale and the
Aagond fr'\oﬁh] in the necond coordivalt ey., (0.3,04) ¥ (02, 09) > (0.2, 0.3).

Progoaibon 4-2: pregarerce relabon not PQ_PN-MMI-(A bx1 UHI\'l-\j f.uthon

The Uwioosmphic) pregereuce relabion ¥ on K ={0%0) : % e € [0,4]Y dapined by (x4,%) > (4, 1) 3¢ and only ip
abher: G) Xa > Y or

() X4 = Ye ond X224, in not repre pembee by a vhliby gonckon.

(Non) Uni quana™

\1 a pregarence wlakion can ke rtpreneuted by one ul'\'l{"\:) PV\LHor\, com e reprenesaied Brj other ul-ilﬂ-nj f.vﬂdiom?.

Pr‘o?o/\llw'on A-% . \lacreon V\a 2unckion of uKl{L\) {.uv\r.\'igv\ in ul—{lil'\, *Uv\c\—\'on

let *,-. R— R be on 'mcrcm'ma funchion, \g K Wpreremtn Hhe pregertme relakon ¥ on X, Hen ro does Hee {forckon W degined
by w(x) = %(MO‘D for al yeX.

Proog: WO > W) igp F(u00) Y F(ul) igp UM 3 UM) i xE=y -

E‘AAW\

What do u{—\'li\—\) level wiean?
Hadonic lnkerpretation Ukilily i an dojechive weonvre of individual’s wall Im)ma.

! Nature hoo placed mankind vnder +he governane of two Aovercign mankrn, pain and pleaavre . in for thaun alone $o point our what
we ough’r o do... 31 the pandgle of quhL\j n weaut that prndple which approven or dina pproves of every ackion What noever
acordi ng o the kvxéev\c.\j it appeod Yo have to Mamam\— or diminiah e ha.ppinem of the Pd(l'\j whone inkertal s queation :

or, What in Hhe Adtue H\'\V\B in other wordn to prowok or to opre that happinem. | noy op 2wery ackon whatroower, and W&N%o&
no} on‘\] of avery athon of a [Hivo\k. 'w\o\i\ﬁAua\l, bot DY’ Qvary WQoAule sf 8owmvwzh\'" - Jareuny Banthaw .




. H\,?okkg\ica\ quen)iow\ va, Real Choice o\uu\h’om.
* Stated pregerencen vo. Rewealed prefarencen.
A pregereuce relakon regern on]\1 o the ndividual'n wmental aﬂihclﬂ., not Yo the choicer he[akhe way wake.

* In Hhin lechre, we deacnbe o wncept of dhoice, independently op preparencer.

IC\r\O\Lz ond Rabonal Cho'lcel

Daginikon 2-4 Choice problew and Choice funchon

SIVU\ a net X, & choice Pmb\m for X o V\°V\W?\'\j avbnet ot X ond o choice f,uV\LHOV\ $or X, c: lx \ g » X, amodaten

With Qvery choice probleun A £ X a Ain\e wmawrbar of A (the womber chones).

Rahonal choica : choicer ore "rakoval" ip they are ot aa,ovd:v\a to the dednion waker'n preferunce.
- Individial has a pregarence relakon X over X.
Whenever Ahe hot ko make a choick, ahe in awar of the aet of porible alternutiven,

She chooner an alternakive that in beat accordivua to hev preperence over the aet of pomible akternahven.

Remare 4: Re call cconomiica in mot Jualag_mmhl, +he individval's pregerencer cam be "irrational” in averyday langvage.

Reware L: Ay an outnider, we do net wnow 2 .

lp the preperouce relakion of an individual in reprenenied by the uh'lilnj gonchon W. Then Hre ndividual ackn as if he waxiwiter the gunchon w
under bie combraint that xeA.  wax{u0): xe AL

Rakomli%.'vxa choice @ An i cxrauuuwul-

Human bingn unuu“j do not comdounlxj QK i 22 & PR Pereisce relolon when Hnuj waxe decAion . A\Hnooa\n individualn mmlj expliciHy
Choone Hhe heat allerna hivan aa,ovdiv\a to their prefereuce rlakion. The Ataudord JUAH_F[CAHOV\ Por W\odelliv\é individualy oy ralional in tHhak
Hheir behaviour capn opleu be deacnbed an ip Hneu] wake choicen in thin way . ldividualn do not hawe }o be aware of their prefarence elahons.
The amuikphion that they waxiwize nowe pregereuce relation in appropnake o long @y we e denobe Hrou 00 if they behove in Hhis way.

“Consider the problem of predicting the shots made by an expert billiard player. It seems not at all unreasonable that excellent predictions would
be yielded by the hypothesis that the billiard player made his shots as if he knew the complicated mathematical formulas that would give the
optimum directions of travel, could estimate accurately by eye the angles, etc., describing the location of the balls, could make lightning
calculations from the formulas, and could then make the balls travel in the direction indicated by the formulas. Our confidence in this hypothesis
is not based on the belief that billiard players, even expert ones, can or do go through the process described; it derives rather from the belief
that, unless in some way or other they were capable of reaching essentially the same result, they would not in fact be expert billiard players.” -
Milton Friedman, Essays in Positive Economic, 1953.

RAHom\iz-]v\a Chotce Do.g_'.vxih‘or\

Def'.niHOw 2-2: Rahonalitable choice gunchon
A choice *unckon in rakownali zable e there in o0 preperence telabon Auch that for avery cheice problaw the allkernabive Apea’g:a& by

the choice funckion 1 the bert allernahve qccordimra o the prepereuce relabion.

Exomple: Let X=doib,cf.
c X =a, clhavy)=a, clacy) -a, c(dbict)sb. 1y () rabionatizable? Yaa, ikin .
s CX)=a, c{aby) =a, (Gﬂnd):c, c((hd’):c. In () rakonalizable? No, it'n wot.

ng.{vﬁ’n'av\ 2-3: pf‘o‘mr\"j ok
Sivev\ o aek X, & theice f\mtkon ¢ por X Aakingion properhy o ip por any ek Aod B with Bc Ae X ond c(A)e B we haw
c(®)= (M.

Whenever Hhe choice gnown Ainin o avbaet B Hem the ollernahve choten frow A in choatn alno frou B. Eliw«imkma rowie 8} the unchoren

alternakven frow A Ahouldn't aHmd— the aeleckon o c(A) a9 He beat opkion. (lndo.pendeme of imelovant allernakives (I(A))

v
P‘\”\’U\‘j oL n o Aot o wothemah cal (DV\’\'\'lkM°j bo- Tnnaru\ Ft.na




Proporikon 1-4: Rakonalizable choice funchon aahnpion properby .
Evo.v\j vakionali zable choice Fuv\c\(on nah’af'.m pnferl\J « .

E@%: - Let ¢ be o rakionalizable choice punction Jor X and let > be a preperence relabion that rakienalizes c. E xaun
¢« For qmj nt Ac X, C(M?r'j for all HQA.
* Amuwme Bc A. Then c(A\bj por all yeB.
© By amvmpkon, c(R) € B. Thuy, c(®) = c(B).
Pro‘m/\'\kov\ 2-1 - Choice gunc\ion I\QHI\F\jiV\a pmperk] ® in rahionalizable
|f X i a ?in’nk A then m\j choice ?vnc\\'un for X MFAﬁ'ma ?mprh’ & in rabonalizable .
P,-;.of-. o Lot c be o choice guv\dion ?or X Mkh'nfsﬁna pvopuhj . Denoke |X| bj n. Exam

We conabruct a preperence rlakon that rakionalize ¢ o3 follows.
* Danoke ¢(X) = ay, c(M4ah) =aqy, c(X\day,828) =43, and a0 on.
* Comider & o\afinec\ '°‘J Oy > 0, > ¥ G

WWTS  for al Ae X, the moximal element in A wrt. % i c(A).

* Suppore the woximal elewant 1n Ao . Thew any elewsent in A ronkn (weakly) lower fhan O, ie., A€ {8m, Rpasa, =, B0 Y

* We wnow C(“m, Ames, """ anY) = aw.

' @\] praPQr\s] A, CR) =z Ay,

The [‘hme,uk Puwup avauuw{-
Econousinta oplen amuwe thot a choice punckion in rakionalizable . Why 1
- Sopme X=daib, ey, ¢ {abf)=a, c(dacy)=c, c(dbiey)=b.
* And nuppne you have a ot hand.
© Skep it 1 oppar 1o replace a with ¢ in teturn por 4 €.
Skp 2. 1 oppar fo replace ¢ with b in relom por 4 €.
Step 3. [ opper fo replace b with o iw rehrn for 4 €.
* Now yov hawe o ot hand ond e 3 € poorer,
' Redo Alep 43 wony huer,

Rakomli%{na droice t PmpevH o (Counker - Ex zuu\ala}
Each of the people w the aet X = {A, B4, ?;Z_l] orauh'ltm a parhy A pevnon W\iam— ba invited to anvbaek op thone parken and cows ollend
ovul.j one parl—j. Individvals BA and BL are both aood frio_hd'\ op tne yor‘j goor bot the relationy be'weew BA and B are lenne. The parnon's lehaviovr

in oo ?_ullo W

E \F Ahe in inviked loj A and B, the accephn BA'n invikubion. * She doas no \ecawne she in woried that actephwy the
0 ({, ahe iy inviked bj all theee iV\AiviA\)q‘l\, Ahe acceptn A'sn invitnbion. * i kabon of BA or B2 will ke 'm\-erprz\-tA Mauﬁ\mlj ""] Yhe othar_

Rewore 4: Obvioualy, Auth behaviour in not rakionalizable bj a prefarence telation over X.

Reware 2 The mcmiua & chom'w\a one allernakive (B4) in uﬂeadm\ b’ the prerence or abnence op another alternative (RL).




meamuun Under Unurh'mhj

In the firet hogic, we dincumed & woded of Pregeracer over on avb:lrnvj nek st allernabivar.  There ae lokn op innbauces i real lige in which an alternative in Hha.

net volvan rondomnem reamdiha the connaquence t yieldn (Joftary):  Shocks, Education, Tinhas in & rew testavrant.
Ne abudy prefaresces undey uncerl-aiv&\] n thin topic.

Lotrenss

What s a ‘o“tvy n everyday \auauaaa". A mff\e Herat that \13¢.ldn o Ferran with p-ohnlo'.lihj 0.001 ond hoHA'ma otherwing .
A drawina_ o lobn i which prizer are diabuted o the winners swony ferfoin bm]'.ua o chance .

Dapivikon 3-4: Lolleren

let 2. be o nek (Of man). A lolkrj ower Z W o dunckon p: Z— R Hat amiaws a ponhve nuwidoer (?mbala'.\'.h,) P® %o o F'm'lk. numbar of
awsbrn o % and O +o ol othey wawbern, With X, o PG4,
The Au’;poy-’r 4 the H—enj P, denoled sopp(p), i the qu all prizes to which p afniawx poihve ynbmb’.liL] , {2 ¢Z: PR >O_l],

Ne dendle fhe et o all loflenen over 2 l”] L(&), +he lo“-urj that yieldn the prize 2 with Pwlpabﬂ{h’ 4 by [2] (dcaemmk_ ‘ollenj), and fie loH‘pi\]
+Hhat ‘jith H\L Pv;ll 2‘ w'lH\ ‘nobn&f.li\’\j [ Fav K= 4,__.’ K hj 6\4.24 @ D(l'?)_ @D --.dK-ZK o (MA' d}_. 'O(Kl) )

Exauplon : \g 2. comnbn s fwo prizen, 2, and 2, , then coch wmanber p @ L (%) i n?q_;;\\z:ul lms o paar (P4, P)
o MMBAK\IQ_ rwwbern with Aywm 4, where k= P(z4) and P = P(2) ave the ?m\oak'.m'\] < the przes.

let Z = -{qun’,ﬂ& . How 10 wnlke o lo“'ﬂ.r\] Hhat ‘jiddb Farron with ?voba\al\iw 05 ond noW\ua with I""L’“‘”I'\"‘V 057
What in L(2)!

1
P3
P2 p1
1
0 ?4 1 ;
The aek L({2,,25) op loberion. The poiwt (P, R2) on the line negweaut repnants The ack L ({24,2:,248) of Idteren, The point (B, T5) in the Mangle
the loter v which P(2)=7 and P(22)= .
y e fo whic 1

MPNI\U\h\ the loﬂ'?.v\’ P fov which P(,%A):'qu P@)=0 and P(Es)=Ps

qupzm ncey over loflerien

Ne ore inkerented in pregerence relations over L(2).  ln terwn of the wodel in Topic 4, the aet R in equal to L(2).

Exouple 3.4 A pami wiat

An individual hay a Amick proference wlabion 3" over We et Z sy przes and (PamiminKeally) avaluaten lofedss by the wornt pize, acarding fo the prepereutce. relation,

fhat occom with panitive th\dllik’. That i, he pregarn the I"u“"j pe L(2) to the loteny g ¢ L(2) i e pepard the wornt pize Hat oworn with porikive probability in p to
P wovat pnze ot occurn with Pooih've PmbaU.kH in q.

‘Lot 2= {50, 340, 848 and  $40 >" $40 ¥ 44,

* What o pemi waink's preerence ovar p = (09,0,04) and 2=(05,0s5, 0)7 e prepaen 1.

Exwrlc 1. JooJ and Bad

An individual dividen the ack 2, %} prite) into two avonets, aoaJ and bad. Tor any la’&nnj pe L(2), let G(¥)= Zae good PR) | the tohal probability
that a pize ao«:J ocurh. P & 14 i{, and ov\‘j i G® > 6 ().

<Lk 2= $400, $40, 34y, God ={ $400§ and bad = { $40, 814
* What in the preference over p= (09, 0, 0.4) and 1 (0:5,0s, &7 e predern p.




Exomple 33; H.‘vxim'\a:na ophionn
An individval woubs He mowber o pizen that wight be realized Jo b av awall a> pomible. p > a4 i omd only ip | supp (1] € | Supp (D).
Thin prepereice relation waww rwuse por om Tndividual wWhO doon ot Care okout the tealizakon o the lo'H'trxj bot wambs to be ad prepared a

\)orn'l\;le (Phtjnico\"-j or I\Leu"a\“j-) ?ov all Pgmible ovtcowes .

Lok 2= {3100, $10, $4}
© What n H\q Fvﬁ?amce ovar P= (0,0,4) and 9 = (0.‘5, 0.9,03?- “a. pregacn P.

IPvazrkaA o Pm{eamncul
Depinihon 3-1: oon\;m;hq
For ony net T of ptm, & prpareuc relakon P over L(2) in conbnuoun ig for ony tree przes a,b and ¢ v 2 auch et

[a] » [b] >[c] there in o nmber o with 0 <ot €4 Avch that [b] vk a & (4-<)-c

* The mlerwediak valve theorewn : '|]E f: To4]— R i wnhwuoun, theu it +awss on any given valve betwaou {(0) and £U) at towe poivt in
[o, 4]_

: S\)n;mz that for the pizer &,k and ¢ we have [a] >Tb] > [c), and comnider loleren of the forws - & (4-<) ¢ (Wt Osag4),

© The cmh V\UH'\j Pmpo,rh’ regires that an we wove cohh:lnuodnL; frows o= 4 (+he deaomm\e otte ry [o\]) bo x=0 (the olaaamvuk lo¥ery ()
We pom (at leant once) Aowe Vale @ & fuch ot the loﬂ'erj -0 BD(4-x)-¢ in 'md'.Harw\- Yo [b].
Swall clmyan n probabilifor do ot chqnaa fhe vaore o o«imr‘wa etwean two loteren .

* ok 3= {8100, $10, $4\1 and $400 SF 340 ST 34 Tooy dne pemiwint’s  pregorences Mk,\” conl-inu'\‘nj?, No

© Leb 2= 4 $400, $40, 34T, dood <{ $400 and bod = { $40, $1Y | Thoos e aooa[ and Hhe bad progarancer aakiagy conbiniby 7 Yor

* et 22 {400, $40, $4]. Doer te wimimizing opHows praferencen ndbiagy comkinvity TN

|V\Al rchAQM (7'3

© Lt 2= {4100, $10, $1Y . What in Hhe lo“‘er\j 1 +hat gives 00 and $4 with even chances
< 1 [80) ® 7-[$4)= (B, 0, %h).

+ What iy the (Cowpound) \o-“ﬂhj ¢ fhat leadn P and 4 = [$40) with aven chancor ?

cr=dp@iig < (M, M, )

D:fi\nil\'on 3-3: Covu‘;oum{ Ul\'ev‘j
let 2, be o Ak of pazer, let P, ..., P loe lothesior in L(2), and let o, , ..., e be hovmﬂ.aw\ive nowdbern With Ao 4. The compound lo“'e\/j

Fa Pu @ DR P in the lo‘“v-rsj Halt \1'.0.[4'3 each PRte 2 € Z with pmba'o'i"\“] 2.4 K fie (2) .

DQFV\]\%V\ 3-4 \'\J&Ptzhc)ev\(e
let 2 ke a nck op prres. A pegereuce relakion 2= over L(2) nakiatien the inde pendence progarty if for any lottenen :
d4'24 e - e ‘x&'z# D - @o(kzk g\r\A Pﬂ e (4-F}b We have

[2«] >;)G-a O (U-B)b 4D &KL @ DA 2D DAy Ty B X, 2, D @y (poa 0 (1-p)-b)® @ xy 2y

\{. we wix o lotherer with a third lothery , then +he prepereutce ovdc.v(ua of the two N.nu\kv\a wixtvren doar ot depend on (in indepaudent ) the

Fmer(ar Hhind \o‘“‘u1 umed . L L

Heads Heads

Y

Tails Tails

r r
if and oniy if

LxL



. jj L & %~L" Can be Hwakl- & o0 the. cowtpound \a“qr.j auinivxa feows @ Cain bom in Which individua) gefn L ip head cowen vp and L"ip
+ailn doen. Siw\l\ml‘j, i1'e Sl

* Condihional on heodn, 3. L & % L" in ot leatt an aoo:l ) % L' @ :'5_ L". But conditiona on kailn , the two give identical reaulin .
lndepanda nce requiren the " nenible ! conclunion that 2. L@ (" e atleat an aood o zi L'e % L

\nJefqvxc\U\c& io ok the heart of Hhe Hnn.onj of pryeraucer Under ncerbainty .t oxploitn, in a fundawwh\ wanner , the Aructore of uncertainby preneut iw te
moded. In the Hmovj % contwwer dowaud, ter in no reaton to beliove that o comuwer's pre foreucdr over vanoun bundlen o aooo\ A and 2 ahould be independeut
op the quank Ker o He other aoodn that ahe will comumie . | e preneut coubext, howaver, it in Malvral bo tivk that au individual's pregereices botween

Lond ' thould delerucine which o the two the pregers to have a1 part o o courpound loﬂ-u\j IQauN“G/n @ the other ovtcowe,, L.
Nk-] phould 1" ke irelevant ! She dotan't comnuwe | or U ‘LnaE.H\QAr with L' but, vabher, ouly innkead of 1.

\V\o\a.ra.m‘lahce_- Exercinen

« Could You have ore. counterexauple of indepandaut preparesscen 1 Cgu?lo.\ueuhwj Jaods
* Do the pomiwintic pregeraucen Aahiapy independonce 7 No

© Do the " good and bad" preperencr Aabiapy indepandauce 7 Yon

* Do the ! Wiwiwiizing opkows" preferucen nakiagy independence T Yer

Gonnider lofleion thak amign povibve FN\aCAUI\iM t mlj two pittr o ond b, with [a] > [t]. We fay a pregarence relation over L(R) in monstonic ig i

rankn auch lolken e hj the pmhabi\ﬂ—j a ocwirn. The next reavht Aays that awy pregareuse relakion over L(2) that rakispion the independaute property in
mMono bo wic.

Lemma 3-4: Independeuce implien wav\a\mv\‘.dkj

et 2, be o sek of prieen. Amuwe that %, o prejereuce relahon over L(2), nakiagion the independence property. Leb o and b be two pizen with [a] ¥ [b],
ond et o and Fs fwo meA‘oiliHm_ Then: n(>r.> 40 d-a @ (4-o) b >-F-a (<) (4-F)-|n.

| Expected Rl |
De\eivﬁHDV\ 3-5: ExFQckA UF\{\-\j

Tor oy Aek Z op pizer, o prefereuce relakon > on L(2) in cownintest with axpeded ublity ip there in & fonckion v: Z — R auch that > ia

myre.nwkc\ ‘0\5 the uh ll'\-j #unchon U defined lo\j'- uw) = 2,2 @DV (2 for cach pe L(Z). The unchion v » called Hhe Bernooll; fonchion
2¢
lfov the repremuhh'ou.

v (Expo.cl-w\ UKI\'\'\Q i wonk wwwovnlj amuwed W econowic H\wrj. How doer EV individval comparen loferen 7 I aftachun o each pize Z o huwber,

which we refer Yo o the valw op He prze ond denoke v(2). When a,vu\uqkug o lohr-j p, i calalales the expacied value op +he lo“‘zrj. EZF(!'N @),
2€

The preperauces ore degined by: P % 4 i ag’z, PRIVE) >,z€22 1@ve

Nain Quenkion : What is the relahon between EV and preperemcer ?

Pmyonih'on 3-4: Expackd UH\EF) in conkvows and inde pandeut

A prefereuce telakon on o st ot lotteien that in cowniateut with expacted oklity pakingien the comkmviby ond independenice properkien.

(pnl—inuil-j and inde ywdehte are hecemary for & preperence relakion o have o EV representabion.

Pr_ﬂf: le} 2 be o et 8 przen, let > be a Prepereuce relakon over L(2), and lef v: 2 — R ke o f\mch'on A+ U= 2 P(2)v(2) repreaemtn % .
2z
! Conkn\;?\ﬂ‘l
'Ld'a,lo omo\c,éZAaFAfv’ [‘]>'[5]>“[°]. EU_’I*'C
* U(L2)) = v@ forall 2e Z. Thun, V() > V(b) > V(<.
* Wa con pick d € [0,4] b otv(@) + (4-e)V(E) = V(b).
* Then V(- & ® (4-o)-¢) = U(LW)), ie, o a@®(-) ¢ ~ [b].




* l'\cllpqnclunce
A 20 @ QA2 © - Dog-2p ¥ o, 2,0 ~--€Ba(,‘-(F-o( & (U-P)b)® @ Kx2p
A VE + -+ VR + -+ V() S o, V(@) + oot e (BY@) +(4—|%)v(lh) oo b vRg)
§
V(2<) 5 BV + (- BY v (b)

§

(2% B-a @ (-p)-b

x oun

Expecled UH\K\NJ: Repre rentnkion Theoreun

Pnponi\w'on 3-21: Cov\kvxui\\] and thq‘qu\do.v\ce implien expected UH\H\’

A prgerence relabion on o net of lotherien with a ginite sek of przer that nakingies the conkinuity and indepandemce properkien in comaibeut with BY.

