Econometrics — Massimiliano Marcellino

What is Econometrics?
Econometrics deals with the quantitative study of economic relations. It is a tool to interpret
reality in the light of economic theory, using statistical techniques.
The starting point is always a question that requires a quantitative answer.
- Example 1, which fraction of aggregate disposable income is consumed, and which spared?
- Example 2, what is the effect of a reduction in the rate of pollution on health spending?
Once we have identified a problem we want to tackle, we must assess whether and at what level of
accuracy economic theory provides guidance for its solution.

Elements of an Econometric Study
Example 1, which fraction of aggregate disposable income is consumed, and which spared?
- Keynesian theory links the aggregate consumption level to that of aggregate disposable
income: C = Cy+¢c X Y,
- Having established an economic theory of reference, the next step is to develop an
econometric model.
- Taking the Keynesian theory as valid, an econometric model is expressible as:
E(C)=Cy+c x Y,

C —E(C)~N(0,0)
Combining,
C~N(Cy+c X Yy,08)
The econometric model
C~N(Cy+c X Yy,08)

- Allows a more accurate description of the economic reality (by providing a value for the
parameters C, and c);

- Allows us to test hypotheses about the validity or otherwise of the underlying economic
theory: there is no consensus about the fact that Keynesian theory is correct; for instance,
the alternative life cycle theory suggests that consumption depends not only on income but
also on wealth.

Example 2, what is the effect of a reduction in the rate of pollution on health spending?

- In this case, there is no specific economic theory to which we can refer to.

- The role of econometrics is, yet, all the more important, because it allows to derive
empirical regularities from the analysis of the economic reality, which can then provide
an opportunity to develop an appropriate economic theory.

- Although economic theory does not help us, we can assume that the expected value of
health spending (SS) is still linearly related to the pollution level (LI).

E(SS)=a+b x LI

SS — E(SS) ~ N(0,0%)
Combining,
SS~N(a+b X LI,c%)

In order to apply statistical theory to the econometric model, it is necessary to collect a sample of
data that provides relevant information about the parameters of the model.



Example 1, In order to determine which fraction of disposable income is consumed and
which spared (i.e., estimate the parameters C, and c), we need data on aggregate
consumption, on disposable income and, possibly, on wealth.

Example 2, In order to assess the effect of a reduction in the rate of pollution on health
spending (i.e., estimate the parameters a and b), we need measurements of the rate of
pollution and data on health care expenditure's.

Once we have estimated the model parameters, it is necessary to interpret them correctly.

The parameter C indicates that if the disposable income is 0, then the expected
consumption will be equal to C,.

If instead there is a marginal change in disposable income, then there will be a
corresponding variation in the expected value of consumption given by ¢ X AY;.

It is good to clarify 3 concepts:

Data

We do not know the model parameters, rather we estimate them using statistical procedures,
so there is a more or less broad uncertainty around their values. For example, if the
estimated value for the marginal propensity to consume, c, is 0.8, with a confidence interval
at 90% for c of [0.4, 1.2], then we need to keep in mind that the effects of a change in
disposable income on consumption are very uncertain.

When the explanatory variable changes substantially, the model parameters could change
too. The parameters could also change for other reasons, such as institutional changes,
extreme events, or technological change.

The casual interpretation of the results of an econometric model is sustainable only when the
model is based on economic theory. If, instead, the econometric model is not based on a
valid and shared economic theory, the fact that a variable x has an estimated coefficient
significantly different from O to explain a variable y does not imply that x cause y: the link
between x and y might be spurious and due for example to a third variable z which is not
included in the model.

In order to apply statistical techniques to the econometric model, it is necessary to have a sample of

data.

Datasets composed of a single data point for many units are referred to as cross-sections.
Datasets composed of many temporal observations for the same variable are known as time
series.

Datasets with both longitudinal and temporal dimension are defined as panels.

In addition, variable can be continuous (as consumption, income, the rate of pollution or health
spending), or discrete (as in the case of binary variables, e.g. the choice of whether undertake
graduate studies or not).

In economics the data are usually not the result of experiments (as in physics or biology) but
choices and outcomes of real actions of economic actors.

For example, we cannot ask ourselves what Mr. Smith’s consumption would be if he had any level
of income, we can only observe what his consumption is, given his actual level of income.

The problem might be partly compensated by having data on many individuals (cross-
section).

Or to observe the features and choices of the same individual or unit over an extended
period of time (time-series).

Or we could observe the consumption and income of several individuals for several months
(panel).



Bottom line, when we use cross-section, time-series or panel data we implicitly assume
homogeneity of the econometric model across units and/or over time.

For example, it is assumed that several individuals have the same marginal propensity to consume,
or that this remains unchanged over time for the same individual, or across both dimensions in the
case of panel data. This assumption is required to have a sufficiently large sample of observations to
ensure that statistical procedures (e.g., parameter estimation or hypothesis testing) give reliable
results.

The Linear Regression Model

Definitions and Notation

We want to explain the behaviour of an economic variable Y according to that of another variable
X, for a set of periods or units i =1, ..., T. We assume that this relationship is linear,

Yl=31+ ﬁZXl l=1,,T

Note that we are also assuming that the relationship does not change at different times or for
different units: the parameters f; and 8, do not depend on the index i.

From a statistical point of view, we think of ¥; as a random variable, whose T realizations y;, i =
1,...,T, we can observe.

The explanatory variable X can be deterministic or stochastic. In practice, in economic applications,
the X variable is almost always stochastic. From the statistical point of view, it is easier to analyze
the regression model by assuming that X is deterministic (many of the results obtained in the
deterministic case are also valid in the stochastic case, under a proper set of additional
assumptions).

Due to the randomness of Y, the linear relationship will not hold exactly: each Y; will be only
explained up to an error term E;

Yi= B+ B X+ E; i=1,..,T

Since E; = Y; — f; — B.x;, E; is also a random variable. Alternatively, we may think of E; itself
as a random variable, that contributes to explaining the variable Y. In this case, the randomness of
the Y variable results from that of the error E;.

If the linear relationship is correct, we can require that, for every i, E(E;) = 0.
When the variable X is deterministic (X = x), it follows that:

E(Y))=p1+ Bx; and y; =E(V;) + ¢

Where we remind that lower case letters indicate realizations of the variables.

Therefore, the X variable helps explain the expected value of the Y variable, while the difference

between the realization y; and its expected value corresponds to the realization of the error term, e;.
Notation:

= Y,y -> dependent variable;

= X,x -> independent variable / regressor /

explanatory variable; :; ﬁ( o B()= B+ B
= E - error; AN (»_7 o — 4
e = residual / realization of the error; > e
= E(Y;) > systematic component /

expected value of Y;

" Br+Bax; e o

-> regression function.



Interpretation of the Regression Function

dE(y X
B2 = (yl)/ax

Ely)
and,onlyif x = 0,E(y) = B, . 4
E(y)= B, + f.x
® The intercept B; measures the expected value of
the dependent variable when the explanatory B,
variable is 0. 5
= The slope 3, indicates how the expected value :

v

of Y changes when there is a marginal variation x
of the regressor.

Joint representation of x, y and density
Density function of Y for given values of X. function of Y.
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The Assumptions of the Linear Regression Model

- Linearity and Stability of Parameters: E(Y; | X;) = By + B2x;

- Deterministic Regressors: E(E; | X;) = E(E;)

- Homoscedasticity: V(E;)) = V(Y; — B; — B.X;) = V(Y;) = o2

- No Correlation: cov(E;, E;) = cov(Y;,Y;) =0, i #

- There exist i and j such that x; # x;

- Normality: E; ~ N(0,0?) or, equivalently, ¥; ~ N(B; + Bax;, 0%)

Assumptions (1) to (5) are referred to as weak OLS hypotheses.
Assumptions (1) to (6) are referred to as strong OLS hypotheses.