Cpnknui\'\, ond indo.pq.h&eute are /\uﬁ\'dw{- {;ov a preference relakon to have an EV rq_rm_l\w\-nl-\'.au,

Proop. Lot Z ba & pink aek op prizer and let ¥ ke o pregerene relakion on L(2) nahinpying continuity and independence .

I+¢cC » EV
Label wewsbern o 2 to that [2,] %2 - % Yj!(]_ Lotk 2, = M and 2g=m,
Fent avppone [H] & [m]. Then, |07 wnknviby, for avey pize 2 +here i o mwber V(@) At [Z]1~ VR) H ® (4-V@EY) w.
gu] W\onohvﬁd‘k’. V@) in \M'\ﬁvQ. Comider o lo“‘qrj PR -2, & - @ PCr) 2k.
Koplying indepardusce K tmen, pin indigperent with p0- (V@) 1 € (1-V(20)- W)@ - ® PLg)- (V(2x) M @ (- V(zR)) - w).
Abore towpound H‘"’j " U\\,a\ tat ( g,P(h)v(h)) ‘o (4- Sép(mvcza). w
Jwen [H] > [w], b‘j ‘Moﬂo(-ovtfdl-sj, towparinon batweau oy o wuu.poum\ lo#erer p and q in o.qulvulm} fo the cowparaom behweeu
g?(im)v(h) and g.'i(?"—)v(i’-). Now, tuppone that [H]~[w]. Then, by indepandence , p ~ [H] gor any lotrery p.
Choone v (2x)=0 por al x. V=0 representn He prefarence relabi on.

Exoua

Expa.ckA UH((H : Uniclvemm
le v: 2— R i the Bernaulli punchion fov an expected Uh'lﬂ-\’ reprenentation of & cerhwin pregermce relakon over L(2).
Then, for any & > 0 and P w@ =otvie+ F n a Barnoullt #unch'ov\ for an axpected uk\:F\J reprenentabion ,

EqudeA UHII'KJ: Dinwmion
EU in uh‘emdnj Conve niamt o.nal\1 kml\\j (kechnical aide): it in very edny bo work with £V and very o\;ﬁz:ou\’r without it
I io Puvaq‘wq\j uned in Econowicn .
EV Way provide & Valuable zauidq, to achon (rovwuahve aide) : People spten gind it hard to thine myalewakically about viney alkernatives.
But ip one believen that hin chojcen ahould nnh'/lﬁ Hhe properhion on which the Haeprews in built
(notably, the indepandane), then the theoreu can ke uned as a auiJ-. in hia decision procen.
—lT\e.orj and Experiwants
- There are 3 poible wonetary pites @ 2. wln | 0.5 wln, 0.
. La‘“‘z’\j Ly= (0,400 w L,'= (o.J,O.!sIO.OA) U(LJ = 0Swly , 0(La') = 0.264 0.4Ls = 0.695 mln
 Lottary ;= (0,41,.%9) w L= (40,0, .9) ULs) = 0.055 walw , U(l2)= 0.25 m)

s common bo exprem Lo ¥ La' and Li'> Ly, |y thin behavior yakional ? Yoy, aven it i dowaw't f.,ll.,w EV
X={lL' L L' La S L > Lt 2Ly . oo Hin behayior AAHAH g7 No, it violakes indepordounce .
Lo ¥ L' = 10($4 win) > 0.839U(3A wlw) + 0.04 U($0wln.) + 0.1U(45W)
L'y e =0 0. U($4wl) + 039V ($0uln) < 0.9 U0 min)+ 9 4U(SSmin) — 0.1 U($4mln.) < 0.04U ($0mln)+04U($5 win.)

— AU($Amln)- 0.59U (34 ln) < 0.01U(40uln) + 0.4 V(35 i) — 4U(B1mln) < 0.89 U($1wlu) +0.04U($0wln.) + 0AV(I 5 wlu )

It vidlaten the indegandance axiomt, hetce thin prefunice relabion can't have a EV representakiow,

Thin thought experwaut i5 called the Allain Paradox:

@ Cl\oon'ma under Uncertainty in a refledive ach‘vih’ n which one thould be mo\.l lo corect wirtawan it 'IJ""-'j e provert incownkileut with the batic prndpley swbodiad i the
independance oxiom.

@ The Alain Paradox in o | wiled fignificance ;\!or wonomich 0 & whole begune i involwy probabilibion dlote bo O and 4.



® Acowodaktn the poradox with a theory Hot o\n‘r.m prep e resices owr lnaw and wore (wplex objeckn $hout /\iwrl-] the uhwalk loH‘u.1 over outcows .
Tor axausple, regret theory.

® Shex with the ovia'\ nal choice dowain & lobeias byt o give W e Wndependeuce axiow in pevor ¢ nowgbhing Weaxer .

Homv] [otenor and Rinx Avernion

I many econowsic ml—iv\an, individualn Acew to dinplay aveveion to rink . We f.or\ualiu rink overnion and A}vdj it propecticn. We amvwe dhat the et Z of
Mo in the et $ nmvmr)ah'vc ral wwbon, and think o the prze 2 o Wouey $2, & conhnuoun Vanable.

The denvakion o EV amumed a Fn“’( nukiber o ovtcowas. However, the +h¢on1 e ke extended

Danole owsountn o} money by the conbinvoun vavable 2. A vmm\-mj \o'“QJ\j ina wwolahve ditmbution onckion F: R —Jo0,1]). F(®) io the pw\oaL;\i’r\j Hat
He realized prjofp v <2, \f T aduils a Jn.vm'\l-\j Junckion thew F@) = J-‘\*L&) dt .

The. fnal dikiukon o o cowpoond Iofhacy @i Fo @ 0 B o F i @)= 2, Kk f @),

F(+) }
lp-=mm=mmm F(*)
1L —_
1 *——0
) F \ 1 S
L o
1 dollar 4 dollars 6 dollars x

Prob(1 dollar) = 4 0 ifx<l

OO -1 4 ifxe(l4)

Prob(4 dollars) = 3 p = F(x) ={7 .

Prob(6 dollars) = 1 ifxe[4.6)
$ 1 ifx26

Do.f.‘v\ih'on 2-6: Ex\—anivxa_ Ex‘u.cl-ul UHlil-j to \Mov\a{-ﬂ\J lott 2rvan
UlF) = Jvmmz) . U0 in the von- Neomann - Horganatern (v.N-H) expected WKilily fanckon degined on lattesian.
V() in $he Barnouli uH\i\-\j funr.Hon d@.gineA on Aure awountn &) MOney .

Rink Avermon and th Wreanvresent

Tne concept op rfink avernion Pm\lio\w\ one &} the cautral o.vm\jkcal fechniqen & conomic avml.jnin. We bna'm with a aqnq.ml deginition that does
ot ‘)N.I\\JWUL ow EV %oruulah‘om.

D&Fnikoh 3-1: Riak Avernon and Riak Nv_vl'ralil\j

p2=Ri, & pepereuce relakion % on L(Z) in yirk- aveme if [fade@] > F dor avery FE€[(2), i AHch Vink- averne i the indippereuce holda only wheu the
o lrerien art the aawe, in rink-weutral 19 [faAF(E).l ~ £ for ewry Fe L(2).

Rinr averion : gor all lo“trj F, the wr&nrov\d;v\a deaa.v\emk lotery Hhat Yiclds the expecied payogp with cerfuinky in ab leart oo geed an tha lotrery ¥ ibncl.
Now, let'n add EV to the depiniion. ¢ prepercsr adwit an EU reprerautabion with Barnoull guncion v(y, thew it in wak averne ig and only ip:
JywdFe) « V(SEJF(‘)), Jennen's inaquality. Degining property o & concave punchion. Under BV, rink avernion in equvaleut to the concavilty o v(;
Akt riak avernion in equivaleut by the abick concavily of V().

Shick concasiby wieaun WLura'uM\ okl of money in deoam'ma_ UHli\\j aq‘.v\ from on @xhra dollar in awsaller than quH\A] lom & kav‘\rg a dollar lem.
Therepore , ariak o poining or looting a dollar with 2w mbnb;lilmj in hor worth Foting.

A
-

Q-

u(-)

.J\_

|

|

|

Yul) + ) fp---==-m--= . :

// : i

I

u( = f l i

I i H

| ] |

t I ]

| | i

] : {

Riak |l ! {
Aversion | : . > -



A
Under EV, riax nevtral in Qqu'walw!’ b be linmv\\'\, of V(). u)
T8 ) | ity
:
A Vnefu‘ concept for the avm\j/\'-'a 5% rink averpon. u(2) = (1) + ) p--—-=-==-=== | EI
L
Rime "] . 3 5
Naolality : L ! -
1 2 3 x
A u() The f_.a\n. Ahown ae.ewzhn‘:
le.in'll-ion 3-3: C.ef'fv-'\‘ﬂ"" Fquivaleut | g | comirvckion of c(FV) foran
. ; : : : u2) |
}wl.h o Bernoulk gunchon v, the certainty equivalent of F, () + 3u3) v i aven probability “’h“‘l
1
denckd c(F, V), in the amuount 8¢ wowney Lor Which the i i betwaan 4 and 3.
individval in 'IV\A'.RQM*' betwean the |o‘“’ev~1 T and the cerkain u(l) i E Note Yhdr <(F,v) < 2, A"MYI']:“a'
awount 2 c(F,v) j that io, V(C(F‘,v)} i jv(ﬂ d PG i g fowme eipeckd return ia Yraded
i ]
Certaiwh L : Yor certad V\h’ .
o 2 3 x
Etl\uvalukl’

o(F,u)

C(F. V) € j?:o\F(l) %a{ all ¥ in equivalewr to visk avevsion.
c(F,v) < szF(ﬂ b W (E) < u UaAF(z)) &b Ju(a)dF(z) < u(jzdF(:))

Dep. in Clam : Sivu two Vi, Va. Vi in wore viak-avarne thon Vo ig s c(F V) « C(F, V) for al F.
jiw_n two Va,Vz. Va in more rink-aveene /WLDVQ concave than Vo ip 3 an inutm'ma oncave *\mc\'\'or\ O, ar. () = OV @)

V@), d=lnX, p'G)= L | 0°00=-24 <0 Hhen U@ =¢(V20) = OR) = In2,

x‘l.

Propoition 3-3: Equivalest proparhe) 8 ik oversion
Sugpore a preference relabion % adwits a BV reprrentation with a Bernodll quiL’ funchion V on amoutn of woney. Then the fa“aw'ma Proparkiar ore equivalewt :
A % in rine-averse

2) Vin concave.

3) c(Fv) ¢ fzdF@ gor all F,

Once we know what i meann to be riak- averne, we @n h] to Weanvre the exteut 6@ rink- avernion.

Dapinition 3-9: Arrow - Pealt coepfidant of abnoloe rink - avenion
Siven a fwice- d(ﬁam\-{abl‘z Barnoulli ukly gunckion v fov woney, the Awow - Praft coeppi Gamt of abnolote vink- aversiew at @ in degined
OACE -V“(“t)/v'(a),

Ria nevtralidy in equivaleat to the \im.nv'd-\j op v, that i, v"(2)=0 gorall 2.

Riak avernion in 2quivaleut o V"€ 0 when Vin twice- digpereukiable .

Dzam of viak avernion ko be related bo the covabure of v: riax overion increanes with the curvabure of v at x, whare ¥(2) in a Wearnre of watire of U at 2.
But it in not ivanant to ponikive linear tranagorwakion of V. To make it invaviaut; +he Aiwplert wodigication in o ue V') /vice).

lf we dnanaq. lliau fo have o ponihive nuwber fav on incww\'\v«a and concave v, we ad': -v'(®) /')

Now Hhat we are equipped with a Wieanure sp fnk ovavtion, We can cowpare risk atitudes. 5;\“.“ two Bewmoulli uln'\il—\j punckion Vi and Vz , When can wa hay that
Va in umwb'\auounl-j wore rink avevoe than vVa?
Three plavaible thihiHOWsi SN A CAAR N AR fov awery %.

2) Vi in wort concave than Vi, Then exintr an increaning oncave punchon g at. V. (?) = 2 (V).

3 (Fv) ¢ L(F, Vi) for any F.

Pro?o/\ikou 3L EquNn\sz— COwLpanoms of Yiak overnion

Duf.'vﬁHom w, ®, ®» of }he wiore- viax - averne - than relabon ar zqo'\vn\lw.{-_




Cownpariro n ijsﬁ Diablbukonn

ln the previoun neckion, we cow paree utiliby poncionn,  Now we cowpare payopp dinbibvbionn.

What in the wu.auivsa op " Yhe diakibukion F \jicla\r; unawb‘.auaun\-j hiahu retorn thaw the dinbibokion G "7
Tiwo nenible cnlesia amgoant thewsrelven: - Rnb, whether every EV wiaximiter who valen wore over lom prefers Fio G.

-~ Second, for euery owount s wovey 32, the pmbab]lﬂj % aelkug ot leant z ip h.‘akar under F thau under G .
Favivmkl-j, theae two lead bo e Aquu concept.

Deginikion 3-10: Fent-Oder Abocharhic dowainamce

The diatmbubion F firnl—-ode_r Aluc\mnln'caﬂ-j dowiinalen G 12, for avery v\ondeuem‘.ug function V: R— R, we haw: )VG\AFLI) > IVL!)JG(E).

Pwyon'u\{ow 3-5: Equ:vo\lw{— Aqg.‘.vﬁkom
The diakibokon F F'.rn{—-omler Ahachanh'call-’ dowinals G i and ovly it F@) ¢ G&) fov everg 2.

4\ Firat- Order Stochanhe
Dowiinance
l ____________________________
G(x) £
N « et 2444, 440, $400Y. F: (5,05,05) and G=(0.4,06,03)
Don F FOSD G ? Yoo L
0.5
F(x) In the FOSD relakion complete 2 Trounikive?
I A‘ 4‘0 A00 ]
T x

SULJCLHW. Expected U\\'H\] Tho_onj (SEV)

Tio Jiffnrw\- “prolabilitien" : SvparEvaloby vn Howme race.
Super Enalotio: Probabiliier are ghrervable, objective. Soweone will pay 2€ fo \ws’ a Super Enalothu . thm\:'.\ik’ o w‘mv\iha Jockpot in A in 64,604,630,
Overall odds o vu'uvminé a pne: 4in 20,
Horne vace: Prdoabiihan are not abaervable , not obie chve. So.\’ thore are 3 horner in a race. Soweont Who places a 2€ bet on ahovne A doon vot
hucv.mon'\j have o iy chance sp w’-vm‘ma.

We hove beewn Halei ua_ wp b now abovt Soper Enalolto, bt not home vace .

lg we Wont b wodd Aibvakom of horne races, we camnob thine  aboot pregareucn over loterier. Becawne we do mot know probabilibier. Wa need o dliggerant
Adup. We ore ao'ma to Hine about ackn. What in an act’?

ficok, ne need b olzfrv\z Arater sp the world . We will do Hhin With an exomsple. Cowider a race butweri three homes: A B and C.

What are the pomible ovkcome 8 thin vace (Exclud.‘na Bow).

State | Ordering Thin in what we wean |o\1 ahaler L He world. Aw exclonive and exhauabive liak o all the pomible reakzakionn iw a Acenavio.
1 A B,C
5 A C B An act in then on ackon which in o\zf;mx\ bj the ovtcome it aivm in 2ach atale o the world.
3 B, A C Hove ae hwuo Lxosunplen :
State | Ordering | Payoff Act f | Payoff Act
4 B, C A © A4 *: A 40€ avan wmoney bet that A will win. 1 A B Cg y$10 y_$10 g
5 | C,AB o
L * Ak g A A0€ bet gt oddn 82 2 to 4 thot C will win, 2 ACB $10 -$10
6 | CB A & ot 3 [BAC| 810 $10
4 B,C A -$10 -$10
o, how would You choore batweew ackn f.om:i 31 5 CAB -$10 $20
6 C,B A -$10 $20

SEV omvwen the f.o”ow'ma'. 4) Fian oot the pwbnhili\'\j You would omocialk with 2ach Alak o
He world.
2) ﬁa\m our the uhilily You would gein frow 2ach pize.
3 Egure ot the expacied uhliy o each act accomhva bo thone probabilitiar and uhlikien.
L) Choone Hw oct With the hiahq/H' vl'il."'y.



S, in the abowe axawple . Uhlly prow p: [ (ARQ) + T(ABC)] v(10) + [T(ABC)+ 1 (BeA)]v(-10) + [T (CBA) +M(CAB)] Vi 10)
Where T in the probabilihy of each act.
UKL prome g: [ X(ABC) + T (ACB)IV(-49) + [7(BAC) + W(BCR)]v(-Io) ¥ [T(CBAYE W(CABY] V(20) .

Supponv. v in knear. Then $in preperred, o 3 i % > ,73: or the pwluab-lnk) 4 A Winning in wore than 2 Hwmer Hhe pmbab.l.\—., g C winniny.

Daginikon 3-44: SEV

Let 2 ke a Aok op pizen, SL be o finike et of Abaken of the world and F ke the vuu\h'v«a aek of ackn (ie., Fis the set of all funchows p: 0 —2).

We nay that preferuces % on the nek of ackr T hos & Avbgective expechd uklihy represcutation ip there exiatn o vhiliby guncion v: X— R and prbability
. P — T(w) =

fundmn N: N —[0,4] Avch that Zme_n_ ) =4 and ‘f 7 a 4= w;n-“(“)v(*(w)) > b%_'"’(”)v(a(“ﬁ .

EV v SEV

U= O PEIVGE ,nd U(f)=z T V(g w)
2€2, wel

© Why would bwo DMs choone di fparetly undar BU7  Becaune Hney Wikt have diggarent aproocher bo vink .
* Wh] wovld o DHg  Choone dif@lmﬂ"j under SEU 7 Becawne thay m\ah\- have. diﬂmh\— UHI-'L, Funchonn duve bo J-'H_luv.n\— avalvation of the Abalen of the world.

| Conr\\l wmey Pw_g erencen |

In the fieak bwo topicn, we diavmed a wodel 0g preparencesr and rakonal cheices over an arbi l-rauj net o alternakiven, (The mont ganevdl wodel) .
ln the Phird topic, we apply the model to lokerien. (Pregarencor under uncertainky and Wiore Alructures, wiore reavtia) .
fn Hhe faur{-k bopic, we qpp\:’ the model to the cholce of what to cowrme :

A conlext cenbral to Atandand econowic thaory. Bot, what in connvmphion?
= ln aconowicn , we wean by * comrvwsplion” o lal‘av.r vorety of achviken that we wean by “Cowwwiphion” in avenyday lige.
= When You aat an apfle, Yo cowtmie that apple, but alno, whew you wear a akirt, You conavmie thot kit

= When we Ahd\j raHom\ihj in comnuwpkion, we have iv wind ol Hhene a‘,rli cahous .

I comumghion a l\'ulj candidale for a waefl applicakon of e I-Llonj 8f rakiowal choice 7 Do you give lotn op HnovaH‘ bo our chwaicen alout vy day cowromphion, such
> dinner purchaver, o clother purchasen ’ Probally no. .. Indeed, Aowse o Hheus wight be diven by addickon. Bt rewssber frows the previous bopic that by
lmHoml.'H we don't wean that pople waxe cmg_ull-j connideced choicen , we ov\lj wean that H.ej act an if they waaximized Aowe cowniAtent prepereuces. Perhap, we
don't Hhine that our comuwghion in a9 ip it waxiwized towre well- degined prefarence, but fo an oubaide doserver it appears As.

Vlhmalely, dafa have to degde whether it in o good wodel.

Depinition 4-4-4: Set s alternakiven (bundien)

The et g alfernakves ia X-= m:. A wonber of X in o bundle .

. Wl\\) R. and ot W\l:. 7 WMok o fhe reavitn are alno true ip there are @ willion %ooa\q vather Han Junt two.
: Nlruj R and wot N:.7 Al T=Ahirt ? Hade\\'.v\a Coweniguce .

| me;uulws over lwnJIe:;I

Wa. now give Aowe examsple of preperenca relations over bundler and reprenemt Hhaw by indi ppeceuce natn (or indipperence wrven).

The indiggorente Aet for the. pregerence relakion % ond bundle & in 1€ X: Y~ al, He net op all bundler indigperent +o a.

The collechion of all indi gperent rekn o tre parbtion inducad by the equivaleuce relation ~.

\f 5 in vtm/\mkn\ lmj a U\';l;l\) fonckion u, the im:li-Ff.ﬂ.l‘UAt& 1ef gor Ha bundle a in Y€ X: U= U@y, He conbour o W fov the bundle a .

B, Yaame ubliby" in una\oaoun bo "rouune elavahon iw mapn.



Exowple 4-4: Conatant 'ﬁ-ndq.af\z T
X2
The comumar hay in wind wo nuumbarn Vi and Vo, Where Vi in Hhe valve he omige to o unik o acoJi .
Hin pegerence relakion % in degined by the conclbon Hat x YO VaXa +VeXe % Vayu b VoV,
Thun ¥ in reprenculed l”‘j the uh'l{kj fuackion ViXq t Va¥e | The indi fRereuce Ak {.or e bundle (as,8,)
n -((thﬂ X 4 VpXe = VuOyt thl.\[ , o line with Alope -Naf¥a
0
Exounple L-2: Dnly Jood 2. 1 valved 1
X2
The comuwer areq only alout 800& 2, which he ies. His prperence relation in reprenented |o~| the “““"7 punckion X .
For thin preperence relabion, eveny ihdn“ﬂ.mu. aet in on hortontal [ine. T
0 X, —
Exm‘;lq_ §=3: Cowplzwa.n\'a.l\j %DOA'\ xTz L
The wnavwer Wantn the Aame amount of eack 300& and prefarn |ara¢.v quankitier. That in, he prgern a bundle X 4o a
bundle yig ond owly 3¢ Min(x4,x;l] > windy, Y4 (Thive o e aaodf\ an rish’r and lq\- Ahown ). Thur,, Uu'm.{x,., X-,,S' )7
in o ul—'\(ikj {uvxd-\'an that reprenent Han pregerence lafon -
0 X1=*

Fxample boh: laxicographic preferencen
The comruwer caren priwmi\-j about the quankiy op 300& 4, ip Hhin quankly in the AR in two bundlar, Hhen he pregern Ha bdle with the
(o\vae_r quankily of good 2. Forwally, X &y ip either ; 4) Xa> Y, or

1) Yo=Y and XY, .

Fov thin pregerence rlafion, for any two bundlen X and y wa bave X >y or Y >x, Ao that aach indi pperence Aek consiaty of a Alugle point-.