The Role of the Error Term
One reason for including the error term in the linear model is the randomness of the dependent
variable, which allows explaining its expected value but not its actual realizations. Other (not
mutually exclusive) reasons are:
- Measurement errors in variables
For example, if aggregate private consumption depends on the unobservable permanent
income (X) rather than on the observable current income (X*), and if the relationship
between the two notions of income is X;' = X; + V;, where V; is the measurement error,
then, even if the relationship between Y and X is deterministic, we have:

Yi = B+ BoXi — BVi= B+ B X[ + E;



- Heterogeneity

Suppose that we want to analyze the consumption behaviour (Y) of two families with

different marginal propensities to consume.

Yi = a+ Bix Y, = a+ Byx,

By mistake, we assume that the propensities to consume are the same and equal to 5. Then,

the models become:

yi=a+fx;+(Br—Plxi=a+Pfx;+te yy=a+PBx,+Br—Blxy=a+pfx; +e,

And the errors e; and e, are cause by the heterogeneity of the coefficients.

- Omitted Variables

In the example about aggregate consumption (Y), if income (X) is not the only significant

explanatory variable for Y but, for example, wealth (Z) also amtters, then the error term
reflects the consequences of the omission of Z from the model of Y.

- Specification Error

If the relationship between consumption and income is not linear but governed by a generic
function, such as Y = g(X), then the error in the linear model captures the approximation
error we make when using a linear relationship to model the dependence of Y on X instead

of the proper nonlinear function.

Regardless of the source of the error term, the relevant question is whether the weak or strong OLS

assumptions are met. We suppose that this is the case, for now.

OLS Estimators of the Regression Function Parameters
The £, and B, parameters of the linear regression function are not
known and must be estimated.

For this, we use the assumption of stable parameters over time
or across different sample units, so that we can use the available T
observations on Y and X to gather information on ; and f3,.

Our aim is to choose ; and 3, in order to “draw” a line that
passes as close as possible to all the observations points in the
graph.

OLS Estimators of the Regression Function Parameters — Derivation

We want to minimize the sum of squared residuals:

(YL - Bl - ﬁZXL)Z
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- We first obtain the first-order conditions by differentiating the objective function w.r.t.

and f3,.

T T T T
05/, = D 20— By = BX)(-X) = =2 ) X Y+ 26, ) X +2f; ) X7
t=1 t=1 t=1 t=1

T T T
aS/a[gl = Z 2(Yy = By = B2X)(=1) = 2TB, — 2 Z Y, + 26, th
t=1 = =



- By equating the F.O.C.s to 0 we have:
r r
Tp, +[§22X¢ = ZYL
t=1 t=1
T T T
B Xe+f ) Xt =) XY,
t=1 t=1 t=1

- If we multiply the first equation by »:7_,; X, and the second equation by T, and we subtract
the second from the first we obtain:
T T
Y, Z X, =T z XY,
t=1

1 t=1

T T

[?ZZXLZX: _BszT:XLZ =
t=1

T
t=1 t=1 = t=

- Therefore, the estimators B and B, are equal to:

4, = T¥i=1 XY — Tica Xe Xi=1 Yo
2 = 2
TYI X2 — (Zi=1 Xe)

B =ZZ‘=1Yt_BA Z{=1Xt
1 T 2T

OLS Estimators of the Regression Function Parameters: Discussion

B, and B, depend on the random variable Y and therefore are themselves random variables.
P
- If we replace the random variable Y by its realizations, the estimators become estimates

(observed values):
T Xt=1 XYt — Li=1X¢ D=1Vt
2
T Xi=1Xf — (ZLT=1xt)

A ZT=y "ZT=1X — A _
B = t,; t—ﬂz tT tz)’_ﬁzx

[’32:

Where X indicates the sample mean.

Note that if X, = x, i.e. there is not enough variability in the X variable, B, is not properly defined

(hypothesis 5). Furthermore, as 8 is based on cross moments of X and Y, a casual interpretation
of the parameters is not granted.

Use of Different Loss Functions
What would happen if we didn’t use the quadratic loss function Z]T-zl eZ?
- If we used the simple sum of errors terms ZJT-=1 ej, we could get a compensation of
positive and negative errors, which we want to avoid.
- If we used the absolute values ZJT-=1|ej |, the compensation would not occur, but the

derivation of the estimators would be excessively complicated since the function is not
differentiable in 0.



- More meaningfully, we could use a loss function such as ZJT-=1 ef which gives more weight
to large mistakes, or a composite function such as a Y.}_; e/ whene < 0 and b ¥.7_, e/
when e > 0 which gives different importance to positive and negative errors.

However, as these cases substantially complicate the derivation of the parameter estimators,
we will stick to the assumption of a quadratic loss function.

The Linear Model in Vector Notation
The vector notation is a useful tool for the analysis of more complex models.
- We can write the linear model in expanded form:

g 48 N 1 X €
Y1 =p1+ 2%+ e
1
Y2 =B+ Boxz + e, .yz =1. ,81+ -.xz ﬂ2+ .ez
“ee => . L4 : .
yr = B1+ Boxr +er
! Yr 1 Xr er
y= W +e W=w:X)

Tx1 Tx22x1 Tx1

The Linear Model in Vector Notation - OLS Assumptions
The OLS Assumptions can also be rewritten in vector notation:

- Linearity and Stability of Parameters: E(Y|W) = WS
- Deterministic Regressors: E(e|lW) = e

o o . 1 -
- Homoscedasticity and No Correlation of the Error Term: v = sio - wayo - wpy1 = Eee) = 021, = az{i o

- No Multicollinearity: Rank(W'W) = 2
- Normality of the Error Term: e ~ N(0,02]), where V(e) = E(ee’)

The Linear Model in Vector Notation — Derivation of the Estimators
The Loss Function to minimize is now:

T e,

S = Zef =e'e = [91 e',vJ [

t=1 er
=0-WB'-WB)=y'y—y'WB—-B'W'y+BWWS
=y'y=2'W'y+pWWB

The First-Order Conditions are then: 95/, =9/,5('y = 28'W'y + B'W'WS) = —2W'y + 2W'Wp = 0

And the OLS Estimators in vector notation are: f=W'W)"'W'y

2 !
Finally, note that the Second-Order Conditions of the optimization problem are: v apap' =W'W

Since W'W is positive definite, the OLS estimators are indeed the minimizers of the loss function.

Properties of OLS Estimators
- Unbiasedness — E (ﬁ ) =p
» Intuitively, unbiasedness means that, if we could obtain several samples of Y and X,
and for each sample we estimated the parameters of the linear model by OLS, then
the average of the OLS estimators across all samples would coincide with the
true of the parameters.

0 -



= The OLS estimation method ensures that, if the experiment were repeated many
times, on average, the estimators would give the correct answer about the parameter
values.

» Under the weak OLS assumptions, and in particular assumption (I) (E(e) = 0), we

indeed have that: B‘ — (WrW)—lwr(Wﬁ + e) — ,8 + (W’W)_1W’e
= E(B) =E[B+ (W'W) W'e]
=B+ WW)'W'E(e) =p

- Variance-V(B) = (a?W'W) 1

* In matrix notation, the s _ [ var(B)  cov(By,Bn)
. var(B) = i t
variance can be expressed cov(fy,B2)  var(hz)
as: =E(B-B)(B—B) =WW)'WE(e)WW W)™ =a?(WW)WWWW)™*
T =02] =1
T Z Xy
=  Where: c?W'W) =02 xinv| , ot
x x? .
t=1 l ; L var(p,) = o? —Zlexf ]
! T Xt=1(x — X)?
» Therefore, we can compute the elements of the var(f,) = [L]
Y1 (x — %)?

variance-covariance matrix as: B
A A —X
i) =[]

—~ —~ T (x. — )2
» The greater the variance of 8, and B85, the greater o=t = %)

the uncertainty about the estimated values.

* Hence, we would like the variance of the OLS estimators to be low, which happens
when:
e YT_ (X, —x)?is large, meaning that there is a lot of variation in the
independent variable and so a lot of information.
e o2 is small, meaning that the variability of the error term is small.
e The sample size T increases.