Deginition 4-4-1: Nonotone Pregerence Relakion

The prepevence relation & ow l?:;- in wonotone i Xy 24 and % %Y — (X, %) 2> (44.9) and  XuOYs and % >Y, — (%, %) > Y0, %),

I+ in A\-rona\\j wovotona i#: X %Y, X 2Y and (X, %) # (, 1) > (%, %) > (%, ).

Howol'vnicihj in /\nk/\f}d an lonaoa cwwwmodiber are “aoad's“ rathey than "bads".

l{ rowe in a bad, we Way redaging it. Fov oxawuple, pollotion is bad, we depire cowtuusphion over "abacance o4 pollukion .

Deginition 4-4-3: Cov«\-ivw'l\-\j
The pregavence rdakion % ou RS in cowkinuoun i} whenewr X >4 there exiats & huwber £ > 0 auch that Jor every bundle @ for which the disrance o x ia

lers than ¢ and ey bindle b gor which the distane to 4 ia lem than ¢ we hove a v kb (where the diatance betwaen any bundley (Wa,W2) and (24,2.) in
‘l lwy - 2,12 4 w,- 3:\’-.

|GOV\EV\uou/\ Urporenien and UHlil-1|

Propanition L-4-1: Continvowa prepereuR. ralubiow and conhwnoun uh‘\\'{-\j

A pepareuca relakon on R% $hot con be re prenented, by o conhinuoun quH-sj funchion in conh nuoun .

P;Ng{: ket % ke o prepereuice relakion and feb W be o Gonbinvown .fUV\cHon that reprenatt it
ket x>y, Then W) >u(). €= (W0 - wy).
5\1 te ooM:'w'.L, of U thee 3§ € (o, -‘So\(X,ﬁﬂ Avch that 0 W@ >(X)- 2 f"' all ae B g(®
W(b) < W(Y) +¢ for all beBg .
Thon W@ > W) -¢ > WD +& > Wib),

Exom




Proponikon L~1-2: Cowkmuoun preparauce relakon and conkinuoun qu\’hj.

EVQJ\j conhwuoun pregeremce relahon cam be rﬂym/\wlul I°‘J o nbnuoun Ul-il.'l-j f.uud{on.

Conve xﬂ-\’

Dapivition 4-4-L: Convex ngamm Relakon

The preference rlabion > on Ri in convex ip: A% b =b Aa +U@-Db > b f.or all Ae (0,4).
And Al'v'«d-\j convex ip &b ond a2l =d dat (4-A)b > b for all Ae (0,4).

Convn.xﬂ-sj: the *Yadc—o#n that e comuimer i w'\\l'ma bo Waxe omiong Jiﬂemni- aoodn.
A A!mha bot canral h-ﬂai-hmin in 2conowmioy.

1
A basic indinalion Jor d’lva_wﬁ?( cabon :
* Under wnvaxily, X Ay, then dx vty xx,

.ﬂ
a/
* A realinkic e‘ Qconomnc liFn.

“ /

b
* "Econowic ’Hﬁor\j wolld be in senoun dih!icu“-\] it Han ruhla\lul proyo.vm'ukj fov
diwu‘l\'\fi cabon did not have Aiahifjcud' dencnphive content" - HWG .

a
* Could you Hinw st a choice Aitvation that violake wnvex]l-\J 7

Exouuple: Canvo.xﬂj on Leximamy\n'.c_ pref,a.mwz/s

Lei]wam?hic F&QQNMMA are convey .

Amuwme (@4,02) % (by,b2). (f A, > b, then for avery A€ (0,4) we have da, + (4-A) by > by and thun da £ (4-D)b Y b. l# 24 = b, then
Aoy + (A-AYby = by . fn Hin cane @;% b, and hence Ao, + (4-A)b, > by, a0 that Ma+ (4-A)b > b

ICahvu'\\'\j : Characlen takion 4I

fwfoni\'\'oh 4-4-3 . Characleizakion of Convex pregere nce relakion

The pre pesence relahon % on W\'; in Convex 'lf and onlj ip for al x*e X He upper contour aet o x*dxeX:x¥ x‘s- (t‘ob\l-niniua all bundler ak leant a» aoad an x*)
D Convex.

[’_ro_of_: On\j i Amuwe thal % in convex. ket a,b € dxeX: x% X‘S

Without bm omvwe o % b. Then for Ae (0,9), Ao+ (4-N)b % b % x*
lf,. Aouing that the aet {xe X : x = x*} i convex Jor all x*. |g. a%b then we have o ¢ {xe X: x » by.

bedxeX: xybl. Convckﬂ-j gives Aat (-AVb in the aek. Thon A+ (4-A)b 5 b.

Exawm
Hn'una.wm“call.j' convexity in qquivalent to convex inc\iffmuxuz cwre. What does conVexiby waean in ecorowiic terwn 1

I wic awn that the awount o aood 2 thot the cowwmer in w'.ll;na to aiw_ Up for one wor unit o aood 4 aqﬂivxa amaler an the commumer hay wore and wiore
o aooal 4. Very boonely apaaing, Hae Muraivx&\ vhility o aoo:i A, axpremad in unitn op good 2, i dimtininhing : the wore of good 4 the Covduwer haa,

the lem in an addikonal gwit o 3905 4 worth to her.
Cov\w.xl\-\J: Decrem’ma t‘ma'ma\ Rale o SubabilvRon
Comsider theee bundles a= (19,40), b=(4,40-p), and c= (42, 10-B -Y) por which & ~b ~ ¢

When the amount 9 amd 4 increares Jrom 40 ko A, Hre comaumiar in kept indipperent by reducing the amount sf sood 2 by B.

When the amount s Sooc\ 4 ncreanen prows M bo 4L, the connuwier in kaph iho\if?emd' by mdvoin& the amount & aood 2 by Y.
Sl-rona mmhn‘nd\\j el umvexihj ivapli e o\ecmanivxa w.tx\aiml rate of Aubakivkion, P2 Y

The rale at which aood 2 in abakhuled por 80044 decreonen an e amount of aoo& 4 increonen .

Soppore, by the controny that p< Y. Then < (per) => (M, 10- L(p+ N)<b = (41,40-p). Bt (M, 40-4(B+ 1) = Fa+dc




[Convaxity : Charadenzakion 2|

Proposibion 4-A-L: Pregerencen with concave kepreentabion ore convex

A prefernce relakon > on R Heat in repreneuled b\j a goncave fum.\-ion in convex.

Proog. ket > be o prejaronce relakion repreaenied by o concave punchion U.
Avvwe Hhal 0% b, no that w(a) 3 w(b).
By fhe wnu\viH op U, W(Aa + (4-A)b) 2 Au(@ + U-H U) > wler
Thos, Aat+ (-A)b % b,
Exouwn

(Dwvex}kj o{. > does wot iw\pl\j W in concave . There Wy not be awy concave UH\i\j fund'imn mpuwh’vxa a FarHonmr convex ?re‘eew_uca relabion > |

Daginbion 4-4-5: Quasiconcare punchion

W R —R i quosi concave. ip W(Aa t (-«)b) > win{ul@), u)y Jor any X,y € R* ond ae [0.4].

Pmpo/\'nh'ov\ L-4-5 . Convex mfzmc&b ond GQuasiconcave u“l-’kj
Soppone the pregerence wlotion » on R+ can be reprenemted by vhlity fonchon W. ¥ in convex ig and ouly ig U in Quani concare..

" Cownvuaphion choican in liwciled o thore bundlen one cam agpond.
" The aptordability of a bondle depands on ho "k'man'. workek prices p and wealth W.
" Joodn are traded in the warrek ot dollar pricen Hhet are public quoled. P (B, 2)T € K
~ Dollar cont of o wwit of each 6an.
- A negalive price meons a buy in paid fo commme.
 Vor siwglicly, we svomwe p >> 0.
© Price- +auina Arouwphion : Prices e beyond the ingluence of the womvwar.

- xe X i a\f,foro\cbla. g PX= Xyt BXe S W

.Dz.gin'\h'on 4-2-0: Walranian ‘ouJad' ack

The Walranian, or mm‘w}ikw. bu.;\aek ot BP:N = .{xe X:vx g w\- in +he ek o all %M'\iblt bundles for the cOnavmrer who facen wharkek picer p and hao

weabh w.

Sivu\ p and W, the comumer's choice problems in to choone a bundle x growr Bow.

xdk Buc‘ad— H.’Fq_rflano_-, -{xe X:px= wﬁ X2

B pw 1D CONVEX.

wip; .
{xeR{: px=w) —B;.ui b= (py. ) With py <py

Slope = —(p,/p,)

| —
>
Xy

w/py X,

|D0.IMN\J Tunchom and Cowporabive S\—aH/\‘n'ml

A Walranian dawand Jonckion in o uachion X that ai g b coch budget act one of itn wiemsbars.
1 ‘)efiwz. X((a,2), W) 4o be He bundle amigned fo the budget net B, B), W),
The. deginiion does not omuwee Hhat the dewand ponchon in the rewlt of the comuwer'n Mayimizing o preperence relabon . ln the next Page we propose

Aowe X ouuples,



) The comumer porcharer only the cheagar 8004; P the prices of Hhe aoodo ore the raue, he divider nin wealth equally betwoas the two.
2) The comumer choomer the roame quantity of each aooJ and Apends all hin wealth,

3 The comuwier Apands hal* o hin wealth on cach 6oocl.

4) The comuwer boy> 00 wuch @ he cain of aoocl Jop o T unitn and with any wealth mwo\'mima buys aood 2.

"k 0) g Pty
4) X(",N) = { (”/7-94. w/z?,_) -‘* P=h 2)= 3) X(V,W) = (?_Tw,‘ , l—z:—) l&) X(P,w) :<
©. ") epon

(M., 0) g wee,

(%, L"F:jﬁ) ® W>TP,

We now mirodute nome danirable progartion dewuond funchions way nakiapy .

Dl‘.inil’\'oh L-2-1: Hovwaan.mour\ o Jaar@_ 2010

The Walcaman demand #undn'ow (e, W) in \r\omao.\r\ewr) o} Juaru 2ero ip *x(otp, W) = % (P,w) *ov any W and «>0.

* Choie defo.m{ oV\\.j on the nek o .fumible poiukn.
. Can xjou Jhine a@ ‘““J exoumaple o(_ violakiomy 7 ‘lm, whe 'jou‘w_ nom'ma W oone counl-r-j ond A‘Jend‘.vxa n a Pooter/n‘cm one .

Deginibon 4-2-2% Walraa' Law
The Walrasion demond fonchion % (2, w) /\ah’/\f.fo/; Walran' Law ig, for avery P>>0 ohd W>0, we have Px=w ¥ xe x(Pw).

- The comumer %all\j wxpandn hin wealth,
Don't we have /ww'-vxab no that buolaz,{' in '\V\kam‘:ora\".

Fu“j expendn wealth over ligetime.

N - S - Bt oW
Xa (P,w) = et % X (PW) = e ®
P AW
DVoor x (o,w) ARKAH homaa.nei\'j o} Jo.ane_ zero when p:-(-’. X(Pw)=x (AP, AW) — X, Up',\m=/\i’:\n\ﬁ_ T = XalewW) . S, Yo
? .
Doen % (o,w) An\l’n'/\(,\j Walcan' law when P:A? Pa-XatPp-Xg=W —> ?(Pn-t?,_ ﬁ- + %(’4:'91. ‘;‘—“' = g:::: W= W. So, Yor.
How abgut the care Be (o) ?
14 > WS> wW
Wealth Eepac 5 mo
B'.' '
Cowparative. Abakiakicn : how choi ce vavier With dnah&e in wealth and prices . o)
- Nealth QHQL+ For am; v oof any (Pw), Ix(ew/ aw g At p
(5.%)
- A 5°°J in horkal ot (PW) i Ik (W) /oW 0. N
- A aeoa i inponor ot (89 g 3%; (i) /aw < O. 8, PRw
: |{ bath aooér) ore norwal ot all (W), then dewond in norwal. X
* When :aooclr\ are laurac a\agrﬁaako (_\Zoocl, Ahelter) | imnlead o J\'naaanaaké (one. Kind * thoan) .
= D, x(e) = (3% (W) /W, 3% (Pw)/aw)".
“ How connvwphonn ckqn-a._ ® pices vary ?
" Suppre W and P are pixed.
% (B, W) Ogper curve: locun o} poinkn dewonded w X as we range Over all porable P2 .
PzJ w/x;;
PI<Py<P
wip}
X(ﬁlvP;-W)
b X(Py, P W)
! %51, P2 W)

X3 wipy %



© Prce L%‘Fu{— of Pi on aoocl I 9%y (P,N)/B?;.
< Ax(pw) /o &0 ? No¥ necamary
. 3004 1 in naid b be o g:qu\ Bmé ab (o) ip % (Pw) /3% >0,

L""'"’l"“l"“j 3004:; way be. J;HLM for comvwern with low wealth .

lwagine & poor comuuer iniNaly i having potatoar becawne they we o low-cont way to avdid huager.

b price op potaboer all, he cam oppord 4o buy obhar, wore denivable foodo that alno keep him frows Ioolna hungey -

His comsuwphion of potatosy wiay well fuﬂ a o reault.

Thin Akmj wolves & wealth cowniderakion : When prce o Potabo palln, the comumer in eppechvely wea Hhior, he can afpord o purchase wore aemm(l.j.
How oloout law of demnand T 1 depy Aandond ecamowic ond commumar dewand Hheony deleruining o downword Aloging dewand corve .

sz

wip;

Py <Py <P s é’oocl 2 a a’;#u\ %ow\ ok (B, B, W) !

wi; bl

e X(P) P W
wip, (1 P32 W)

x(Py, P2 W)

w/p, X

|N¢u Axiom 8 Revealed Pn_gzmczl

Now, we ioriwa rah'onal\'k’ bock o the pichre .

DQ@EV\H\'OV\ L-2-3: Wear Axioun of Rovealed Prﬁ#gm.me (wr)
The. Walranion dewsaond funchon X (p, W) nabiapion the weak axiom o revealed preference i the fallow'ma anaﬂy holds Jor any (pw) and (', w):
b px(P W)W and x (P, w) # x(PW), than P x(Pw) > w'.

| dea bekind :
cPx(Pw) € W oand x (' w)® x(Pw) weony that when futiﬂa (P, W), omuwmer chore % (W) aven Hhough % (¢, w") waa alno ogforc\able..
* Thin choice "revealn” o preference gor x(7,w) over x (P, w".
© Suppoe we expect the conmuwer fo d;AP\qlJ fowe Gowninkucy in hid dewmand behavior.
* o bould choo X (pW) over x(Pw) Whenaver hey are oot aﬂow\a\o\q.
: l\z n, burdle x(7,w) wunt NOT be appordable b the prce - wealth cowbinabion (' W) ot which the 0nsumier choones X (¢, w').

" Thet in, we wwat have p. x(p,W) > w'.

P.opmikon L-2-4: Demond -gum.h'on o rabonal connuwer AAHA%MA WARP

A Walrasian demand punchion x(P,w) that in rakionalized Lnj o wonahone preperence relation 3 AaHAf.iM the weak. axiom ef revealed preference .

Prosp:

Let X be o dewand punchion +hat in mabionalized by the wonotone pregerence relakon >, Amuwee, coulmrj to the reault, that () a in revealed +v be at leant an
aood av b and (i) b in revealed fo be befer than a . 3?\40,\1\ () we have o 2b. B\, G there are picen Py and Py and Wealth W auch that b= x((f4,P),w)
and PG4+ B4 <W. Lo} ¢ be o bundle i B((%,P), W) with 4> 84 and €250, . By the l»ovlohhid‘-v’ op the preferewce relakon we have ¢ >a, and fince

b n choren from B(CPy, P2), W) we have bc. W fo\\aw: ?mw the fromnikvity of the prepeceuce relabon that b > o, (‘.ou\\\rmd'.div\a awnb.

E xausples : Gp WA aabagied became X(¢'w")
i mot e ’tvlo\v ua‘(‘ Vine




\uuplicql'{ov\: - WA hay /\ia vﬁf'. cant iuapl: cakiom fov the D.H_n.d' o prce chauna.\m on demand .
© We need bo concaulrale , howaver, on & Apedial kind of pice change.
Prce d\amam qﬂ,ad— conNWWRY jn hwo Wayn: = Alkr He relahve cont op o\ifga.vw\- a_ood').

= Alno t‘.kr.\nav. real wealth.
* Wa inolale the Fim\— Qggo_d-_

. lW\‘ka"N'- o Atvakion in which change in pice) in acowpanied by o chomaa m wealth that wibal conwurpbion hndle juat ahgonlab[c
af new prces.

X, L w' = plex(p w)
(PwW) and x(Pw) iwibially. P

s Pl let w's Pt % (PW).

AW = AP. x(P,W) where AP = (P'-¥). Slutacy Wealth Cowupe wa bion.

Proponibion 4-2-2: WA and Cowpemiakion prce dr\amgah
Suppone. that % (P,w) in howoaemoun o dearee zero and Aakingion Walran' law. Then x(p,w) Aah‘nf'.m the weax. axiows if and only 3t the.

fol\ow]v\a pnrgrhj holdn: For ony oowpwmkA prce chamde fnu an inihal Aitviabion (P, W) b0 a new prce-wealth pair W)= (7, P'-x(P W), we have:

(P-9)- [x (2 w) - x (P, W] € O with abick ;qul;h) whanuver X (7', w) 2 x (P, w).
“

F_rvgl‘!: On\tj it Park: (WA — Co wapannated Law o2 Dawiand )
* Suppone x (P!, W') # % (P,w) e
© The LHS op (1) can be wnten an: P [x(P, W) - *(P."")_J - P [x(Pwh) - x(Pw)]) ()

Walran! law, W's P x (', w').

Compennaked price change, PLox (W)= W',
Firat ferm in 20r0.
x(P, W) in o\ff;ordaue under (P',w').

WA iwplien x (P, W') mwnt NOT be agfom\ab\e under (W) : P X(P W) > wW.
Second terma > 0.

Exaw

[Compemmaled Low o2 Dewand |

X2 w' = p'x(p, w)

Allowable locations for x(p’, w')
under the weak axiom

quuql.'H (1) con be watlkn as Ap- Ax ¢ 0 where AP= (P-P) and ax= [x(P\W')- % (P,w)).

Demond and prce wove in opponite direckions . Laws o dewand holdn for cowpamnaied prce d\o\nam.
Cowpumnated Law s Dawernd: - Cowvider the niwple cane AP = (4P, <9, 0)

“Ap-Ax = AP, A%, <O,

A0,

Xt

X,

© Law of Demand 7 WA in ot Aufgiaiu\\—

© The com'm}e,nt.u] re.quireurest ewbodiod W the wear axiowm (owbined with howuadem;.\»’ of Aa_aru. zeo and

Walray' law) in Qaluivmlu\} bo the ('ouufav\nAHA law o demand | not “UnwwzwmkA " law o4 deward.

I'ﬁ.nh'na Ral'\'omxlil-\j wm prad'ictl

. WA/hHowa'.Fj in a black and whike caleron . I deterwinen qither that o convimer in rakional,
or that ahe is not. There in no arey area.

* Another quesbion that e could 2ok in whether thene violahiows are “nengun” . Byt what in “Aerowo 7

* Thin in o aoocl qution, byt one that we hawe to leawe opan here.

* How do people choone their comuusphon in prochice”

: BQnH‘»} TR, & Crawgord, LA, (200) . How o\zwmv\cl-‘ua in the vevealed preperence. aproach to demand ?
Their work Ahdien the towuwphon behavior of Spaniah houneholdn betweau 1935 and 199%, wlivxa a zow.hnuuml' colleckd e ypenditure nurvey.
lej have obnevuakiows on 3,34 houncholdn. The data report txpendi furen not fov indivi dual aoodq, bat gov "qaaraank;\", Much o food".
The. firnk reaolk shat Beaky and Gawpord teport in bhat 35.3 % o bhe dosewed hauseholdn pom the rakionality feat. That in an exkaordinary e muwbar.

The revlt wakchen donervakionn w obher aldion. Previoun rencarch hen fwnd yndom‘.v\tan\j ralional lehavior amory Now Yok Ju'mj parasern, Daniah comnumtem,



children and Capuchin waonkeys, The paper 9o ‘aur{-hex, 'H\ouz'l\. k o, Nk'] it Acewns that evenone. in the world in rakonal.
They courpore the rakonal proporkion awors real the Spamiah houneholdn with that of a Aiwilar, Fc}{onal grevp of houreholds, who have the
Nowre b\xo\aﬂk Atka an the Spanish houm_haun, louk who mho\awl\j pick ther conavunplion. Thia amu? < hounelholds cam Juat be. Alwylaked on Flae

Compoter. They dircover tuat thone hovaeholds would alno pon Ha ralionality teat with h‘-ak vake, only 4.5 % lower thou the chrerved pav rak
ot Hhe Svamink houne koldn .

4 4

Cavhon: don't inkrprel the high numbeyr o people Pcm'ma He rah'om\il-\1 fent
o5 o Fruwph ot QCOnOWALC H«eor\j "

3 3

<2 —{pyx} S

Nk‘] do H\o_\) have the ‘{f[ndl "y HaY even randowe houncholdn lbehave mRohq\lj?

1 1 —{ppx}

Noat st the Bwe buJﬂm\' rekn are neated, an the V\"ak\- {,.'Suvt_ That in, one h:d\aa,l— K ! z ° ‘ ° ! 2 : ‘

aek in Junt laraq;r than the other. Price Jflud-ual—;om in theiv aet of obrewakows are

Amall, but income varakion are lqraan lf onL bvo‘awl* aet in |ar31u than another , whatever choice the hoone hold ymavon Mln‘/tf_ie/; fhe axiona
of revealed prepareuces.

What down all o thin feach un?

A) APProachivxo data. through the lenner op Hhe Heory that we have Alvdied in liely to ke nucemgol
1) Howaver, that doen not kil un wuch abovt the " truet mh’onolil-\J o paople.

But ik in unq{lul to m.\\] on He econowic wmodel of comuwmer behavior whew aludying connvwer choicw in prackce”  Or ahould we perhaps adopt
o tandow choice wodel’! Owe advum\néz o the ecomomic approach in at & alows va b alnbule prefereicen bo people .

Thowe preporenncen then allow 1 to amem how well the warker Aak/\r.;a/\ heore pregerencer. {—\avina an awdwar Yo thin qw\lw‘ow in Qxh‘e;uud\,
Um?ul When H\iwkj\/\a about public Pol?c\, ond the warket, Econowinkh pmwzol i Hhin way all the hwe . Are the pregeruce) that we afbule
fo wvwery mallj Fhone Hhat \'\nt reveal to wn Hnmvah their choicen. Bub what dne do we have o work with?

[ VKR HMaxiwizabion Problow St |

We now horn to Hhe n}vd-j ] He comvuwmar'n dediaion pro blew under Hhe amousphi ons bhat ;- the comuwrer hay a conki nvon and monolone pregerence relabon .

© U s o continuoun uklily representing thone preperencer.

Deginion 4-3-4: UKkl Haxiwizakon Prdolous

The. comuier's  Probleas op hooring her wont prepermed bundle give prcen p>>0 ond wealth w>0 can now be abated a3y the fo“ow'ma
\Jh’lf“'j Haximiizakion Pobleun (VMP):  wmoax W) Ak pox € w.
x30

Exerane )":“’*g W) = XaXe Ak, 2% £ X, £ A,

2

Xp=A X‘: (“IL.)
Xo =4 —» 2 - — = - = ~72x,t e WL = =0/ Hhen A7 -
Lt Xo =4 Xz 6-2% —b W= X4 (U-2X) = ~ 2T 4 Lxy 9% Xatbh=0 X x,52 wx*=4-2:2
Remarks: 4) lndeed thee in a nolvhon. A ao_no.ra\ .anl-ure_ of UHP.
D A nolukion giver wn tre optimal comuuaphion bundler and e waxiwal uklity vale.
PmFon'\kon L-3-4: lg p»0o and WC) is conkinuoun, Hhen UNP hay a sclvbion.
Proop: lp p>0, Hhen the bvéad- ek Bpw={%e Ry Px <0y ioa bovnded and doned ack.
Ay bounded and cloned net iw R* in comapack.
A conhinuoun gund{ow hoa o Waximul value on any iwpack agk.
Exama

Tio obyects awarse FMWL Unp:
1) The comywer's ek 8 ophimal conavuxphion bundles, the nolotion o UNP.
1) The conwmer's wiosiwal uh'li\'\j vale , Hhe volwe fxmch'on s UHP.

W now pocun our akenkion on the properkier o thene hwo.




I Walra nian Demand Fimc_h'onl

{reRiu(y) =i}
{yeR:: u(y) = u(x(p, w))}

X

Walranian Dawgnd oorrel\yonclucz: The nvle that amigun the At % oph'vua\ bundle in

UMP to eath (p,w)>> 0 in dencked LJ\\ x (p,w) € R%.
Walrasian Demand .Fur\d\'on; Siy\aleA valed x(p,w)

it < u(x(pyw))

Proponihon [-3-7: Suppone that W) in o conknuoun qu\'hJ Fur\d-ion reprenenbing a
monokone. Pre perewce relabon * degi ned on R%. Then +he Walrasian dewrand

Correngondence % (7,w) Pomen the Fo\\ow‘ma prope rkion:

Xy ]
(a) (b)

) Howoaahejl-\j o Jearen_ oo in (Pw): x(atp, sW) = X (7,w) for any p,w and Acalar & > Q.
2) Walras' Low : p-X= W -Fov all xe x(p,w).

1) GovNeXH-\’ /Un\ﬂvemm: lf; ¥ o convex, Ao that W() in quani concave,, then % (P, W) in o convex aet . Wowover, iR s Al'v'\c,\-\\j convey,
po that W() 0 Ah;\ch ‘\vm\ oohcawr, then % (p,W) GOmArn 0} & AiV\ale 2ewant

Pr_oo_g “amaszihj: Bv‘? s -(xe R op-xg ocw\[=-{xe R : Poxgwp=g,

Vol that Hin properky don not require any avowphion on .

Houoao.hei\-u] wo an ovwuiphion n Topic h-2, but a pm?er\-j heve ,

Exomn
Pﬂ’g{ Walras' Low - ?mo# B, contrandichon .

Suppone p-x < w for domre X € x(p,w). Then there wunt axiak another bundle y= (Kat £, %ot £) where £>0 in Awrall enough
nuch that p.y < w. E\j wLOnohmrdtj o %, yrx. This wnradicts X bejma optiwaal W UKD,

£ Xawm

fr_ugf. Convzx;\-g‘/Uv\'\ qeneny  (Part T): Suppone that W in quoniconcave and that there are fwo burdles %, x' € x(Pw) and x# X'

Dende W)= Wlx')= W, WNTS x"=ox + (4-)x' € x(p,w) for any x € [0,4].

Bn, quani concavihy , w(x") 3 windue), w(x)§=u*.

Pox'=P-[atx + (-2 ¢ W, x"in peanible in UMP. Hence, %"€ x(o,w).

Proop Covwo.‘ﬁi\-q/uni queneny  (PartT): Proo¥ by contra dicKow .

Suppore that W in Alchly quaticoncave and Haat Heere are bwo bundlos x,x'€ x(pw) and X# X', Dandte W(¥)= U(:)= W*
B’ Amct :1vm'. cavucn\vi\n’ , w(x") > w'\v\{ U, IA(X‘)‘I = u®  P.y's p- [ox+ (4-OxJ¢w. X"in .?.o.a'\'lble in UNP,

Thin contradicts with the amvmphion X, x' are opkiwal. We conclude theve can be ab moat one elewaaunt in % (p,w).

Exmp\e: UMP with GCobb- Davalm U“lf‘f‘) {unch'ot\. il X% X:_'H’( At P%a F P & W,

Wax oL\ A-d e -L -
xp0 XKD AL Rt BX mw e WX s (- pan) % e FOC: X ¥ (W-t x0T X E (A (- p%) N (-Pa) = 0
4

— WX (- Bxa) = P %% (A-w) (- Paxa)

== O((W-P.‘Xn = (4--() P‘X4 —_ Xy = D‘PN >0 m\J X’_:w
The expenditvre owm 2ach commodity in a combaut gactor op wealth for awy pnce vechor p.

Exerdne: Vorigy the three toperbor gor the Walrasian Domand funchion aendmkd by the Cala'a-Doualm ul-fl-'l—j J‘uhch'ows.




'Defivx}h'ovn Maraiwﬂl Rak. o Subablukon Suppone that W() is o diFquh‘a\o\e quikj f.uhd’ion rq\m:\enh'v\a o wokohone pregerence relakion % degined by R'.
The uunra'.ml vale o Avbablvtion at bundle x, denkd HRS(X) s U, 00/U,(X)  where U (%) jn Hhe vuaraim\ quiH w.r.k, amcl i

* MRS in alno the Alope op an ihdiﬂze rence curve (more prednely, to the Alope wlbpli od by -1) Paming Hrough .

W =c, W (0dK + W Ndx, =0 - 8X o W)
! d %, W, (x)

Propanikion 4-3-3: \‘\ara‘mq\ rale ot avbnkivtion ond pice vakio. Suppone that W() in a dipgerenhable uhlily funchion represeukivg a wonokore:
preference relakon > Je@iv\o.cl by R . ‘f_ X"€ x(pin), then: @ X*>0 and X,¥>0 —b NRS (x*) = P.[p,
@ %20 = MRS (x*) € 0. /P ,ie, X720, >0 = B¢ %

@ %t =0 = WSOM 2 Paff e, K20 4 %0 » oy M
4 T

m (Part 1) :
0 SUWU\Q Hhat X.*> 0, X2*> 0, ond MRS(x*) < PAIP:. EXMV\/\.

Lt Xaxtt(-g,¢ PA/P]J For amall CV\Wak €50,
© X' in on the L\Jo\aw\' line, te., PX'= W,

Movies

© ') = w(%) (' %) Wy (x*) + (k' %% ) U (X %) + 02,

CU) S UF) = g (X F Sn /e W (x¥) k0% > O 0?

* Thun, x'in FQM'\HQ_ and achiver h'-ahu qui\w, level than x¥, cpnha.a\iclviwa, He pack that x*in a folukion of NP,

T-Shirts

Frﬂ (Part 2,3)
* Similar o\vavwa.n\'n ankablish park 2 and 3.

We f_oma,o the proagn (covered in the exam) .

Exam

Ex mr\e,; UNP with Cobb - Dmalm UH\iH -?uv«t.h'oh. l‘;‘:’é X.,”‘)(,_"" Ak PaXy b PpXa & W.
Exeraae:  Solve it unmd the relakonnhip Lotween MRS and prce raho.

Exercae: UMP with linear UI{IEFJ fund{on WX Xabxa Ak Pada b PXp € W

|lvdiru_{— UHl;H F\McHov\l W= vhlhy

= indirect uh'l.’h,

Indive ct Uh'l;Lj Fomcbion for each (p,W) M0, the uh'\i\«j lovel of the UMP in dewoled v(pw)e R .
(Fin ulua\ b w(x*) for any x* € X (p,w).

Proponibon 4-3-4: Suppore that W() in o conbinuoun u\-ilihj ponckon rq_\:veAeV\va o wonolona prepereisce relahon > defined on R .
Then, the indirect uh'\u'Fj ?u\/\(.kon in
@ “olMoae_v\Qﬂ-\! of o\aarv.e teo i @W): V(olp, dw) = v(p.w) for any (PW) and Acalar «>0.
©) Shicl-l\j fnueaning in W ond Muinm_mina w Poond P
®  Quoni convex : the et {Cow): V(P W) € T in convex por any V.
B Conbiwoown in p and .

: anuh’ 3 Mayo v o quaniconvex, not quaniconcave . And it door not require U v be quaniconcawe .

Pﬂ*: - P"P"-'\"j 4 ond L Fo\\aw read'.\-] grom previous diacumion,
- We Y.orao the proop of 4 (not covered in 2xoiw)
“To prove 3, VCRW) in quaniconvex, Auppone that V(PW) & T ond v(p\w') & V.
" For any e [0.4], comnider (P",w")= (p + (4=} P', «w + (4-)w") -
CWWTS v, W<V, e, for amy X with Ph x<w", we hawe w(x) <V,
“Ph X W = p k() P X < oW+ (A-) W,
“Either p-X £ W or Pl X g W (or bokh).
1 \g P-xg W, then w() g v(pw)< T

lp plxgw!, Hhen WO VW)

Fxoun




The Walrnian desoand funhon doe not de\m\o\ on the uRli\\J repre nestakion .
The indirect UH“‘] funchion down: - Ig V(W) in the ndirect uFli‘nj when uklity fundion in u .
+ Then the indirect UH\]H *\,v\cln'-oV\ oovm_nfawo\'-na.h uh'lﬂ-\j revn/\m\—al-?ovx w(x) = f(u(x]) in V(Pwﬂ:?(\l(?, wY).

IEXp&!\Aihﬂt Mini mizakon Pmb|m|

Inthin aeckion, we Aivdy the follow'u\a expandibvre Winiwizakion poblew (EHP) : xyo UX AL U zu, 2

UNP: Hhe woiwaal level of uh’l:hj Hhat con ke obtained 3‘.vu\ wealth level. it 305
¢ g{xe R2: u(x) 2 u}
EHR: the winimal lovel of wealth required fo reack vkl;r, love) . P G
{xeRi:prx=px*}

The nawe ging o a.Hg'.dnvd- une of wrdm'lvg power while w_w_m'-g the rolen o o\:JAche ?QNJ\-'-\V\ and conbraint,

Wmahou* Hhin aechon, wWe anuwe W in conkniown gnd wioneto v,

4

X*: Hhe leant dontly bondle +hat ahll allown the consuwer be achiove the quiF) level W . I} lien on +he lowent poible buolaal- line in Ha
,Faou\'n\ole £t

Exerdae : ';ﬁws Lt X Ak, W= XaXe % 2 Solphion: x™= (), Pyt

\ UKP ond ENP are do«e_\xj reladed .

gg; ROD = %Xa At 2+ X b Sobhon: x™= (41), ux®=7 .

[Ralakionahip belwean ENP and UNP

Proponihon 4-3-5. Supgore that W in o combinuoun ul{li\-j punchion mmm_v\h'na o weonotone. pregereince telakion 3 depine on X = Ry and
that the price vecor in p>> 0. We have:

@ lf' X*in ophiwal i the ypp when Weallh in W>0 , then X% in ophwal in the ENHP when the required vhlity leve|
i W), Moreover, the wimimized expanditvve level wn thin EMP in xactly w.

@ Ip x* io opliwsal in the EHP when required okility level in > u(o), them x* in opkiwal i the UNP when wealth in p.x* .
Noreover, the Wi wized uH\il-\i lovel n fhin UMP i o_md-l\j w.

|H\'cuAimu/CDuml\ql-eA Dewand chtiohl

The aet of DFHW.q\ bundler i the EMP in denated h(p, W), Hickh'mh[(‘puve_nhak:l dowand oovre/\(;ovndmaz .

Hicuim/mwpumkﬂ\ dewond funch‘on ip A‘malz valued .

Propodibion 4-3-6. Sugpone that UC) in o couhinuoun u\-\'\'ll-\j ponchion N.?ve/\eh\iwe o wionobore. pregarence relabion > olegined on RS, Then %or any p>>0, +a
Hickaion dewtand covee Aeov\Junce h(p.w) Porte the *o“ow‘ma prafnv\'\'m:

©) Homaaa.mjkj of doareo_ wowmp: h(xp, u) = h(p,w) forany 7k and acalar « > 0.
@ Vo axaem u“(iH: ux)= w For all xe hipW).
©)] Gmwxi{s, /Un‘mlvevwn: lf = in convex, Ao that UC) in quani concave , then h(p, W) in a convex aet. Woreover, W@ > in AcHy convex,

70 that WQ) in AI"\'CH-J quaniconcave, then h(p.w) cowmabn of a Aiua\e alemant.

This VMFQ:\]HW\ pava letr Proponition ow the properken op Walraniaw Desssond .

Proop. PNPQVH@'- Houoaa.v\dhj op daaru 2ero i p Examn

The ophiwal W usphion bundle When ux'nuim‘.ziv«a P-% Avbgect fo W) % U in the rawe oo that gnr m‘.uimziua odp - X adogact bo wx) 2 x, for any «>0.

EE’.{-. PmyuH @: No Excen UH”‘\j Fx ou
Thin properly fol(own frowe the anHV\U'uF, o WCY. Suppore Hhere exiatn an X € h(p, k) avch that W(X) > W. Comnider a burdle w'= ox , where of € (0:4).

By conkinuity , por o clowe anaughdo 4, WD > W and px'¢px. Conkadicha X be.‘ma ophwial in the EMP.




P&o,f_. Pmpari-\, (OF Comla.xi\—\’ /Un?c,w.V\U\’)

The proof. of thio property paralleln Hhat for the convexity /Uniquenem properky of Walradian demond funchion. Hewce, we Forgao o proop.
(\1m1 be Gvered in the oxauu.)

E xomq

|£X pendifvee F\md\bhl

‘ 3'.\12“ P> 0 and vequ?m{ u\-i"-ﬂ level w> W(0), hhe valwe op EHP in danoled o (p,w.
© The {luhckovl e (®u) i called the expenditvee punchion,

tn value for any W) in biwq:l«] P-x*, where x* i the aclokion 0 EMP.

Proponihon 4-3-3. Suppone Hhat UC) in o conhnuoun vk li’n1 funckion n?mnwl-iwa & wonotone preparence relahon ¥ depined on R .
Then +he 2xpenditure funchon in:

®R°“°a“‘dH op dezm one i p: e(op, w)=xe (pU) forany p,U ond aclar #>0.
@ Sl'ﬁd-||1 ]V\uea\/\iwa m U and havuo\zmmina in Pa and Py,

@ Gnawe in p.

@ Gonkimuoun in p ond W.

The Jour propertien parallel +he proparhion op the indireck uKlity fumchion foc UNP.

Prooe. ?mperh’ @: '\'\ouman.r\d{—\j L dcam 1
The comalraint pek op the EVP in unc\nmnaui whewn pricen chmna< . Thun, *ov any Acalar o >0, Wini m.ia:wa_ @P)- % onthin 2t kadn 4o the Acwme
ophwial causuwpRion bundlen an witwiwizing p-%. Lelting x* be opkwial in both Gromatoucen, we have 2 («p, W) = &p x*

= <2 (?,M)
Exauna

Proop . Properk ©. Part 1: |V\u~eom'vxé m W,
Suppone Hhat 2 (P, W) were not AHcHy iv\ueom‘\v\a in W, and let x' and X" denole ophwal cowduwrphion bundle for
}{1\1;7‘{0\ leiFI leveln W'<u", m/\fedivel-j_ Then we hove p-x' 5 P-X". Cousider a bundle X =¢x" whare ¢ (0:11).
&1 cmvaiFl o W), there exiakn of clom ev\ovaln fo 4 avch that KGO > ' and pox'> p-X.
ot Hhin conbradichn x! beiwa, ophmal in the EMP with m‘u'\mcl uF\'l\-j level u'.
Park T : Nam{o.c&amiv\a P
Suppone that prce vectors pt and pt have p," 3 p,' and B": Py, let x" be on oph wi 2y bundle in the ERP gor prcen P
(P, Wy=ph x" % P x" Y 2(p,w). The |ater [vxu\ua\ll—\] fol\ow., frow the defivxi\iovx of e(p,w).
Exomn

Ena‘o%. Pmpeyv @): Goncavity i p
Fix a required vkliby level . Lef p'= op + (4-)p! por ote [o.4] .
Suppone Hhat x" in an ophal bundle w Hae EMP por pricen p". Then e(p", w) = Phxt=pe x4+ (A=) x" 3 e (pR) + - e(pt, X)),
where the lat iuaq\mlihj Fo“awn becavne U(xM > W and the obz%:vd}{m o Hhe gqu_ml:hve ]eunch'oh iwplior that p-x" 3 e (p, @) and
Pox" e(p' ®) . The comcasiy o e(p, L) in p for given i in acvally *a'\r\\j inbvitive . Suppone that we 'miln'all.] have P and that X in an ophwal
bundle at 7. IF prce ckw\az bot we do ot let +Hhe conyuwer change her comouaphion bundle , then the naulh'na axpendibyre Will ke p-X, which 15

a linear axpremion in p. But, when the comumer can quun!r her comuwsphion, 0o in the ENP, her wiwimized axpanditure cam b no greaber than +ain

awourt. Thin awsounts fo concaviby becavne o Aiwilar relakion woat hold at 2ach point o the amrh o e(:, ). Ex

X pE g

Dollars ﬂ

e(p,u)

P2




15 ! wi -
Exw‘;[o_‘. ENP with Cobb- Davglm Uh\uH Futhoh. &*;"r\, RYXat BX, Ak xExAru o= x;: AT TS Ap SR

5 A/(a- - - AlG- S -4- - L
> Wik B P U fasdy 00 4 poc: py R0 5 % oo | P o) p e
<[5l [EE ]“",“0 e b B 1L () = [u-xm ]“u
=D ¥, = rce en h,(0W) = [(HO& ] h, n <P,

and elpu) = [.(“(A—x)'("‘] A

Pi=n

Exerane: Vuii,., He propertiar o} h(P,R) and 2(pw). P, > by

Link between Hicknian dewsand and Walranian dewsand: h(f,u) = x(P, ¢(nW) and x(p,w) = h(P, v(LW)).

x(p, w) = h(p,u)

h(p',u) = x(p', w + Awyiey,)
/ = x(p',e(p', u))

Compamukxl dowand: An pce Vary , h(p, W) a\m precincly the lewel o Jdewtomnd Hhat Would anae if the condumier's B, .~ fre RL: i) = ¥)
wealth were Aiw\vlhmwnlj qu-uAkA to weep her uklity level ab . ; 7’
Thin type o wealth cowpensation in wnown an Hickaian wealth cowpaunation. Awy,, = 2P, wW)-w. A¥hicna

14

Thos, the dewsand funchion h(?,W) keepn vhlhy loel gixed an pricer changon. Nalranian dewond kesps woney wealth fixed but allows vKlity bo vary.

|HicKl\iw\ Demrand and Coqu.makA law s* dewmand |

Proponikon 4-3-3. Suppore that W() id o continuous uFHj {;unch‘on re\areney\kv\a a wonchone pregereuce relabon > o\egir\ed on R+ and that
h(p,W) comniake op o Aingle lewnont por all p>>0. Then h(p,u) /\mk/\fim He cowmpounaked law of olewrond :
For al p' and P (r*- P')[h(_?“, W) - k(?',u)] <0,

* Qun-pnce Qr.ged-n are nonfo;ﬁ\-'we.
* The cowrpora ble Abadenent in net tree f"r Walravian dewand .
- Walrarian deurond weed not AAHAH the law of damond . érﬁzm aeodu-

P_ry#: For any p>>0, connuwphion bundle h(p,w) in ophiwal iu the ENP, 4o it achioves o lower expenditue ok prcas p Hom oy othor bundle that
LTI uhly level o o} leant u. Tkmfm, we have pUh(p" W) € P k(' W)  and kGt i) % Pl (g, W)

SuLhmc.\\'ma Hwne two 'mo.quqliHU\ \1ielolr> e reaultn . H
X oun

Topic & Avdiaey one individual'n decinion mm‘v«a in the warcet. We now, For He Firn\— hwe, condider an amhre ecorowy in which individvaln jnleract.

There are 4 individvaln, 44,2:3, 6% and 4 caves, dA,B, ¢, oina ]‘wualz. Eoch cave can accowodal ohlj one. pavAoh and eath paraon can ocwpy only one.
Coe. The AhenaHn oder in ADLD3IDL. R rrion who wanhy ko owpy & C(ave curmv\\-lxj ocwr]md L\) o Weaker permon can do 4o -

The preperences are the fo“ow‘ma:

fnd: vidualn Model : Soaue
141 2[3 |4
R b A /lou'a.lu’ wMNiAHha of & At nf individualn and a aet of hawes. Each houne con accowodate onlj one paraon ond each pernow can 0ccu py
clolele onlj me houne., Diﬁerfu} reople way haw o\i\afqm\- preferences over the hounes, but aweryone Pregers bo occupy any howne thou bo be howrelem.
dlalc|a The a'nianme_ml- 8¢ hawner s deleruined by the indlividvaln ' Ah!haﬂ\l\ i the concepn op property anol ownarnhip do net 2xiat.
A . A perton who wantn to occupy o houne oum_th occwpi ed by & weaker peron can do it Awiply by W“H"‘é himnelg to the cureut ocaspant:
c|D

The. procem in ochrly : WeryOne Knowh eveNone 2lae's Aheuaw, and on Auiha that & Al-pov\aev peraon wWants fo ocorpy hin houae, & parson vacaten

it without a f:ahi‘, which he known he would lone.



ba{.n'.kov\ 5-4-4: Souely

b nodahy <N H, (3)iew> comiatn of @ lndividoal,a piwke set N.
® Hovten | a Dinile net H with the rome number s wembarn a7 N.
€] meqm\cen, o Act pre garence > por each individval i€ N,

Dﬂ.Fm]kuV\ 5-4-2: Amianuuken\' and Allocahon
An o’nianuewl' for a tourty <N, H, (3D ien? ina punchion Jrou the et N op individualn to the et H op hounas, arnodal-'ua o houne with eweny

individual. An allocakon i an a'n}avme.ni- in which 2ach howe in om'\anul o 1mcH.) one individval.