- Consistency
. Tlirrcln var(p;) = Tlimoo var(f,) = 0, meaning, as it is also E(B;) = p;

and E (ﬁz) = f,, that §; and 3, converge in probability towards the true values
of the parameters.

» Differently from unbiasedness, consistency can be achieved in a single sample, as
long as it is an almost infinitely large one.

- Efficiency

* An additional property of OLS estimators under the weak OLS assumptions (1 to 5)
is that it is the Best Linear Unbiased Estimator (BLUE), meaning it has the
highest precision or lowest variance in the set of the linear and unbiased estimators
of . This result is known as the Gauss-Markov Theorem (proof sketch in the next
slides).

» Interestingly, the OLS estimator could also be obtained by imposing the condition
that it must be B.L.U.E instead of the one minimizing the sum of squared residuals.
Indeed, narrowing the search to the set of linear and unbiased estimators, i.e.
such that:

o F=[WW)'W' +Cly



e (W=0
We can find B¢ as the one with minimum possible variance.

Properties of OLS Estimators — Proof Sketch of the Gauss-Markov Theorem
Consider a generic linear combination of parameters: a’ff = a,f; + a,f,. Then for any a and for
every unbiased linear estimator f:

a'var(f)a < a’var(ﬁ)a

i.e., var(B) — var(p) is negative semi-definite.
Let us now take a generic linear estimator:

L=[WW)y W +Cly=[(WW)'W +C][WB +el= B+ WW) W'e+ CWB + Ce

Where we have plugged in the expression for y.
We can then compute its expected value as:

E(B)=B+0+CWB+0
As 8 must be unbiased, it must then be CW = 0, so CW = 0 and therefore:
B—B=WW)'We+Ce

Then, the variance covariance matrix of £ is:

var(f—B)=E(B-B)(B - ﬁ)' =E[((W'W) W'e + Ce][e’'C' + e'W(W'W)™1]
=E[(W'W) W'ee'C’'| + E[(W'W) *W'ee'WW'W)~ 1] + E[Cee'C'] + E[Cee'W(W'W)™1]
=a?W'W)T'W'C' + o?(W'W)™! + 02CC" + s’ CWW'W) Tt = a*(W'W)™! + 0%CC’
='0 =0
=var(f — B) + a%CC’

Therefore, var(ﬁ) - var(ﬁ) = —0g2CC’, which is negative semi-definite as required.

The Distribution of the OLS Estimator
The results seen so far do not require that Y or the error term are normally distributed. However, if
this is the case, meaning Y ~ N(Wp, c2):

B~N@B,a*WW)1)

Even if Y is not normal, the Central Limit Theorem ensures that £ is normally distributed when
the sample size T is very large (in practice, T > 50 is usually enough):

1
ﬁW’e 4 N(0,0%Zyw)

Proof Sketch:
From: L=WW)WY=p8+ WW) We.

I} -1
It follows that: VT(f — ) = (25) = W’'e > ZpdyN(0,02Zyy) = N(0,0%Z3y)

Orthogonality between OLS Fitted Values and Residuals
An additional property of the OLS estimator it is orthogonal to the residual component of the
regression.



- We can decompose the dependent variable y into the explained component or fitted value, y,
and the residual component é:

y=Wp+é
- Then,sinceé = [ —WW'W) TW']e:
Pe=pWe=pgWI[I-WWW) *Wle=p[W —-W'le=0

- It can be shown that the OLS estimator is the only one for which y'e = 0, i.e., the residuals
cannot be used to increase the informativeness of the fitted values.

An Estimator of the Error Variance
Ideally, we would like to estimate the variance of the error term o2 as:

However, the errors are unobservable since they depend on the unknown parameters f3.
We then replace f with § and use the residuals:

e=y-—WB=[I-WWW)y"Wily=[I-WWW) TWI]WB+e] = Me
Properties of Matrix M:

- Symmetric: M =M’
- Idempotent: MM’ = MM =M

T G?