What determines the allo cakion % hounar % Pnnwu.abl-, the individualn! pregarence play a role .
What ip +we individval both want ohe howe 7 An addibional packer: the individvaln' relakive power.

We anumae that between any hwo individualn there s atsble Powar rlahon - 2ithev | is /\hoy\aer Hhout F. 003 in M-mv\aqx tham .

No hwo individvaly are n.a‘ua\llj Fowqr;u\.

Prea‘ulj, we take ™ aiveu a Linm\j relabion D on fhe et * individvaln, where 1D T weans Hhat i in wore towergol thaw 3, in which cate T can tane over Hu

houne a«ufﬁu‘ lm’ 7.

'Dn.finil'\'on 5-4-3: I.mslq_
A’Junall <N|H, (b:)ieu, DD comiaty o a Aodlz.’f\j <N H, (P)ienwYy anda power relation B, a mmrle}e, tranvihive , o‘nHAjumhﬁc Ulvmn) relakion on the

et N % individualn .

Rewarkn: - we omuwe that the nvuuber o houner i equal bo He nuwber 3¢ individualn ond that no individual i indigperent between auy two houner .
* Power in not ov\\.j phyical
+ No properhy riah\-u.
" Ovtcome of a A ggle in delerwiwiahc

* No conx % thh‘na.

Equil.’hy}uwx
An Qa\u'n\ibn-uw- W a weodel in a&haml\j on outcowe that in Atable Siveh the *Oﬂ'ﬂ/\ amuwed b be achive. ln o Jumgle, a Alable outcows in an allocakion iw whick

no individval pregarn Mj houne Hhut he can obtoin to the one he orewpior. Thun, an allocakion is not an 2quilibrivw ip rowse ndividual prepern the houe ocupied by a

weaker individual o the howne he wnm{-\j occupien .

Daginﬂ{nn 5-4-L4: Ec[u'\lilov]uw.
An z(tuililov'\uuof the J'unalo_ Y, (2Dien, DD in an allocabion a® Avch bhat por o individualn 1,3 € N {n it the came that 1D 3 and a*@) ¥ a*G).

An u\uiliLn'uw\ 3 o J'uv\alc in an allocakon o Jor whi ch wo individval i preern the howe a(? ocwpied ‘611 any indivi dual J who in weaker Hhan i\ e the houne

a(i) that Ahe ocawpion.

Exausple , for Hhe jungle mw\i/«h'v\a of He Aoazk’ we inhroduced earliar han.l-kur with the power relahon © Jor which 4023 >4, the allocabon
(8.0, A, C) in an QﬁVIIlI-LV-NWs.

I Eq\l] [bhow: EX'lAkhOEI

Evuj Jvna\c. hao an Qqu'-ll'kviuvu. That in, for avary net o individuals , net st hounes, progile o prearence relakions, ard powar relakion, an allocabion - at leart one,
pa«n\Llj wore than one - in abable Aaaivm{' the exercne o powar. We prove hin reavlt \7\’ Al«mw'ma that an allo cation av.vwrkkn\ by o procedure called reral dickatorakip

i an m\uili bavm.



Equilibduun: Serial Dichatorahip

Daginition 5-4-5: Seral Dictaborakip
For he Aodaly (N H, (BDien) and ovdu'\na G fa, oo, w0 the Waawbern o N, Hha teral dickatorahiy procedure av.huak/\ te allocakion depired tnduchvely
00 fallowu. Juikalizakon: +he houne hy allocaked to individval i, in He beat houre in H mamdiua o ia'n preperme rlabon, > .

ndockve Slep: For avary k22, Hhe hovne he allocated to dividual i in the beat houne ju HAQ Payoery heoa | aame\iuah ie's preg. relakon, 3 %,

proponition 5-4-1: Evo.nj j\malq_ hay an 2quilibRuw
For any j\mal& {NH, (29 iep, D> and the allo cakon Bu&emkd hxj the Aenal dfd-n.bml\i? procedure. f°' He rocely <NH, (2)iend and the orelv_ﬁva_

B in on qd.lilor'\um.

P'Lﬂ_f: Lot a be the wmanwud' aa.mmktl Io\’ the Aeral dictatorahip procadyre for the nudu.\j {NH, (B> and the omlv.v‘wxa D.
The nuwber sp houner in the nowie o0 Hhe nowber o} individuals , fo the procedure amigus +o aveny individval a houre . Eveny houre in amigned only once,
Ao the a'nianmm\- an gam\ble, and hance an allo cabon. The allocahion in an Qquilibv‘xuw becaune the houne ma'.av\u\ bo each individued in the beat

houne, o\coordiv«a to the individval'n prepereuces, owwang all e hounes not am'nane:l L) Al—mv«aer individualn.

Exouwan

PNFOAIHDV\ 5-4-2: EVO.V\j J—unal( hon o uv\1¢1vq, Q(lvililgp‘\uw\.

Eveny juv\alm has & niqee 2quilibruw .

P&s{_: (Bv] Contradichon)  Without lom o aa.mra.li\-\, ovwe that N=4{4,2,...,} and 42D Dn.
Avvwe that & and b are hwo 2quilibroun sp Hhe Jngla.
Derote by i* the Ahovaml' individval i for whown aG) # b(E). That i, a(G)=b(® por all i<i” and a(G*) # b(iY.

i: 1 2 i*-1 i+ ... j ... kK ... n
a(i: a a ... o T
b(i): & =& o e ... .. @

a W an aqu‘.l;L-{uu = a(*) > al)-= bL(i*);

bin an equlbiva => b(i*) > b() = a (Y. ~ Coutpaclithon.

The conceph of aquilibruwt in & J\ma\a. in Alakc.

" Poblena 2 (b) in PSS deaciber o dynamic procem Huat Alartn frows an o.vbiharj witial allocakion and amn you ko Ahow that Hhin procem wnwerger o an equilibiuue.
The anuwphion thet the individvals' preperemcen are Abick in emankial gor Hin renult.

* Pobless 2 @) G PS5 anks you ko ahow that if one or wore individoales are indi fporent betwea twio hounan Hhen a ongle way have wore Prawt one. egililoivut .

There are L individuals, 44,2,3,4Y and 4 caven, {A18,<,DY. Each cave can atowedale onl\J ore pernon and each parnon cou Ocupy ouly o
cwe. The allo cabion 8 hounay ko paople i daterwi ned nok by He balasce o power, bk hxj wwhial aarelmml-. Ore allocabon in replaced by o fher
only if eresyone agretr: o one. olpgechs and of leant- ore parnon pregern the new allo cation.

The preperencer are e fo\lo wiv\a:

bndi vidualn Pareto Stabil The goue wndd when the wrrent allo cabion in iwmwne to replacomout.
A
2034 No allo cabion in betrer por rowe peaple ond no worne for anyore.
B| B ?
c(d|®B|c
) D&inﬁ\{m 5-4-6: Pareho 5\'\'&.[("7
Alc|a _ _ . |
The allocakion b in the Mdeh’ {NH, (%)ienY Parele dowinalen the alocation a [ b %' a(i) for all ieN and b() ' a@
Alc |D|D .
f_or rowe 1€ N. An allocabion in Paceto Abuble If 10 allocahon Pargto dowiinalen i,

facto Ophwal = Paceto ng;idan\’: Paelo Stuble | The nohon * Pareto Aabilily does nok Tnvole power. Avoter polenbial nouree 8 'wmk;la‘.li\\). Whenever one.
allocakion in Parelo dowiualed bj another, He (ather will replace tha forwer. What 'lf. both b and ¢ dowinak a?



Pro?o/\'\}\‘on 5-4-3+ Sonal o\ic‘m}omb\lf) o\“ocakom in Parelo Shable

For auy Mde|\1 and any ovdv.ﬁv% 9 the. ndividvaln, the alo alion ao.nem\ul by the neral dictatorahip pocedure is Parelo Skuble.

Pwo¥:
l: il i2 ir—l i, i:
a(i: & a ... a
bi: &« & ... a a

|E¢‘u]\ibv}u\u~ ond Parelo S\—a\hili{j na ‘T\Jha‘el

We wow connect the nohon e qu'-lilaviuw\ and Pareho A\-nlﬁ\i\\j.
Ea\uilikv'\uwu an ottcowe bz immune to the une 8¢ power.

Pareho Stubi l{l-\j-. the atcome be iwmune fo a reallocahon to which wargone. ageedr.

Proposikon 5-4-4: The zﬁv\libﬁuu of Lwey J"\mala in Parelo Aboble .

P_N_Q{_'. Evewy jxmalc hao & unique equilibruuc. Thin 2quilibrua in obtained b\j qn?lj'lma the. nerial dickatorAhip procedure for tne. powar elahion.
Sanal dich\k:m\ni'; alowahion in Parelo Stable.

An -Exchanaa Ecmou»j

* Top'u_ L aAvdian one individual's decinion !umdv\a inthe warket.
* Topic 5-4 cowrider an aukire ecomowry in Which individealn inkrad ina Jorngle or a clan.

We new condider an enhre 2OMOUWY Tk which individualy ulevod +hmuah warkets .

There ore two ndividualy , {Amn, Boby and o amdn 4 #pple, Bananal , v an inland. Awn hon 6 applen, and Bob han 6 banonan. Awn ond Bae's pregerencer
ore VQPYEMMRA b\, Uy (e, %) = )(47'”’ Xl‘“, Uy (B, %Xg) = X4m ’(:.L/3 tu\pnc}'we\-j_ Ann and Bob cawm 4rade with each other.

- Al wl - L L
Aan = (g% ,%_P:) and %a‘a-(:‘_ w, ZL“-)

where W, = 6P d W, =0(F,
3h ' 3P L

e Ann= (L‘l lgf) and BaL: (Z% ,L\’)

Hodel

Dlg.'m'-Foh 5-2-1 3 Exd\oma,a Eoom,wu’
An nxchw\ao. econouy 4 N, (bi)ieﬂ, €> cawninkn o : @ '\V\Jiv'\dua\\ry, o f,;v\ik net N.
® preferencer Por each individal i€ N, o Wonotone and anbinvows pregerence relafion > over R+ .

@ whal allscabon |, a fvv\cHon e that uh‘liam o each individval ieN o bundle 2(N€ R% , the
burdle that i inikially ownn, with SieneD>0 por k=42,

Prce Swl\kuk ond E\Jtiée‘\' St’rl

’Da.f(vﬁkoh 5-2-2: Prce &Y\M and BuJao_l' Set

A prce AyakeL 5 o pair o v\ov\maakv«. nuwbern c\iH.n.nv«\— %wwu (0,0). The valve o e bundle x = (R4,%;) o.cmm\ivxa to the pAce ayatews p=(fa, 72) in

Px = PyXa + PaXe, and for the exckcmag Quonowy (N, (2D)ien, @, huaad Act of ndividual 1€N a‘wen te prce A\’A\(}A& pin B(pei)= {xe Ry: Pxg reG)H

Two interpre fankions o o pce tydlon. The givak and wont likral in Hat prcen are u\vokA in o wonekary unit. Each individval can el any omowntn of tha aouh
n Win inikal bundle and we the vuono_\mj fmcuAn bo b\h’ awovntn of dther amdh. The Aecond ]v«kvymhko\r\ in thot the prcen repreneut the rako ot which the
aoodo Way be v.xcMnaul. S‘wdf.'.ca“sj, the prce ayateim (P, 7)) wieans that one umit o aooo\ 1 way be zxckanaul #ov PafPo unitn o aood 2.

In both inkerpretations, o prce ayalew p io oquivalowt to ow) pice ayalean of the porw Ap= (Apa, AP2) for A>0.




Allocations

Da‘z'. nikow 5-2-3: Ami auwu\i' and Allocakion

An q'nlanww_hf in an exchahag 2onowy {N, (2)ien, e in a Junchion frow the Aet N of individualn to the Act o R s pomible bundlen op aoocl:s. An ollocabion in
on om'\anwa.n\- a *ov which the Avn ) Hhe wniamA bundler in the Avwa o the ivikal bundles: 2 a(® = zg(i) .

ieN ieN

[Cowpek hve Equilibruw]

Deginikion 5-2-4 : Cowpelibive Equilibhuwa

A cowspelibive aquilibRuis (ce) 3 the v.xdmmaz 2conomy N, (3ien, @ a0 pair (P,a) in Whith: P= (%, %) in a pRee Aynkeasn ond a in an wm'anvuvx\-,
fuch thot : @ OPkuuaJiH o choicer for avery individval ieN the bundle aG) in opfimal acmnl'.na b % inthe lwdad aet B(P, e()).
@ Fo.a4€loi\i\~j.a s an alocabon.

An allocahon is o Gowpehive U\vﬂu’bvivlu alocakion op the exckm\raq_ ¢onowy (N, Bien, €2 if for AOWie phce Nj/\kﬂk P, (P4) in & cowpelitive aquikbhoux o
<N, ('3;-')'!€N, 9—> L

When in (P.&) not & CE7  Either ot least one individual doos not choore her ophwal bundle or Jor at losak one ef the aoan, the. bokal auwount that
the individualn want bo purdnane in dipperent prows the total cunount ovailable.
‘e (P,Q\ i a CE 'HW.V\ nO D (AF,Q-) fov an\j /\>0
lna CE all individualn goace the name pice ryataus and 2ach individval choones ah opfiwal bundie frow a Luclad- ek J!.Fhol by Hein prce aqatas, which in wot
a.ff!.ckx{ 5\1 the individuol's choice, acamy reanonable when N i \uraz.

“n wal\-o\q.:hea\ when N=47. Ve, itin, OnH the reanonablenem o the concept in l1v¢AHohaLl£.

PrO?oMHOV\ 5-2-1: Pm?grh’ of a'nl'amvue,n\' 9 bundler on hudaa\- linen
Covdider an D(dl\qmav, econouy <N, (&_‘)ien, 2. et phe a prce m’/\}uu with (P, P) > 0. Connider an mvlavww\' a wWith pa(i) = Peli) por all 1eX.
le the Auw o the ¢1WhHHoA % one aooc\ in the bundlen in Hhe am‘.av\wev\\- a i equdl o e Avuwe of the q\mv\kkw, % the aoocl in Hhe wibial bundles Haw
Hin Q1\m\il~«1 holdn alno por the other good. That in,

F d M=) &6 o Dy A6 = L€,

€N ieN ieN i€

J‘.vu\ qwj phce A-JAkW\ and o\w] wniaum,h\— Hat conniats of opliwal bundles (aiw.u Hee price A-jnkwb, ip for ome aooA fhe Avw o the. mﬂay\ul t‘uankh‘w in 2quol to He
Ao o the individvaln' inikal hald'.vxan, then the noue in hue alno for fhe obher canod. Thin rewlt in meFul When m\ulah'vua wwpehlive 411v\|ibria., becawne  weaws that

i W Y.im\ a pre AnjAkm for which dewand and nopply ave equal Sor one taood, then we know Hat they are qva\ Jor Hhe ofher aooal, 2o that the prce ayalows in cowniatent
with cownpekfive g_qu'llib,'mu. How about an uc\mwae_ econowmy wikh L aoadn7. \g -1 workeks clear, then all warkers clear.

PHJO$1 B~1 Pa(d = Pel) ?3\! 2ach i, we have: % [PAGAG)+ qul(i]] & %[PAEAC") + Plel('.)], Ao P4 (%“4(") _'uezu QAU)) =P (Sd-,_(n- z ¢, @ .

EenN ieN

So bhat, 9“" 74>0 and P50, %au(q- _‘%e,,(i): 0 4= % a, () - %e;(ih 0.

Plolmﬁkoh 5-2-3 : Paeo S{'O\Llllnj o anPo.ﬁkve Equililobiuvu. Allocabion

Euu\j cowpelibive equilibrum allocabion of an o.xchmnae ecovowy i Pareto Atable .

The name conventionally given to this result and similar results for other models of economies is the “First Fundamental Theorem of Welfare
Economics”. The result says that for any equilibrium allocation, no other allocation exists for which some individual is better off and no individual is
worse off. The invisible hand is (Pareto) efficient. An implication is that if the initial allocation is not Pareto stable, every equilibrium involves
exchange/trade. The converse statement is also true: if the initial allocation is Pareto stable, then no trade occurs in equilibrium.

The conclusion of this result depends critically on the assumption that each individual cares only about the bundle he consumes (No Externality).
Consider a variant of an exchange economy in which individuals care also about the bundles consumed by other individuals. Suppose specifically
that the economy contains two individuals, with initial bundles (1,0) and (0,1). Individual 1 is negatively affected by individual 2’s consumption of
good 2; his utility is a1(1) + a2(1) - 2a2(2). Individual 2 cares only about his own consumption; his utility is 2a1(2) + 3a2(2). Assuming that each
individual takes the consumption of the other individual as given, (1,1) and no trade (the induced allocation is the initial allocation) is a CE.

This outcome is not Pareto Stable: the allocation b for which b(1) = (0, 0.5) and b(2) = (1, 0.5) is preferred by both individuals.

Proof,: let (PQ) be o CE of (N, (3Vien, €Y. Amuwe Hhat a i not Porto Stable. Then there in an allocakion Y auch that §@ %' a (D for al i ad Y@ >Ta@ for
nowe 3. () in ophimal aaon{ivx; o % iw i buéad- net iwplion PY() > Pe(i). Otherwine, a (i) in ot ophiwal. a€2) is ophiwaal iwplien PY() > Pelr). Otherwine,
& (3) » ot ophiwal. Ths, P- 2.‘1(“ > P g\e(”. Conhulid{va the feanihﬂi*’ of y, Z"U) >2- eC) . Hance, o in Fastle Stable.




G'G(MQ_ T_hQOY'j

The first half we dealt with Decision Theory, it analyzes the decision problems of an individual in isolation. Now, in the second half, we deal with
Game Theory, it can be called also Interactive Decision Theory.

Game Theory (GT) is the formal analysis of the behaviour of interacting individuals. The crucial feature of an interactive situation is that the
consequences of the actions of an individual depend (also) on the actions of other individuals: Interdependence.

This is typical of many games people play for fun, such as chess or poker. Hence, interactive situations are called “games” and interactive
individuals are called “players”. If a player’s behaviour is intentional and he is aware of the interaction, he should try and anticipate the behaviour of
other players. This is the essence of Strategic Thinking.

We try to develop an understanding of how people actually behave, and how they should be advised to behave, in strategic situations. First, it
identifies a language with which we can converse and exchange ideas about human endeavour. Second, it provides a framework that guides us in
constructing models of strategic settings - a process that engenders insights by challenging us to be clear and rigorous in our thinking. Third, it
helps us trace through the logical implications of assumptions about behaviour.

Four main topics: Representations and Basic Assumptions, Static Games, Dynamic Games, Information.

There are Aeveral diﬂnmv& Wayn op &mcv(bina gawmes wathewahcally. The reprerentabionn preneuled in thin covrne have the %ol\ow?na for wial elewoutn
n comwon: 4, A liak o playern

2. A cowplefe deacnphon o what playern can do (4heiv pomible ackons) .

3. A deacnphon o what playern Know when Hnmj act.

6. A APQdFiCﬁkov\ o how e ployern' achion lead o ovtcommen.

S. A tpecpicalon sp the plagern' pregerences over ovtcouamn.

There are fwo towmon forwn in which (noncooperativa) gowen are teyme.mkzl M‘\'kwa\icql\j: the oxteanive Porun and the norwal (S"flkks]ij#om-

We start with a very simple example, a price-competition game. Two firms (1 and 2) compete by each selecting either a High (H) or Low (L) price
for a product that they both produce.

Firm 1 selects price (either H or L) first. Observing Firm 1’s selection, Firm 2 selects price.

The monetary payoffs are the following: if both firms select H, then they share the market, each gets 1 M; if one selects H and the other selects
L, then low price firm takes all the market and gets 2 M, the high price firm gets 0; if both select L, each gets 0.5M.

This situation can be analysed as a game which can be represented with a rooted tree with utility numbers attached to terminal nodes (leaves),
player labels attached to non-terminal nodes, and action labels attached to arcs/branches.

Nodes represent places where something happens in the game (such as a decision by one of the players), and branches
indicate the various actions that players can choose.

We list the players’ payoffs in the order of the players’ identifying numbers. Player 1’s payoff is written first, followed by
Player 2’s payoff, and so on.

Now we consider another price-competition in which each firm has to select between H or L without knowing the other firm’s decision.
The players learn about each other’s choices only after both are made.

Referring to the tree in (a), we represent Firm 1’s lack of information by specifying that, during the game, it cannot distinguish between two
nodes in which it makes decisions. .0

How to represent this lack of information? Adding a dashed line. = 02)

Decision Notes: Players make decisions at these places in the game.
Terminal Notes: Represent outcomes of the game — places where the game ends.

Each terminal node also corresponds to a unique path through the tree, which is a way of getting from the initial node through the tree by
following branches in the direction of the arrows.

In an extensive form, there is a one-to-one relation between paths and terminal nodes.

It is common to use the term Information Set to specify the players’ information at decision nodes in the game.

An Information Set describes which decision nodes are connected to each other by dashed lines (meaning that a player cannot distinguish
between them). Info sets precisely describe the different decisions that players have to make.

Every decision node is contained in an information set; some information sets consist of only one node. The information sets in a game precisely
describe the different decisions that players have to make: x info sets, x decisions to make.

How many info sets for Firm 2 in (a)? 1
How many decisions to make for Firm 2 in (a)? 4

How many info sets for Firm 2 in (b)? 4
How many decisions to make for Firm 2 in (b)? 4



Extanniva Formn Exerane

Two players simultaneously throw their right arms up and down to the count of “one, two, three”. (Nothing strategic happens as they do this). On the
count of three, each player quickly forms his or her hand into the shape of either a rock (R), a piece of paper (P), or a pair of scissors (S). The players
make this choice at the same time. If the players pick the same shape, then the game ends in a tie. Otherwise, one of the players wins and the other
loses. The winner is determined by the following rule: rock beats scissors, scissors beats paper, and paper beats rock. Each player obtains a payoff
of 1 if her or she wins, -1 if he or she loses, and 0 if her or she ties. Represent this game in the extensive form. Also discuss the relevance of the order
of play (which of the player has the move at the initial node) in the extensive form.
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How to write Strategies? The easiest way of writing strategies is to put together the labels corresponding to the actions to be chosen at each

information set. For example, one strategy for player 2 is to select the high price (H) in the top information set and the low price (L") in the bottom of
information set; this strategy can be written HL'.

There are four strategies for player 2: HH’, HL’, LH’ and LL’. We use different labels for a player’s various information sets to avoid confusions.
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Complete contingent plan means more than just a “plan” for how to play the game. Player 1 in the game shown in Figure (b) needs a plan for his
second information set if he selects O at the first! Can’t we just say that player 1 has three different strategies, O, IA, and IB? In fact, no.

The definition of a strategy (a complete contingent plan) requires a specification of player 1’s choice at his second information set even in the

situation in which he plans to select O at his first information set. Stating that player 1’s plan is “O” does NOT provide enough information for us to
conduct a thorough analysis.

The study of rationality will explicitly require the evaluation of players’ optimal moves starting from arbitrary points in a game. This evaluation is
connected to the beliefs that players have about each other. Player 1’s optimal choice at his first information set depends on what he thinks player 2
would do if put on the move. Furthermore, to select the best course of action, player 2 must consider what player 1 would do at his second
information set. Thus, player 2 must form a belief about player 1’s action at the third node. A belief is a conjecture about what strategy the other

player is using; therefore, player 1’s strategy must include a prescription for his second information set, regardless of what this strategy prescribes for
his first information set.



Another reason why it is important to specify a complete contingent plan is that players may make mistakes in the course of play. For example,
suppose that you are player 1 in the game shown in the previous example. Suppose that | am instructing you on how to play this game. | might
write instructions on a piece of paper, hand the paper to you, and then leave town before the game begins. | could write “select O”, but, even
though that instruction seems to be enough information in advance, it does not give you sufficient guidance. You might make a mistake and

select | instead of O at the beginning of the game. What if player 2 then picks I? There you are, red faced and indignant, yelling at the sky, “Now
what am | supposed to do?”.

Two players have to decide how much to contribute to a charitable project. Suppose it is known that the project will be successful if and only if the
same of the players’ contributions is at least 900. The players know that they each have 600 available to contribute. The players make contributions
sequentially. In the first stage, player 1 selects her contribution x € [0, 600], and player 2 observes this choice. Then, in the second stage, player 2
selects his contribution y € [0, 600]. Hence, S1 = [0, 600], while player 2 has an infinite number of information sets, S2: [0, 600] —> [0, 600].

The extensive form is one straightforward way of representing a game. Another way of formally describing games is based on the idea of strategies. It

is called the normal form (or strategic form) representation of a game. This alternative representation is more compact than the extensive form in
some settings.

Let’s start with any game in extensive form. Each strategy profile fully describes how the game is played.
Strategy Profile —> a path of game tree —> terminal node —> payoff vector.

In short, each strategy profile implies a specific payoff vector. Define u;: § — R as player i's payoff function. For each s ¢ S u;(s)is playeri’s
payoff in the game.
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AT LT A

|

9 v
(2.1 “y) )

> (4,2

(]

To daterwine W; () Jor awy A\vakm progile s, Aiaply atort of the inibal node and trace %\moah the tree qcmmliua
B

fo the aclons Aged Fu{ by thin A\mkaul progile .
U, (0A,0) =2, U, (IAT)= 4,

Daginibon : Norwal Form Jawe
A gowme W noruaal %om.\ (a\no called S\mks'ut %orwx\ WA of ¢ @D A nek of plaqem, A,2, 00,14
@ 3%&\&9\1 Apocen Rovthe playays, S1, 51, ..., Sw.
@ \’aulogg fonctiond gor he plagam, Uy, Uy, ..., Un.

A convenient way of describing the strategy spaces of the players and their payoff functions for two-player games in which each player has a finite
number of strategies is to draw a matrix. Each row of the matrix corresponded to a strategy of player 1, and each column corresponds to a strategy

of player 2. Thus, each cell of the matrix (which designates a single row and column) corresponds to a strategy profile. Inside a given cell, we write
the payoff vector associated with the strategy profile.
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Pick a larger number game. Player 1 and 2 simultaneously announce a number between 0 and 1. The player with the larger number is the winner.
Each player obtains a payoff of 1 if he wins, -1 if he loses, and 0 if he ties. What are the strategy spaces? S; = fo.4]

Find one belief of player 1. It could, for example, be a uniform distribution on the set [0, 1]. What is the set of all possible beliefs of player 1, s., ?
The set of all probability distributions on [0, 1].

Hixed Strake

Related to a belief is the notion of a mixed strategy. A mixed strategy for a player is the act of selecting a strategy according to a probability
distribution. She might flip a coin and select A if the coin lands with the head up and B if the coin lands with the tail up. A mixed strategy of player i,
0 € ASi is a probability distribution over his strategy space, where As: is the set of probability distribution over his strategy space.
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Game Theory is about rational choice of strategies when each agent’s utility depends not only on their own choices, but also on the choices of other

agents. We assume that, if a player’s action will determine which of several outcomes will occur in a game, then this player will select the action that
leads to the outcome he most prefers. Rationality means maximising one’s subjective expected payoff.

Rationality is a weak assumption in the sense that any coherent preferences can be accommodated by the theory. Rationality does not necessarily
imply that the players seek to maximise their own monetary gains, though we often assume it in the course. In some settings, however, players are
highly motivated by other factors. It is important to accurately describe their preferences by including the non traditional elements in the description
of payoffs. The key point to remember is that game theory can accomodate any preferences that have a mathematical representation.

owwon Knowledge
O

Conventional analysis of behaviour requires that players have shared understanding of the entire game. The players know the extensive-form (or
normal-form) game that they are playing, which includes the recognition that, in the course of play, individual players will not be able to distinguish
between nodes in the same information set. Shared understanding is vague. To be precise, we use the notion of Common Knowledge.
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We assume that the game is common knowledge between the players. It is as if, before the game is played, the players gather around a table on
which the game has been depicted.

Imagine three professors, A, B, C, sitting in a circle, each wearing either a red hat or a white hat (as a Bocconi faculty meeting tradition). Each
professor can see the hats of the other two professors, but not his own.

Suppose that all the hats are red.

Then Professor D asks the question of the dat, “What’s the color of your hat today?” No Professor could answer this question.

D certainly is not satisfied with their answers and says “everyone knows that there is, at least, on red hat in the room, and we are professors, we
could do better than this!”

After announcing this well-known to everyone fact, D asks again. “A, what’s the color of your hat?” “Sorry, | do not know”. “B, do you know the
color of your hat?” “Sorry, | don’t know either.” “C, how about you?” “Yes, | know! It is red!”

Is C lying to ease D? If not, how does he figure it out? And why does a seeming uninformative message change the result?

Sure, C is not (as a Bocconi Professor). Here is C logical process.

If both B and C hat are white, then A can answer with confidence that his hat was red. But he can not tell, which reveals to B and C that at least
one of them is wearing a red hat.

C watches B also admit that he cannot tell his hat color, and then reasons as follows: “If my hat had been white, then B would have answered
that he was wearing a red hat, since we both know at least one of us is wearing a red hat. But B could not answer. Therefore, | must be wearing
a red hat”.

The story is surprising because aside from the apparently innocuous remark of David, the other professors appear to learn from nothing but their
own ignorance. Indeed, this is precisely the case. Why does a seeming uninformative message change the result? The fact that there was at
least one red hat in the room was mutual knowledge, but not common knowledge, at the first beginning. After D made the announcement, it
became common knowledge, B and C could draw inference from A answer, eventually enabling C to deduce his hat color.

[The Imve % Realinw |

Game Theory is about rational choice of strategies. Rational decision making may require complex calculations and a sophisticated understanding of
the other players’ motivations. Standard game theory assumes that the players are sophisticated and that they can handle whatever difficult
calculations are needed for payoff maximisation. But, in reality, behaviour sometimes diverges from this rationality ideal and it does so in systematic
ways. Sometimes real players do not have a shared understanding of the game they are playing. Sometimes a cognitive bias warps how they develop
beliefs about each other. Sometimes real players are unable to perform all of the complicated calculations that would be required to determine an
optimal strategy. Sometimes players do not fully understand each other’s rationality or lack thereof.

We do not expect the outcome of our theoretical models to be perfect indicators of the real world. The relevant question is how closely the theory
approximates reality. Where the approximation is poor, there might be an opportunity for the theory, in a normative sense, to play an instructive role in
helping people to better understand the strategic settings they face (and to select better strategies). On a descriptive sense, there may be a need to
enrich the theory to incorporate real bounds on rationality.

IOva\rvie,w op Solvhon Conceptn

Game Theory is the analysis of rational behaviour in games. This endeavour separates roughly into two components:

- Solution concepts which precisely defining concepts of rational behaviour and leads to theories of how games are or should be played.

- Applying the concepts to study specific examples and applications.
Topic 7 focuses on a definition of rationality that operates on the normal form of a game. A player is thought to be rational if:

- through some cognitive process, he forms a belief about the strategies of the others, and

- given this belief, he selects a strategy to maximise his expected payoff
The Rationalizability solution concept combines this definition of rationality with the assumption that the game and the players’ rationality are
common knowledge/belief.
The Nash Equilibrium solution concept adds the assumption that a social institution helps to coordinate the players so that heir beliefs and
actual behavior are consistent.
Topic 8 presents refinements of the rationality concept that are sensitive to individual information sets in the extensive-form representation of the
game: backward induction, subgame-perfect equilibrium, and a variant for games with a negotiation component.
Topic 9 expands the analysis to look at games with exogenous random events (moves of nature), where the solution concepts are called
Bayesian Rationalizability, Bayesian Nash Equilibrium and Perfect Bayesian Equilibrium.

[Dowinance and Bert Respomse]

Topic 7-1 covers the two most basic concepts in the theory of strategic interaction: dominance and best response.
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[The Frnt Stralegic Tension|
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Before enriching the theory, let’s use the concept of dominance to identify rational play in a simple application.

ol 272 | @3
For both players, strategy C is dominated by strategy D. We would therefore predict that neither player would select C.
However, both players would be better off if they each selected C.

D| 3,0 1,1

. Prisoners’ Dilemma
Group Interests vs. Individual Interests

Players are jointly better off if they each select C rather than D. However, each has the individual incentive to defect by choosing D. Strong
individual incentives can lead up to group loss.

Remark 1: What if players can retribuite each other? Then it should be explicitly modelled in the game. Changing the payoffs or adding the
retribution stage.

Remark 2: What if players have the opportunity to form legally binding contracts? Then it should be included in the game. Theorists do in fact
pursue this angle; see Chapter 13 in Watson’s Book.

Remark 3: What if players play this game multiple times? Then it should be included in the game. Theorists do in fact pursue this angle; we will
pick it up in Topic 8.

Pareto E‘Z.‘da.nc
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Prisoners’ Dilemma

Beat Raaponne

Dominance is a good descriptive and prescriptive concept. But it is just the beginning of our development of a theory of behaviour. Indeed, in most
games, players have more than one undominated strategy. We move on to explore the process by which players actually select their strategies, at
least among those that are not dominated.

Rational players think about the actions that the other players might take; that is, people form beliefs about one another’s behaviour. To maximise the

payoff that you expect to obtain — which we assume is the mark of rational behaviour — you should select the strategy that yields the greatest
expected payoff gains your belief. Such a strategy is called Best Response (or Best Reply).

Deginil-i on: Beat Ro AponSe.
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Rewarkn: Playing a best response to one’s belief about the moves of others is not in itself a strategic act. One can think of it as merely a computational

exercise associated with rationality. Forming one’s belief is the more important component of strategy. 2
1 A B

Suppose you are to play the following game as P1 and discuss your strategy with your friend, the panda guy.
On the basis of your knowledge of P2, you think that P2 will certainly choose strategy A in the game.
Therefore you plan to select A as well. Upset with your statement, the panda guy criticises you for “giving in”. B| 0.0 31
You should demand the best outcome for yourself by playing B, he asserts.
Should you follow the advice of your friend? In fact, you should not. Your actual choice in the game as no direct effect on the other player’s thought
process or action. Players select their strategies simultaneously and independently. You cannot directly influence how the other player will act in a
game such as this one. The best you can do is to form a well-reasoned opinion about what strategy he will take and then play a best
response to this belief. The rules of the game do not allow you to signal your intentions to the other player by your choice of strategy. So, perform
whatever mental gymnastics are necessary for you to settle on a belief about P2’s behaviour and then play a best response.

A 153} 0,0

The most substantive component of behaviour is the formation of beliefs. Indeed, herein lies the real science of game theory. Success in games often
hinges on whether you understand your opponent better than he understands you. In fact, beliefs are subject to scientific study as well. The study of
beliefs of players’ is at the center of the study of strategic behaviour.

Dowcinance and Beat Renponne

There is a precise relation between dominance and best response, the latter of which underpins the theories of behaviour to come. To state
relationship, we first define two concepts. For a given game, let UD; be the set of strategies for player i that are not strictly dominated. Let B be the
set of strategies for player i that are best responses, over all of the possible beliefs of player i. Mathematically, 8;={s|36.; e 4s.; s+ s; € BR: (B.)Y

If a strategy s is a best response to some possible belief of player i, then s; is contained in B;

Exoumple
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Proponibion: tn & pivite Hwo- player gawe, Ba=U04 and B =UD, .

A gowe i givike ip each player hos o pinite number of option, the nuwber of playern in finite.

For two-player matrix games, where 8: =UD;, you can most easily compute this set by using the following procedure.
- Look for strategies that are best responses to the simplest beliefs — those beliefs that put all probability on just one of the other player’s
strategies. These best responses are obviously in the set B8; so they are also in UD:.
- Look for strategies that are dominated by other pure strategies; these dominated strategies are not in Ub:  and thus they are also not in ®;.
- Test each remaining strategy to see if it is dominated by a mixed strategy. This final step is the most difficult, but if you are lucky, then you
will rarely have to perform it.
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Rakonalizabili

Topic 7-2 (Chapter 7 in Watson) discusses the implications of combining two fundamental assumptions:
- Players best respond to beliefs (rationality)
- Rationality is common knowledge/belief between the players.
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BLOO ST L2 |ty veduedd aowe, Your Ahmkm R in sy dowinakd by B. That in, Knowing Hak yow opponent will nat play X, your only rakional abvategy
X @ i fo play B.
1 nY AZA You can Abixe Almka., A grom comsiderabion. ou will play B. lufe w\h'na\\, 2novgh, We can taxe. Hhin |naic one Alep purtier in Hein gome.
Z Z Z ; : : ; Your opponent tnown phat you know that ke will not pla.\j X. Thun, veooavﬂziv«a that You are vahional, he deducer thot v i I not play A

! 3 Y @z Pu“ima pm’oa\k\likj 4 on the event that You will P\“j B, hin on\j berk venponne s fo ploy 2.

Thot in, in the redvced game Where you play only B, Ahakaj Y in dowinated

Simple logic led to a unique prediction in the example. With rational players and common beliefs/knowledge of rationality, the only outcome that can
arise is the strategy profile (B, Z), yielding the payoff vector (1, 2). As in the prisoners’ dilemma, our prediction here is a decidedly inefficient outcome.
Both players could fare better if the strategy profile (A, X) were played, but neither player finds it in his or her interest to do so.

1. Delete all of the dominated strategies for each player.

2. Then define R 1 to be the strategy profiles that remain.

3. The next step is to remove any strategies that are dominated in this reduced game and define R"2 as the strategy profiles that remain.
4. Continue this process to identify smaller and smaller sets of strategy profiles, RA3, R4, ..., until no more strategies can be deleted.

5. Let R denote the resulting set of strategy profile — those that survive this iterated dominance procedure. R*} R

The procedure just illustrated is called iterative removal of (strictly) dominated strategies (or iterated dominance, for short). We can apply the
procedure to any normal-form game as follows. First, delete all of the dominated strategies for each player, because a rational player would never
use one of these. Them define R"1 to be the strategy profile that remain. Common beliefs/knowledge of rationality therefore implies that it is
common knowledge that a strategy profile in R* 1 will be played. In other words, essentially the players are interacting in a “reduced” game in which
RA1 is the set of strategy profiles. The next step is to remove any strategies that are dominated in this reduced game and define R"2 as the strategy
profiles that remain. As before, it is then common knowledge that a strategy profile in RA2 will be played. Continue this process to identify smaller
and smaller sets of strategy profiles, RA3, R*4, ..., until no more strategies can be deleted. Let R denote the resulting set of strategy profiles — those
that survive this iterated dominance procedure.

A very simple and precise theory of behaviour is represented here.
- Each player should play a best response to her belief. In this way, the belief rationalises playing the strategy.
- Furthermore, each player should assign positive probability only to strategies of the other players that can be similarly rationalised.
- Combining rationality (best-response behaviour, never playing dominated strategies) with common knowledge implies, and only implies, that
players will play strategies that survive iterated dominance. We call these the rationalizable strategies.

In two-player games, dominance and best response imply the same restriction. lterated dominance is identical with the procedure in which strategies
that are never best responses are removed at each round. The logic of rationalizability depends on common belief/knowledge of rationality and the
game.

I_ﬂr\e Second Sh-aka\c Tannion

Observe that rationalizability does not always lead to a unique strategy profile. In fact, it often has little bite in games. Rationalizability merely
requires that the players’ beliefs and behaviour be consistent with common belief of rationality. It does not require that their beliefs are correct. We
have thus identified another tension in games, which is called strategic uncertainty. One manifestation of strategic uncertainty is the coordination
problem, which players often face in games such as the battle of sexes.

|Locmkon and qu+nqvA'/(1P|

Topic 7-2 presents rationalizability and iterated dominance. While now, with topic 7-3 we cover applications of rationalizability: two (Location and
70 Percent) in the lecture, one (Partnership) for self-study.

ocahon o\ww.

We consider a very simple model of location choice by competitors. Suppose two people — call them Chris and Pat (C and P) —work for the same
large soft drink company. Their job is to sell cans of the company’s soda at a popular beach. They will be working at the same beach and, by
company policy, must charge the same price. The company has committed to give each salesperson a commission of 25 cents per can sold. Each
salesperson must work from a booth that is stationary on the beach. The only decision that each person has to make is where on the beach to set
his booth at the beginning of the day. Chris and Pat select the locations for their booths independently and simultaneously.

The beach is divided into nine regions of equal size, |4 I L34 I 5 I ¢ I ;‘ 3 | 9 |

Booths may be located in any one of these regions (and it is possible for the salespeople to locate in the same region). On a given day, 40 people in
each region will each wish to purchase a soda. Thus, if a salesperson serves all of the customers in a single region, he will earn $10. Customers walk
to the nearest booth to make their purchases. If the customers of a given region are indifferent between the two, half go to one and half go to the
other. C and P seek to maximise their income.

We first represent the game in normal form. y_jcey; s; = A2, 9%, 12 6P W (Se,59)= 7 = U (15)=3340=30, Up=(2,5)= 6 *fo=60. Ke(,9) = 45=Up(4,9)



We begin our analysis by evaluating strategy 1 and 2 against all of the opponent’s strategies. A2 [3[4]5[6]3]3]9

1) Sp=4, U () =45, U (24) = BO. Ue (4,3p) < U (2,57) v all sp € S
1) S=2, K2)= 10, We (2,0 = (5. SHAka“l 2 Ak CH'j dowi nakes Al'le'talq 4 ?ov both Plaujem.
3) S$p=3, UcD)=15, U (2,3)=10 S}ro.ka\j 8 AHLH\J dowinaler /\l'mkgj 9 for bokh plagern.

In fact, strategies 1 and 9 are the only dominated strategies in the game. Why? 2 is a best response to the opponent selecting 1; 3 is a best response

to the opponent selecting 2... Ri4='(l.3,h,'5,t,.4,tl1 RE{nL 56,y R{4S56Y, Kl.llzl{gbl Ri%={sY . R={(59)}.
IApyl'\ca\l'\'nws ot The Locakion Hon\I

Rationalizability implies that the players, in their quest for a large share of the market, both locate in the same region at the center of the beach. The
model solidifies some intuition that can be applied more generally.
- Location of Gas Station.
- Product variety: taste for sweet cereal.

- Politics: politicians, just like salesmen with consumers, seek to capture the majority of voters.

(See Chapler 8 o Wanon BooL} )

A quhuﬁhir JAMQ

Shared by

~ Firw's Propit 'PT'::‘Z"%"\

x9eLoL] ; Pra(xeyrexy) with CeO4) . XUt W=z (x+y+cxg)-x" and Upz2(xbyrcxy)-y
@ Soppre yoo bekieve y=4, Wy (x,)= (X444 0X)- X" and %%: 242C-2X=0 =D = d4c
@ Supoe you ave P4 and hove o belin with axpectabion . Thew expeckd payopp in 2(x+F+cxq)-x*, FOL 1 2+2T-2X=0 =p x%= dbcq
Then BRo(1)= 4+ ¢T and BR(X)=4+CX with ce[o,), x4 €[0,k] and R = [0,4]  shen Ri'= [1+C(0),4+¢W] and R = [4+ce), arc(arad)],

Fom which we can nee that R€= 105, T Wwhore a®*' = 4+ c-a® and 0°20 while L&'z 4+¢-b% with b4 . Hence a“fTa and bl b and we

how that o= 4+C-a => a= _A_
T+c

I 8- 4cC .. 3-2¢ .. o _ 2 A
K={4-c & and P= ot and ;= “a-ar - Effnuzh\' Ovtcome : U;H Uit U, g:“{\- A=1C > F-c

Ratte op The Sexen

A group of three students will be in a breakout room. First two in the BBoard are P1 and P2 respectively. 3rd is moderator. P1 and P2 play BoS by
submitting strategies to moderator via private chat.

Moderator announces the outcome.

1 A B
Al 1,3 0,0 All groups play the BoS game once. No public messages other than announcing game outcome. Then...
- Group 1,4,7 play the game (step 3,4) five more times.
B | 00 | 31 - Group 2,5,8 play the game (step 3,4) twice more: chat between P1 and P2 allowed.

- Group 3,6,9 play the game (step 3,4) twice more: moderator can make suggestions.

Topic 7-2 (Chapter 7 in Watson) discusses the implications of combining two fundamental assumptions:

- Players best response to beliefs (rationality);

- Rationality is common knowledge/belief between the players.
The concept is quite weak in that no additional assumptions about behaviour are made. We do not assume that each player’s beliefs are consistent
with the strategies actually used by the other players.

There are many settings in which rationalizability is the appropriate behavioural concept (buying a house, locating a friend on your fist trip to
Disneyland, interview at a new company, military conflicts).

In other settings, strategic uncertainty is resolved through a variety of social institutions (repeated social play with norms, pre-play communication
between the players, an outsider mediator suggests strategies).

The point of Topic 8 (Chapter 9, 10 in Watson) is to begin to explore rational behaviour when actions and beliefs are coordinated by social
institutions. The underlying idea is that through some special force (such as those just discussed) behaviour in a game is coordinated, or
congruous. Congruity can refer to consistent and regular behaviour in a game that is played over and over in society or by the same parties who
interact repeatedly. Congruity can also refer to behaviour in a one-shot game in which communication or social history has aligned the beliefs of

each player with the strategies of the others. We shall examine the common element — the combination of best-response behaviour and
reduced strategic uncertainty.