232 — 515 — A7 _ ’ AT A -
Zet =é'é =E(e'M'Me) = E(e'Me) o 8'e _Z{=1et2
=t T—2 T-2

= Flertemen] = Flrteen] = e e = o () T

= a?[tr(I;) — tr(W'WW'W)~1)] = o?[T — 2]
I, Var(B) = 62(W'w)*

Under the strong OLS assumptions:

T
e\? T_,é2 (T —2)6?

Z(_‘) ~y(T) =V = 1—12 t =( 2) ~x2(T - 2)
o o o

t=1

Then:
- EWV)=E (”‘2)32) —0=2EE) _ 5 52 is unbiased.

o2 a2

- Var(V) = 2(T - 2)

= T2 @) o, yar(5%) =22 = lim Var(62) = 0 = 5% is consistent.
o T-2 T—0o0

- E(e(B—p)) = E[I—WW'W)*Wee'w(W'w) '] =0= 52 15 uncorrelated with ,E’
Maximum Likelihood Estimators for the Linear Model

Consider N independent and identically distributed (iid) Normal variables, with unit variance and
unknown mean: 7,44 N(y,1) We can compute their joint density function as:

10



1 N IeN o, N2
f(Z1,22, 0, Zy) = fF(Z)f(Zy) . f(Zy) = (E) e 2 Zi=aZim )

If we consider f(Z;,Z,, ..., Zy) as a function of the unknown parameter u, for given realizations of
Z1,2Z5, ..., Zy, and we apply the log transformation, we obtain the log-likelihood function:

log L

logL(u)—Nlog< )——2(1 1)? i

u ¢

The Maximum Likelihood Estimator (MLE) of the parameter u is the maximizer of the log-
likelihood. N

Solving analytically, the MLE coincides with the sample dlogL . YLz
mean of the observations. on L_Z;(Zi W) Pu = N

By extending this procedure, we can obtain MLEs of the parameters of the linear regression model.
Under the strong OLS assumptions, Y ~ N(Wp, 6%I;), and therefore:

—a—BX;
L(a,B,0%) = f(V) . f(Yr) = o Z)T/Z {Z(Y a /3 )}

Or in logarithmic form:
T
T T 1
logL(a,B,0%) = —Elog(ZH) — Eloga2 — FZ(YL- —a—BX)?

From the first-order conditions:

T
dlogL 1
Bl e ==z ) (i—a—fX) =0
i=1

T
dlogL 1
o =;zxi(n —a—fX) =0

dlogL
Bl 2= 5 20420- —a - fX)? =0
We obtain the MLEs estimators as:

) = o 5 IaXi=X)(i-Y) s2 B &
ayr =Y — XBur; BuL= ZliTz:(Xi—X)lz ; OuL =5

Maximum Likelihood Estimators: Properties
The MLEs of a and 8 are the same as the OLS estimators. However, %, is slightly biased,
due to its denominator being T as opposed to T — 2.
The MLEs estimators in general are:
- Consistent, they converge in probability to the true values of the parameters under correct
model specification.
- Efficient, with asymptotic variance-covariance matrix 92logL] ™"
which for 8 = a, f is equal to: [W] =o?(W'w)™

11



- Asymptotically Normally Distributed when multiplied by VT.

The Coefficient of Determination R?
The coefficient of determination provides a measure of the goodness of fit of the explanatory
model: y=Wp+ é= 9+ é.
As 9'é = 0, multiplying by y’ and subtracting Ty? from both sides we can rewrite the previous
expression as:
T

yy= TV = ) i= PP =9I T e
It can be shown that, as there is an intercept x; in the model, the sample mean of y is the same as
that of y: y = .
In fact, since x; = (1,...,1),itis: §=

Therefore:
T T T
D 0= 97 =) G -9+ ) (- 0y
t=1 t=1 t=1
Where:

- Y (. —v)? 1s the Total Sum of Squares (TSS), measuring the variability for y.
- Y_, (5. —9? 1s the Explained Sum of Squares (ESS), measuring the variability of the
model fit.
- yI_.(e)? 1s the Residual Sum of Squares (RSS), measuring the variability of the
residuals.