Nanh Equilibrivwe

The simplest notion of congruity is that the players are best responding in a setting of strategic certainty. In other words, the players coordinate on a
single strategy profile. In such a case, the players’ belief and behaviour is consistent, with each player’s belief about another player’s strategy
concentrated on the actual strategy that the other player uses. Because of these accurate beliefs, the players are best responding to each others’
strategies. To say it differently, the players’ strategies are “mutual best responses”.

Depinikon: Naah Ea\u"l(Lvau

A A‘Tak.au’ prapile se S in a (pure Alvqkaﬂ Naawh Et‘u'\lihriuw\ ie and onlj g Si€ BR: (s.) for each player i. That in, W;(si, 55) 2 W (s, s3) gor every
$i'e S owd each player i.




|Nomln Equi librivw: lnkrpve_hh‘ovtl

The Nash Equilibrium has found many uses in economics, partly because it can be usefully interpreted in a number of ways.
- Stable point of adjustment (Social convention, evolution, biology).
- Self-enforcing agreement (In the self interest of each player to follow the agreement if others do. No unilateral deviation).
- Persuasive advice (Any advice that was not an equilibrium would have the unsettling property that there would always be some player for
whom the advice was bad.
2 2

INML\ Equi“bv(uwx: Exmplml 1 H D 1 A B

2 5 5 H| 0,0 @ A @ 0,0
1 H T 1 b D 1 Opera  Movie
p| (@3 | 22 B[ oo | ()

H sl =il 1] € 252 3 Opera 0,0
Hawk-Dove/Chicken Coordination
T (Rl il =1l D | 3|0 @ Movie| 0,0 @
Matching Pennies Prisoners’ Dilemma Battle of the Sexes 2 3
1 A B D 1 D
Al €D | 00 Pl ap | @)
Depinition: Stack Nanh Equibbrow 5| 00 @ ol 611 6s
A A‘Tﬂkal) pvof\'\l S€ S i o Act Na'\k Equ\\i‘ov'\um iF anA O“lj i? si = BR; (S_:) Far each qu\)er T,
Pareto Coordination Pigs
That o, W; (i, s.) > W (s, 8.0 for avary S;'e Si:. And cach v\u,ev i
Player 1’ Alradegy Si in the only buak renpomse to .. 2
1 X Y Z 2
INE n Mahix fawen I 1 k 1 m
1| 56 | 3.1 0,4
An alaavﬂ‘nuk for Frnc\iv«a NE i wabrx gowes. K ) . w| 86 6,8 0,0
@ Find the beat reapovnes of player 4 to cach op the Al'mkaial\ o} player 2. v | 68 3.6 0.0
7,5 4,4 . ' = ’ ’
@ Fnd Hhe bent reaponnes O Flmjev 2 }o tach op the Al-mkaiM of player 4. @
M z 0,0 0,0
® NE = Nobval Boat Ranponnes . 3,4 3.3
(a)

||\|amk Equ’.libv{um Appl'.cn\'\om|
[Cournot Dopoly Hodel]

Firms 1 and 2 produce exactly the same good, say marble brick. Simultaneously and independently, the firms select the number of bricks to produce,
g1, g2 >= 0. All of the brick is sold, but the price that consumers are willing to pay depends on the total output g1 + g2. The price is given by the
simple function p = 1000 - g1 - g2. Production cost is 100 euros per brick. Firms wish to maximise their profits.

Step 4. Raprenent +he Cournot Ddopo\j i a forwal porw gome.
N=442y , Si=[0,+0) i= 4. u,(4,,9,)= (000-9,-4;)a,- 4009, . u,(a,,92) = (4000-9,-4.) 9, - 4009,

Step 2. Calewlate the beat-reapnne punchows.
Becaue wa will be loou_'wxa for o Nonh Equilibiuma A\-mka\, progile, we an think op each Jirw's bent renponne 0y o funckion op the other fivwe's quankhy
(rather thon a Lv.lin.f about Hen quaml'ih). Uy i o downword parakola, 69 a Fuv\c\-\"ovx of 4, 2—‘:: = 4000 - 24, -9, -100 = 0 =b BR,(9,) =450~ 9, /2.
The ag\mg i M’wxwuhr'\c, o BR, (1) =450-4, (2,

Step 3.  TFind wwhal beat renpowsen. Loow for 4, and q,* avth thot BRy (12*) = 4,* and BR.(39*)=9,* =b 4,*= %% = 300.

Howevar, (300,200) in net eppiciant. (225,225) Waxiwtiz®r the Auws 58 progitn and Parebo dowinaten NE.

Can yov f.‘vd other Ahaka'nm thot Pareto dowsinaren NE?

Bartrand Doopoly Model

From quantity competition to price competition. Suppose that the two firms simultaneously and independently set prices, p1, p2. They are forced to
produce exactly the number of bricks demanded by customers at these prices. Total demand is given by Q = 1000 - p. Consumers purchase brick
from the firm that charges the lower price. Demand is split evenly if prices are equal. Production cost is 100 euros per brick. Firms with to maximise
their profits.

Step 4. Represent the Bevirand Duopo\-j n a norwal forws gawe.
s ok =A{((:Uooi‘!- Pfa l>’4h- 400 (4000 -P1) i B¢ Pz s behawn equivaleatly ...
3 (1000-2,)% - 100 (4000-pY] it Pa= P
Sep 1. Find o NE: (B, P) +hat P in BR b Py. Firak, ip 3P <100, vagakive progit (for at leort one iri) . Therefore, B3 190 for i= 4,2
Suppme ¥, > 100 for iz 41, Both fivuan deviake. Suppe P> P = 400 for some i . Firwk 3 can raine progit from 0 by Prte.

Suppore P =P5 = 100. Neither firme can gain b\j clmna'\vxa PRce.

Now, Auppome. Fim&h have Aiggo.lw\' production woatn. Prove. that fhere in no pure A}raka\, NE.



| Median Vetor -n\aorevul

Two political candidates (P1 & P2) decide where to locate on the political spectrum [0, 1]. Voter’s ideologies are distributed across the political
spectrum with a pdf f on [0, 1]. Candidates simultaneously and independently select their policy locations. Each voter is assumed to vote for the
candidate who is located closest to the citizen’s ideal point.

A candidate wins by obtaining more votes than the other candidate does. A candidate gets a payoff of 1 if she wins, 0 if loses, 1/2 if ties.

Let us analyze the game by looking for a Nash Equilibrium. First, we claim s1 = s2 = x in equilibrium.

- Suppose s1 !=s2.

- If P1 wins then P2 can change to s1.

- If P2 wins then P1 deviates.

- If tie, both move to the middle.
Now, where is s? Location game in Topic 7 suggests the “center”. x = 0.5? No. x* is the median ideology, j ) () dt =05,
(x*, x*) is the UNIQUE NE. v

- Any unilateral deviation from (x*, x*) would get fewer votes and lose.

- For any other (x,x), moving towards x* is profitable.

Hﬂcle JAMO_
Each of you can pick one number from {1, 2, ..., 20}. The mode x will be calculated. If there are 2+ modes, the highest is chosen.

If x < 20, then everyone who selected x + 1 get (x + 1)/10 bonus points in the final, and others get zero.
If x = 20, then everyone who selected 1 get 1/10 bonus points in the final and others get zero.

HIXOA S’fmkaj f\la\'\h Eo\ui\ibr;um

DeFiV\iHov\: Hixed Sha\km Nanh Ea‘u'.kbrium

Comnider a A}r&ka\j ng:le o= (7, ‘rz,---.o'u), where, 0; € AS; for each plaujc.r'._ P-of'-lv. T in o M'nxn.d-hhakgwi Noak Equ‘.lﬁbi\um i and. ov«\j i W (7, ) > W (s, o)
Por ach S'e S: and each plager 1.

Toa lMisz-Aqukau] Naah Equikbnuw if and °“l'j i o7 o ket reaponse bo T for owry plq\,er i
For & wixed Almkawj to be. a beat reaponse, it wunt put ponitive pmlmbililr’ uulj on pure Almkaim that are keat reaponnes .

The game players standing for a large population of agents. Each of the agents chooses a pure strategy, and the payoff depends on the fraction of
agents choosing each strategy. The mixed strategy hence represents the distribution of pure strategies chosen by each population.

Exialence of NE

Propanihion: Exinknce op Nanh Eo(u'\\i\u{um
E\‘"‘j piuike gowe (havaha a ke wvwber o plagers and o pinite nh‘qka\j Apace) han ot leadt ane Nank Equili bauus in pure or wixed Ahmkaien.

IPPOCP.O\WQ_ fw Finc{inn H?xd- S\'ra\tav\ NEl

Procedure for finding mixed-strategy equilibria:
- Calculate the set of rationalizable strategies by performing the iterated-dominance procedure.

- Restricting attention to rationalizable strategies, write equations for each player to characterise mixing probabilities that make the other player
indifferent between the relevant pure strategies.

- Solve these equations to determine equilibrium mixing probabilities.

U

L R C
A [[5]0]3,[6] z:\A B I
B |4,[4]| 5,1 . ] i
c|ol5]|[6],3 L i
D |2/[5]| 54 1+ -

(a) A normal form game 0 Pr(R) 1

(b) Graph of u; vs. AA,



| Hore. on Exiemive Foeun

Rationalizability and Nash equilibrium are based on the normal form. Topic 9 focuses on extensive form. Features of extensive form suggest refined
version of Rationalizability and Nash equilibrium: Information, How to look ahead and evaluate other’s responses.

An extensive form game is define by a tree that has been properly constructed and labelled, a directed graph.
Trees consist of nodes that are connected by branches. Each branch is an arrow pointing from one node to another.
Start from a given node and trace through the tree by following arrows.

- Nodes that can be reached in this manner are called successors of the node at which you start.

- Branches from a given node point to its immediate successors.

- A node’s predecessors and immediate predecessor are defined similarly by tracing backward through the tree.

[ ]

A tree starts with the initial node and ends at terminal nodes (from which no arrows

extend). We would like the initial node clearly to designate the “beginning” of the d
tree, and so we impose the following rule on trees: A ® imin :
J; erminal nodes
i <.
Tree Role 4 Evuj node. iv a avecemor df He nikal node, and #he inhal node. in the onlj one with thin i L
Initial node

ngul-«j.

A path through the tree is a sequence of nodes that:

- Starts with the initial node

- Ends with a terminal node

- Has the property that successive nodes in the sequence are immediate successors of each other.
No two paths should cross.

Tree Rule L @ Each mode except Hhe inikial node hoy de—Lj one iwmed: ake preole cemor. The inikal node has no predecenrorn.

Remember that branches represent actions that the players can take at decision nodes in the game. We label each branch in a tree with the name of
the action that it represents.

Tree Rule 3: Nolkiple brandnen axk.hJiv\a feows the Aawe node have Ji”mnl’ adion labeln .

[Rulf- L ond K\Jle 5 ]

Information sets represent places where players have to make decisions. An information set is a set of nodes between which a player cannot
distinguish when making a decision. The concept of an information set adds the following two rules for trees.

1
Tree Rule 4 : Each ingorwabion aet conkainy deciaion noden for only one o the playern. <<
(

Tree Rule 5 @ All noden in o given ingorwakion net wunk have the name nuwber of immediale Avaemorn and

they wwat have the name Ack o ackion labeln on the brancher \Lm\iha to thene Auccemonn.

Figure: players do not know who is to make a decision

1
I
1

X
. \ - )
Perpect Recall 1 U < <<
lejem rewue wbey their own past ackom on well an B | = .3<
<

any other evenkn Huak H\o;j have. obaerved .

(b)

Figure: Imperfect recall . AP . .
& P Figure: able to distinguish between nodes in one info set

IPu.r?ed- vo. \mpev%qd— l"fol

a Exil 1—a,0
Pzr?ed— \v\‘zaruua\{ovxz E\Mj 1n\zovwa\§ov\ Ak of the exiennive forwt in o A‘\v\a\e node . <}<
(No dashed line in the 'hea . Stay a—a h—al2

(a) in

luspargect Inpormation @ Otherwine.

1—a,0

What are bhe Ah‘a\eau] Apacen of player 2 in the fol\ow'ma game> ?

a—a2, 1/4—a/2




Saquanﬁal Rﬂkonalf)l\) and Subgame ?zrfzckon

Exouple

There are two firms in this market game: a potential entrant (player 1) and an incumbent (player 2). The entrant decides whether or not to enter the
incumbent’s industry.

- If the entrant stays out, then the incumbent gets a large profit and the entrant gets zero.
- If the potential entrant does enter the industry, then the incumbent must choose whether or not to engage in a price war.

If the firm triggers a price war, then both firms suffer. If the incumbent accommodates the entrant, then they both obtain modest profits.

2

0,4 1

Out A P

Accommodate 5 2 2 I 2 -1,-1

In 2
) O 0,4 0,4
Price war -1,-1

There are two NE (I, A) and (O, P). Take a closer look at (O, P).
- The entrant prefers not to enter if she expects the incumbent to initiate a price war.
- The incumbent’s thought process here consists of an ex ante evaluation; that is, the incumbent is willing to plan on playing the price-war
strategy when he believes that his decision node will not be reached.

Is player 2’s threat to initiate a price war incredibile in reality? If not, how should P1 respond? To summary, an equilibrium specifies an action that is
irrational conditional on a particular information set being reached.

I Su\venHal Rm‘\'ona\iﬂl

More should be assumed about players than that they select best responses ex ante (from the point of view of the beginning of the game).
Players ought to demonstrate rationality whenever they are called on to make decisions. This is called sequential rationality.

Deginikion: Sequenkial Rakonq\'IFJ

An ophi weal Ah-akaq for a plmjar Ahould waxiwize Win or her expeckd pasepp , cond: Honal on ewy informakion net at which thin plmyzv hay the wove .

Taat in, plager i's A}rmks\’ Ahauld Apecigy an ophwal ackon Jrom 2och o playar i ngormation nekn, aven thote that player i doos not belizve (examte) will ke
teached n the aawe.

If sequential rationality is common belief between the players (at every information set), then each player will “look ahead” to consider what players
will do in the future in response to her move at a particular information set.

To operationalise the notion of sequential rationality, one has to deal with some intricacies regarding limitations on the beliefs players have about each
other at different information sets.

Backward induction, subgame perfect Nash equilibrium, forward induction.

|Bau~wahd lndvchion |

Identify an optimal action for each information set by working backward in the game tree. Consider a game of perfect information (there are no
dashed lines in the extensive-form diagram).

- One can start by looking at the decision nodes that are immediate predecessors of only terminal nodes. There is no need to think about the
behavior of other players.

- We assume that he will select the payoff-maximising action. Let us call the other actions “dominated”.

- The procedure then moves to evaluate decision nodes whose immediate successors are either terminal nodes or the nodes we already
evaluated. From each node in this second class, the payoff consequences of each action are clear because the player on the move can
anticipate how other players will behave later.

- The process continues all the way back to the initial node.

Daginion: Backward |nduckon
Thin iy the procem o qna|~11iha a gawe frows the end to the Iaeaim\ima. A} 2ach dednion node, one ahiken from conniderakon any ackon that are dowinafed,
aivqn the ferminal noden that can be reached ‘Hnro»al. the plq\, of the achom iJethiad at Avaemor node

The backward induction procedure identifies a unique strategy profile for every game of perfect information
that has no “payoff ties” (where a player would get the same payoff at multiple terminal nodes).

- 5 The procedure is also well defined and meaningful for perfect-information games with payoff ties, but in this
case it can lead to more than one strategy profile. Further, it can be applied even to some games with
nontrivial information sets but it is dodgy in general.

E
1
’ < < v Reault
D 6,2

Every finite game with pergack ingormakion has a pure-hradeay NE. Backward induckion idenbifior an equilibivuu.

o

Figure: Backward induction

Sticking with games of perfect information, regardless of payoffs, the backward induction procedure is well- defined.



| Subaawug Perfzch'onl

Another direction to represent sequential rationality:
- Start with the concept of Nash Equilibrium and then think of refinements based on the consideration of sequential rationality. For any given
game, we can calculate all of the Nash Equilibria and then remove the ones that violate sequential rationality.
What is “violate sequential rationality”? NE + Subgame.

Definil'\'oﬂ: Su'oaaug
Jiven an extennive- porun aam, a node X W the tee in Aaid tv wikale a Aubaqm it neither x bor any of itn Avaemovn are in an ingorwabion fet that containn hodes

that are not nvzemarn of x. A Aubaam in the e bucture degined by auch o node x ond in Auccemorn.

We can analyze a subgame as a game in its own right.
How to find a subgame?
- Take any node x in an extensive form. Examine the collection of nodes given by x and its successors.
- If there is a node y that is not a successor of x but is connected to x or one of its successors by a
dashed line, then x does not initiate a subgame. o

How many subgames in the right figure? Two: the entire game and the subgame starting at node y.

Once players are inside a subgame, it is common knowledge between them that they are inside it.
Subgames are self-contained extensive forms - meaningful trees on their own.

Subgames that start from nodes other than the initial node are called proper subgames.

Observe that in a game of perfect information, every node initiates a subgame.

Figure: Subgames

Depinition : Subaawm earfqd' Naah Equikbrumn (SPE)
A A"rwha\’ progile in called o Avbg sl perpect Nonh equi libaum ip # apeagion & Nash equilibruws in every Avbgame op the orginal gawe .

A solution concept should be consistent with its own application from anywhere in the game where it can be applied. Because Nash equilibrium can
be applied to all well-defined extensive-form games, subgame perfect Nash equilibrium requires the Nash condition to hold on all subgames.

2 3,4
A 1
U <‘<;: ;T How many subgames? 2.
. B : How many NE? (UA, X), (DA, Y), (DB, Y).
— — y NE? (UA, X), (DA, Y), (DB, V)

D 2,6 2,0 How many SNE? The only SNE is (UA, X), why?
2 2 The proper subgame has one NE (A, X).
B X ¥ N_X Y (DA, Y) and (DB, Y) are not subgame perfect, because they do not specify Nash equilibria in the proper
UA| 3,4 | 1,4 Al 3,4 1,4 subgame.
UB| 2,1 2,0 By 2.0 | 2,0

IV 6 || 2,6

The subgame perfection concept requires equilibrium at every subgame, meaning that if any particular

= AL subgame is reached, then we can expect the players to follow through with the prescription of the strategy.

Figure: Subgame perferction This is an important consideration, whether or not a given equilibrium actually reaches the subgame in

question. Nash equilibrium (DA, Y) entails a kind of threat that the players jointly make to give player 1 the
incentive to select D at his first information set. But the threat is not legitimate.

In the proper subgame, (A, Y) is about as stable as potassium in water (not very stable :)). Player 1 has the strict incentive to deviate from this
prescription.

SPE is a refinement of NE: An SPE is a NE. Such a profile must specify a Nash equilibrium in every subgame, one of which is the entire game.
For games of perfect information, backward induction yields subgame perfect equilibria.

How to calculate SNE:

- Direct approach (harder): Examining the matrices corresponding to all of the subgames and locating Nash equilibria.
- Backward-induction procedure: consider smallest subgames, then “prune” the tree.

S“D\Cle“mva Duopol-l

(8-Qu) Qu
e el
Entrant
E: (8-Q-Qp) Qg
Incumbent I (8-Q-Qp) Q| ~® ©
Entrant \
0 0 E: (8-Q-Qg) Qg - €,
Incumbent ) I (8-Q1-Qg) Qp
_+ Entrant
Figure: Stackelberg Duopoly 0 0
What s SPE ? 4 Eoch 9z iniKalen ﬂnuhaam for % Figure: Stackelberg Duopoly with Entry

(bacwad Indochon) 5 A (8-0;0) Oc = G- BR(e >26-01-0Ce gy Q. §-G .
2

2 Qg
3 o (8-0e-0)Q = Wz‘a? (s-(439)- ) ar = Gr*-



Def'm'\kan'. Conbnuakion Pm)p#
for a given node X w o gowe, o player'n contivwation payope in the payops that Hhin plager will ¢vav&VqlL1 ac.\- conh'v\aa.vﬂ' onthe path of pay Paming throvgh node X

Baraa'mma
Two pirates, A and B, find a pile of gold in treasure island. A and B have to decide how to split the treasure.
Their friend and consultant, C, proposes the following method. A proposes a way to split, (1 - m, m). B

decides to accept A’s offer or not. If B accepts, then A and B will get 1 - m and m portion of the treasure
respectively. If B declines, C will throw the gold to the sea so that neither of them gets anything.

1—m,m

i (Player i’s payoff
is listed first.)

0,0

Bargaining game

How many subgames does this game have? Infinite. Every decision node for player j initiates a subgame.

Claim 1: Player j has only two sequentially rational strategies: (s,*) accept all offers; (§;) accept all offers of m > 0 and reject m = 0.
- Consider the subgame following offer m > 0O: reject leads 0, accept leads m > 0 —> Accept.
- Consider the subgame following offer m = 0: reject leads 0, accept leads m = 0 —> Indifferent.

Any SPE must include (s or ($5) on the part of player j.

Claim2: m=0and (s;*) isa SPE.

Claim 3: (§,) cannot be part of an equilibrium. Player i has no well-defined best response to 3; .

There is an unique SPE of the ultimatum game: player i selects m = 0, and player j selects s;* . The payoff is (1,0). The equilibrium is efficient. The
player who is in the position of making a take-it-or-leave-it offer has great bargaining power.

Two-Fernd , A\&rnaFma—Q’gu aawuel

Multiple offers and counteroffers by the parties over time: house sell, market. Offer and counteroffers take time. In home sales, one party may wait a
week or more for an offer to be considered and a counteroffer returned. Most people discount the future relative to the present. To incorporate
discounting into game-theoretic models, we use the notion of discount factor.
A discount factor §; for player iis a number used to deflate a payoff received next period so that it can be compared with a payoff received now.
Suppose a period is 1 week.
Question 1: Do you prefer receiving x euros today or next week? Most people would prefer today.

- People are generally impatient.

- Opportunity to spend money earlier rather than later.

- Earn interest.
Question 2: What is the amount of y euros receiving today that is indifferent with x euros receiving next period?

T ﬂ = §8ix

- s €(04)

- Larger §; correspond to greater patience.

- Payday lenders usually charge interest of 15 - 20 for every 100 borrowed, APR 400%

C proposes a new two-period, alternating-offer bargaining game to A and B. In the first period, player 1 makes an offer m1. After observing the offer,

player 2 decides whether to accept or reject it. If accepted, the games ends with P1 receiving 1 - m1 and P2 obtaining m1. If rejected, then in the

second period the roles reversed. Player 2 makes a counteroffer m2, which player 1 either accepts or rejects. If P1 accepts P2’s offer, then P1 gets
glwu.and player 2 gets 8, (1-w)- If player 1 rejects player 2’s offer, then both players obtain 0.

Observe that the two-period, alternating-offer game consists basically of repetition of the ultimatum-game structure. In the first period, the players
interact as in the ultimatum game, with player 1 playing the role of i and player 2 the role of |. If the offer is rejected, then time passes into the second
period, where players interact in an actual ultimatum game with the roles reversed. The game ends after two periods. If an agreement is reached in
the second period, then the payoffs are discounted relative to the first period.

If player 2 rejects m1, then he effectively induces play of the ultimatum game in the following period. Then subgame perfect implies that P1 accepts
all counteroffers and P2 chooses m2 = 0. From the perspective of period 1, these continuation values of players are 5,x0 and 8,84,

If P2 rejects m1, he will obtain the full surplus in the next period, which is worth §, in the first period. Therefore, P2 must accept any w*>§,
reject any w*¢ 3, and be indifferent when wm*=§, . Only one thing has yet to be determined regarding behavior following P1’s initial offer:
whether P2 accepts or rejects the offer w*<s, m's $,

. As with the ultimatum game, the only NE has P2 accepting ; furthermore, P1 makes this offer. Thus, there is a unique SPE of the two-
period game. wt= 6,

- P1 offers wm'> 8,

- P2 a¢seqts if and only if

- If , P2 always offer m2 = 0.

- P1 accepts any m2. 1- 8, Se
The equilibrium yields a payoff of to player 1 and to player 2.

Patience is positively related to bargaining power.
- If P2 is impatient, then her equilibrium payoff is close to 0.
- The relation between patience and bargaining power is supported more generally, for example, a T-period game.

The equilibrium entails agreement made in the first period.
- The equilibrium of the general T-period game also features agreement without delay.
- Although the bargaining games studied thus far provide a theory of bargaining power, they do not yield a theory of bargaining delay or
inefficiency.
- However, delay and inefficiency are regular occurrences in real bargaining settings.
- People do not always have complete information about each other in the real world?



Ilhg;nik_ Prod, Mﬁm”\k'ﬂa-Oﬁnr Jowee |

Let’s enrich our model further. C proposes a newer version of the game that runs for a potentially infinite number of periods. There is no final period in
which bargaining takes place. It looks like more complex than a T-period game, however searching for a SPE is not harder. A special property
(stationarity): the subgames starting from any period t are exactly the same as the subgames starting from period t + 2.

SPE specifies an equilibrium on every subgame. Let us look for an equilibrium of the infinite-period game that is stationary in the sense that a player
makes the same offer whenever he is on the move.

Also suppose that these offers are accepted. Suppose P1 offers m2 in odd periods and P2 offers m1 in even periods. The continuation payoff vector
from any odd period is (1 - m2, m2). From the perspective of the current period, not discounted to the beginning of the game. The continuation payoff
vector from any even period is (m1, 1 - m1).

Player i’s equilibrium offer puts player j in the position of being indifferent between accepting the offer and rejecting it in favour of going on to the next
period. Accepting gives mj in the current period; rejecting leads to 1 - mi in the next period, that is sJ(1-wx;) discounted to current period.

Wi = §3 (1-wy)
Thatis w,=§, (1-w) and wy=$,(1-w,) -

I TYCL 1 M N,;M
4- 8,82 4- 3,8

One can prove that the outcome sketched is the unique subgame perfect equilibrium outcome in the infinite-period game. The equilibrium features
agreement in the first period and yields payoff vector:
( 1- S, S 8 (1-39)
1- 8,92 4- 848,
i's payoff increases as &i increases and %; decreases.

Suppose $,= $, . Then payoff vector converges to (0.5, 0.5)as % — 1.

|Am+kqv Pirake éavu.ll

There are five pirates (in strict order of seniority A, B, C, D and E) who found 100 gold coins. They must decide how to distribute them. The pirate
world’s rules say that the most senior pirate first proposes a plan. The pirates, including the proposer, then vote on whether to accept. If the majority
accepts the plan, the coins are dispersed and the game ends. In case of a tie vote, the proposer has the casting vote. If the majority rejects the plan,
the proposer is thrown overboard from the pirate ship and dies, and the next most senior pirate makes a new proposal to being the system again. The
process repeats until a plan is accepted or if there is one pirate left.

Pirate have lexicographer preferences:
- Each pirate wants to survive.
- Given survival, each pirate wants to maximise the number of gold coins he receives.
- Each pirate would prefer to throw another overboard, if all other results would otherwise be equal.

They are rational and have common belief in rationality. The pirates do not trust each other, and will neither make nor honour any promises between
pirates.

| w couplele \nfovwmkon |

[Model Privake [ngormation |

How to model private information?
- Incorporate random events in a game that are out of players’ control.

- Move of Nature
- Nature is a player in the game, whom we may call player 0
- But nature is a non strategic player.
- Nature’s actions are defined by a fixed probability distribution and not by incentives.

- Texas hold ‘em example.
- Players’ hold cards are selected by nature at the start of the game.
- Each player immediately observes her hold cards;
- Each player does not know other players’ cards.

| | nowplele |v\govmah‘ovx

Incomplete information refers to games having moves of nature that generate asymmetric information between the players. Theorists use the term
type to indicate the different moves of nature that a single player privately observes. Often, a player’s private information has to do with his or her
own personal attributes and tastes, to which the term type is particularly well suited. For example, we can speak of the different types of home buyer
distinguished by different valuations of the house.

The é"ﬁ 8‘“"‘"‘ P1 has private information on nature’s move.

- P1’s type determines P2’s value of accepting a gift.

- Private info often concerns a player’s own payoffs, it sometimes has to do with the payoffs of others.
Rational play requires P1 who knows his own type to think about what he would have done had he been another
type.

- Suppose P1 is a friend and would like to send a gift.

- P2 does not P1’s type.

- P1’s optimal decision depends on how will P2 react.

- P2’s optimal decision depends not only on friend P1 but also on enemy P1.

- Put oneself to the other player’s shoes.

Figure: The gift game
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Bayesian normal form: Normal-form version of a game with nature. Same procedure as in previous topics... With a bit more work to compute payoffs

by averaging over the random events in the game. )

! A R
Forexample, (7% A): - U,(6%5,A)= P4 +(1-P).1=4 ¢a| L1 | Lo

Uy (GAGE A) = pa+ (1-P)- -4 = 2p-4 G| pp 5,0
|A Saww. with lnc,omp\d-z lV\Fo\'WLnHDV\

NG*|l-pp—1| p—1,0

|Bajo.f\iav\ Naah Equ]lilalr'\UlM ond RaHomli?abiliF’l N .
2

1 C D Figure: The gift game in Bayesian normal form

Al x9 | 3.6 A .
- {12 with probability 2/3

N 0 with probability 1/3  This is not the true normal form of the game because player 1 observes x before making his decision.

Figure: Another game with incomplete information

There are two methods of evaluating Bayesian games.
- Compute rationalizability and Nash Equilibrium on the Bayesian normal form.
- Nash equilibrium and rationalizability concepts can be applied directly to any game with
random events.
- Bayesian Nash equilibrium and Bayesian rationalizability.

The second method entails treating the types of each player as separate players.

- For example, if player 1 is one of two types, A and B, then it may be helpful to think of 1A and g
1B as distinct players. A8 [0

- Treating types separately often simplifies the analysis of infinite games, where calculus may be x| 4.3
required. oo IR

Next we present two examples, one for each method.

Figure: Extensive-form and normal-form representations

Firnt Hethod : E«tjuﬁc}m NE ond Rakonql%%ab]lii‘yl |Sewn4 MeHmil

CAMAY and BMAY e dowivaked Consider a simple Cournot Duopoly game with incomplete information.
- Suppose that demand is given by p = 10 - Q, where Q is the total quantity produced in the
* Cis dowinaled. industry.
© AR i dowinaled - F!rm 1 selects a quantity q1l, wh?ch it producgs at zero cost.
- Firm 2’s cost of production is private information (selected by nature).
* The Bayesian rakionalizable st in thun {(8%*8°, D). - With probability 1/2, firm 2 produces at zero cost, L type.

- With probability 1/2, firm 2 produces at a marginal cost of 4, H type.
- Firm 2 knows its type, whereas firm 1 knows only the probability that L and H occur.

Let 94 and g} denote the quantities selected by the two types of firm 2. The payoff functions

are the following:
U (10-9,-4,) gt

W o (10-9,- 4 N) N - 4qH
U= d(40-9,-9.1)q, + 4 (10-9,- 4 4) g,
Find the best-response functions for the three players.
BR (45 94) = 5- 2 (0544
"BRE(4)-5-7 4

TBRY (L) = 3- 44,

——] 14_"4, g-z_l—=3, q.,_“= 1.

Lewmon

Jacob is in the market for a used car. He meets a shifty looking man named Francesco at Mercatino delle Occasion who has an attractive 15-years-
old car for sale. He imagines himself at the wheel, cruising in Milan, taking in the flirtatious glances of many woman'’s through his sunglasses. Then he
imagines the engine exploding, followed by an embarrassing scene in which he watches from the curb as a firefighter dowsed his vehicle with water.
Jacob says to Francesco, “The car looks good, but how do | know it isn’t a lemon?” Francesco rejoins, “Bro, you have my word, this care is a peach;
it’s in great shape!” Jacob insists, “nonsense! Since | will not likely see you again, your word means nothing to me. | know game theory. You have no
way of establishing a reputation with some one you will never meet again.” Francesco nods and says, “Okay, lets talk turkey. KBB tells the market
price. In the end, you will have to decide whether you are willing to pay the Blue Book price for the car, as | must decide whether to offer the car at
this price.”

Suppose there is some fixed market price, p, for fifteen-years-old sedans of the type that Francesco is selling. Assume that Jacob and Francesco
play the game as follows:

F F
.' TI‘ N)’ -] Tl Nl,
T| 3000 — p,p 0, 2000 T| 1000 —p,p 0,0
ilibria?
N| 02000 0, 2000 N 0.0 0.0 What are the equlllllbrlla. o . . . .
Two kinds of equilibria are possible in this game. In the first kind, only the lemon is
Peach Lemon

traded. The second kind of equilibrium features trade of both the lemon and the

each.
(@) (I—=q) P
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Let us check whether there are values of p for which only the lemon is traded in equilibrium:
- Jacob selects T and Francesco plays the strategy nP+* (no trade if peach; trade if lemon).
- In order for Francesco’s strategy to be optimal, it must be that 0 <= p <= 2000.
- Conditional on knowing that Francesco only offers the lemon for sale, Jacob is willing to trade: 4.q 4 (4-9). (1000-7) 3 @ 4> P < 4000

P»)o“\ TFMJQJ

Let us check conditions for which only the lemon is traded in equilibrium:

- Jacob selects T and Francesco plays the strategy +%+* (no trade if peach; trade if lemon).

- p must be high enough so that Francesco is willing to sell the peach, p >= 2000.

- Jacob’s expected value of owning the car must be at least as great as the price: 4.3900 + (4-9).4900 3 P 4=b 4000 + 20009 3 P,

- There is an equilibrium in which both types of car are traded as long as: a0 4 20009 3 7 3 3000 .
- q>= 1/2 is a necessary condition.

- Unless the probability is sufficiently high (there are not too many lemons in the world), there is no equilibrium in which the peach is

traded.
- The price p € [2000, 1000 + 2000q]

- If g < 1/2, then only lemons are traded in equilibrium.
- This outcome is inefficient because trading the peach creates value.
- Thus, the model demonstrates that asymmetric information sometimes causes markets to malfunction.

In the lemons example, the seller has private information. Other markets have different information structures. In many instances, prospective buyers
have private information. Seller would like to find the buyer with the highest willingness to pay and strike a deal with this buyer at a price close to the
buyer’s valuation. (Un)fortunately, for the seller, she may not know the prospective buyers’ valuations. One way for the seller to encourage
competition between prospective buyers and to identify the highest valuation is to hold an auction.
- Nowadays, objects worth astronomical sums of money change hands every day in auctions, not only household objects, art and antiquities, but
also securities, minerals and energy.
- Public procurements can also be conducted as auctions.

| A Siurle Avckion Envionwent

The seller has a painting worth nothing to her. Two potential buyers, 1 and 2. Buyer i’s valuation v~ Ulo,9%) and is independent with vy,
If buyer i gets the painting and pays x, his utility is ~ V;-x ; If buyer i doesn’t get the painting and pays x, his utility is -x.

Each buyer i privately knows his own ¥  but not v;.

U[0, 900] is a common prior among buyers and the seller.

ISewml- Prce Scaled - Bid 'Audioul

Each buyer / bidder simultaneously and independently submit bid b; . The painting is awarded to the highest bidder. In case of tie, randomly award
with equal probability. The winner pays a price equal to the second-highest bid.

- For example, b, = 909, b, = 200.

- Buyer 1 wins, and pays 200.

- Buyer 1’s payoff is V4 -2 ; Buyer 2’s payoff is 0.

Suppose you are buyer i with value 500. You do not know how to bid. You ask your dear friends for advices.
- Your friend A proposes bidding 500 because being honest is a merit.
- Your friend B proposes bidding 400 so that you pay less when you win.

Let consider four cases:

4) by > 500, U: (500, b5) =0 = Wi (409, by). 3) 400g by < 500, Wi (500, by) = Boo- by > Wi (400, by).
l‘) L:I.= 500. Wi (SOO,bjj =0z W (ﬁm,h.ﬂ A) bT <400, Wi (5001 b!") = 500 - LJ’ - W (AOG, b:r)

Your friend T who have taken game theory classes tells you it means 500 weakly dominates 400 in the language of GT.
Your friend B has a new proposal of bidding 600 so that it is more likely to win. Shall you follow his new advice? Let’'s compare 600 and 500 by
considering four cases:

4) by % 600. W(500,bs) =0 = Wi (600, by) 3) by=600. Wi(s00, by) = 0= U; (600, by)
2) 600 < by <600, Wi(500,b) = 0> by~ 500= Wi (600, by} 4) br< 500. Ui (500,bp) = 500-by = Wi (600, by) .

Your friend T says you can generalise this observation to any bid higher than 500.
500 weakly dominates any x > 500. Let compare 500 and x by considering four cases:

4 by x. Wi (500, by) =0 = U (x,by) 3) by = 500. Wi (500, b7) = 0= Wi(x bp)

L) 500 <by<X. U;(509,b5)=0 >by-500= W(X,by) k) by < 500. W; (509, by) = 500 -bg = Wi (x, by).
Similarly, you can show 500 weakly dominates any x < 500, friend T argues.
E"'j" i'n A}mkaj : b;: [0,900] — R. b;(v): buyer i's bid when hin valwe i ¥;.  Claiw: E;JJ:na tne valuakon, bi (%)= Vi, in a m.aij douginant Alralegq for each plaser.
A wealy dows nant nhakaﬂ s one. that wearly dowialen all othor Mmkaiu, toitin a bert rtapome o every 4hqk.a7 of Hae othar plager.

Si W&Kllj dowi naken 8;' if'. )\ (5,95) 2 Wi (s, 82) fm all s.; 1) u; (s:,S-'.) > WS, 55) for owe S_;,



IFrrr\l-- Prie Sealed - Bid Auoh‘onl

Each buyer/bidder simultaneously and independently submit bid b; . The painting is awarded to the highest bidder. In case of tie, randomly award
with equal probability. The winner pays a price equal to the first-highest bid.

- For example, by = 900, ba=100
- Buyer 1 wins, and pays 900.
- Buyer 1’s payoff is vy -900 ; Buyer 2’s payoff is 0.

You turn to your friend T for help again. He says the following:
- Do NOT bid more than your valuation. You would then get a negative payoff if you win.
- Bid your valuation gives you zero payoff.
- You should consider bid less than your valuation, b,(%)< v. . You would then get a positive payoff if you win.
It turns out the other buyer also went to T for help. He recommends both of you bidding half of your valuation, b;(viy=V:/2 . Shall you follow his advice?

Suppone your valve in V; oand fou ave chonniua on ophwal bid x. lf You Win, Your payopp will be V; -%. \fou win i X3 by = Vs/2 | then P(V3/2¢x)= P(\rs2x) = 2%/ 900.
Your expacked payerp of l:iJA'max in: (Vi-x)x/450 =p x*= Vif2,
Indeed, by(Va)= Yaj2 ond by (V)= Ve/2 comnkbvie o BNE.

Recall that the winner of the second-price auction pays the second-highest bid, which (as you can check) happens to be one-half of the winner’s
valuation on average. Thus, the first-price and second-price auctions yield the same expected revenue for the seller, 300. This about “revenue
equivalence” between different auction forms actually holds in many auction environments.

| sz?r.d- Bm’uRah Equ'\lil:rivw

- Rationalizability, NE, and SPE in games with complete information.

- Bayesian Rationalizability, Bayesian NE with incomplete information.

- Bayesian SPE? Not really...

- The next example shows we need something goes beyond subgame perfection.

A Vanawnt o Hhe éif} Jaw_l

A 11
i 1 B 2
0.0——"—e——> Yo - P2 enjoys opening gifts from both types of P1.
Friend | () | R _1.0 - The game has sequential decisions.
! - Subgame perfection? No proper subgame.
i - Every BNE is subgame perfect, in particular (NFN€, R} is.
Enemy | (1 — p) ! A 1,0 - However, R is dominated by A.
0.0 i - We need a solution concept that isolate every information set for examination (where as SPE
N1 G i isolates every subgame).

-1, -1

Figure: A Variant of The Gift Game
Soppore p= 1k and you ane player 2.

ITkn. dist fawe : Bz\iegn\l - Suppore You Know ™M iy Y"’“J"“a NFGE.

A a'\*\- in prenu\R-J to \’w. In it from a fc\eml or o_no.w\j? EMMJ

Suppore p=1h and you are Player 2.
- Suppore You know P iy le\’ina G¢TyE .

- A a'\gl' in p"enu\\u{ bo \’w. In fmuu. 'y P\eml or uw.wuﬂ Friend .

A
2
1
1
Friend | (p) ! N -1,0
1
|
1
i
1
<
I
1
R

Enemy | (1 —p) 1,=1
S = 4”). nd vou are pl .
0,0 N S Ppore P and Yo a player
-10 ™ Suppore You know P4 i Yl”\‘j"“a (4=0.5,9,-0.5) whare 9, ond % are Hhe probabsilikior & N¥ and N®.
Figure: The gift game A a'\w’ in pre nenied o \10\1. What in your beliaf about the aq!i-7,

I Saquo.nh' al Rabonali \-v\ I

Soppore p= b and you are player 2.
™ Suppore you know P4 o playing (9,20, 4,2 0.5) whare 9, and 4y ove the probobilikior & NT and NF.
" A gigt o preneed b you. hat in your beliep abot the gipt 7
Sugpore P=4f1 and you are player 2.
~ Suppone yov know P in playing NGE.
A gt in prenenied o you. B in prous Enewry . Will you accepk or regect 7 R.
Sugpere. P=4f1 and You ove. player 2.
- Suppone you kow P in plaging G .
“ A gpr s prenanied Yo yoo. I in prows Enewny . Will you accept or regect? A,



Suppore p= 1 and Yo are plager 2.

- Suppore you know M i Pl‘\‘j"“a (=05, 9,20.5) where 9, on} 9, are the probabiliKon e NF and N°.
- A g o prenented o W A=

- Will Yov accept ov tegect ? \hcl-'??qve'\('.
Suppore p=th and you are plager 2.

- SUFM \10\1 know P iy Flmjl‘“a (ql: 0,49,:- 0'5) where 9, and 9, ore the Pmba\hi\iﬁm o NT and NE.
- A agt i preneaied o Y- 4= /3

- will You accept or regect? A.

Dqg: whon: Amemmwaent

An amemwient i paiv o (¢, 1), where o i A\rak” propile and M o o loa\ie? /\\’I\k}u; i2., for each infovmeOV\ et I, u(C1T) in o probabiliby meanvre over
nodgs n I.

Deginibion: Perpect Bayanian Equbbrvw (PBE)

An amemwent (@, 1) in o weak Parpect Bayosion Equilibruw (wPBE) i at ach inormalion per I Hhe following are naknpiad :
1) Sequenkal RARonaliH. Jiven bekiap ayalown 1, & in nequenbial rakional.
D Bayerian Ug&ah'na_ Jiven Almkaul profile , i comminteut with bayosian rule wha rever pomible .

Fivklin PRE
0

1. Start with a strategy for P1.
2. Calculate posterior (updated beliefs) by using Bayes’ rule.

- In the event that Bayes’ rule cannot be used, arbitrarily select a posterior and you will generally have to check different potential posteriors with
the next steps.

3. Given the posterior, calculate P2’s optimal action.
4. Check whether P1’s strategy is a best response to P2’s strategy.
- If so, you have found a PBE.

Two special classes of (pure-strategy) equilibria.
- Separating equilibrium: the types of a player behave differently.
- Pooling equilibrium: the types behave the same.

|PBE: The fiph Jowe]

There are 4 patenhial pure- fraleay equilibruma:
4) S'lpmml'iha equilbrivwe: (NTGE) with a cowninkewt belieg 9.
n Sq.yamh'na EQ\,'.l{Laﬁku (6FNE) with o contintent Lo_\'.ef q
k) foul;v\a equilibrum: (6%6%) with o commintent beliag q.
) Podling equibbruw: (NTNE) with o cownabent beliep q.

[Pe: e fipt ame- (%) | PRE: The gt Jowe - (G5NF)
) M choones (NFGF) ) M choonen (6°n°)
) By Bayert nle, 4=0. 2) By Bayen' nle, g:4.
3) Jiven 4-0, PL's opkmeal Alrakgy is R. 3) Jiven q=4, PL' opFmeal alrakgy in 4.
1) Jiven R, PUn opkimaal abvaleyy in (NFNS) 1) Jiven A, PA'n ophiwaal alralegy in (6%6%)
No PBE NO PBE
[PBE: The figt fowee - (6%6%)] [ 7BE: The §igt Zawe - (WFNE)]
N P4 choonen (676) A P chooner (NFNE)
1) By Bayen' wle, q=P. 2) Bayen' rule hos no bite, q¢ [o,4].
3 dven q=p, PL's ophwal alralegy in: 3) In arder bo nopport (%, NE), L' /«‘mkz\] Ahoold be R .

"l op<An PLR; fiven R, (NFNE) ) In ordev do aupport R, P2'n beliep q < 4)2.

“lop=4n, PLA; SEW“ A, (676®) A PBE in ((NFNE), R, 9¢ ) for amy p.
“lpoe=A, Pl indipparent bekween Rand A. Ouly A avpportn & PBE.
A PBE i ((F6®), A, 4=7) whew p3 42