YioaPe X9 xXW x'{(WB + &) _ Xy

_ ra
= T T =7 asx,;é6 =0

The coefficient of determination 0 < R? < 1 represents the percentage of variability of y
explained by the model:
R2 — ESS " RSS
~TSS T TSS

R? is sensible only when using OLS estimators for the model parameters, otherwise y'é # 0.

0 < R? < 1 only when the model has an intercept, otherwise ¥ # J and it can be R? < 0.

R? always increases if explanatory variables are added to the model, even if they are irrelevant. To
avoid this issue, the adjusted coefficient of determination can be used. With k regressors:

RSS
_I—k

TSS

T—-1

As an alternative measure of the explanatory power of a model, we could compute the correlation
between the dependent variable y and the model fit y, which should be close to 1 for a very
accurate model.
However, it can be shown that this measure provides exactly the same information as the coefficient

of determination. Indeed:

R?=1

cov’(y,9) _cov’(9+&9)  var’(®) var (@) L@ -y* ESS
var(Yvar() var(y)var(®) var(y)var®) var(y) YI_,(v.—y)? TSS
Linear Transformations of Variables
In economics it is common to work with transformed (usually re-scaled) variables.
If the independent variable is rescaled: ’

corr®(y,9) =

y=Wﬂ+e = _\-:E7+u:(0y+u
a

12



The OLS estimator of this transformed model is then equal to the one we obtained in the original
model multiplied by the a constant: . _ e \=1 rrr s "
PHeaDY J=(0o)'@y=aWWw)'w'y=ap

Its variance is instead:  var(P) = ¢?(w'w) " t= a?c?(W'W) 1= a?var(f)

Finally, the residuals are not affected by the linear variable transformation: 62 = 62 and the
coefficient of determination R? is also unchanged

. . /4 A
u=y—w7=y—;aﬁ=y—Wﬂ=e

If the dependent variable is rescaled: % =Wy+u

A

The OLS estimator becomes the same as in the original model but divided by a: 7 =(W'W)"'W'y/a=—p.

Q|

. . 1 A
Its variance is instead: var(y) = ;var(ﬂ)

Now, the error term is also re-scaled by a?, but it does not affect R? as the variance of y decreases
by the same amount

.Y x5 e A2 A2/ 2
u:___ﬂ:_ O-u: e/a
a a

The Multiple Regression Model
Generally, more than one explanatory variable are needed in economics, whereby the multiple

regression model: _
g Y, =B+ Box,, +...+ B.x,, +e,

Or, equivalently, in vector form: y =X f + e
T'xl Txkkx1 Tx1

The usual OLS assumptions apply, with the exception of assumption (5):
- Linearity and Stability of Parameters
- Deterministic Regressors
- Homoscedasticity
- No Correlation
- The Regressors are not Linearly Dependent, i.e. (X’X) has rank k.

The p; coefficients now represent the change in the expected value of the dependent variable for a
marginal variation of regressor j, assuming that all other explanatory variables remain

constant:
] axj X100 X j—1, X jy1s Xk

The OLS estimators are still determined as the minimizers of the sum of squared errors, so we get:

B =(x'x)"'Xx'y, var(f) = o?(X'X)™!
Where: kx1 kxk kxl1
r r T T 1 rr 1
Zx,z, le,xh Zx,,x,,, DX,
TH ':IT '7:1 :
XX = ,Zl:x,,xz, 'Z‘x; ,Zl:lexk, X'y = :

T

T T

2

lerxk/ Z'xzrxkz len
L =1 t=1

= \

13



If we introduce the additional normality assumption, § is normally distributed also in finite
samples:

B~N@B,o*X'X)"

An unbiased and consistent estimator of the variance of the error term is then given by:

T 52
52 = t=1€t
T—-k

The estimators f are still uncorrelated with 62, or independent if the hypothesis of Normality of
the errors holds.

As there are no substantial differences from the case with one explanatory variable, the Gauss-
Markov theorem still holds, and § is B.L.U.E. and consistent.

The overall model explanatory power can still be measured by the R? or its adjusted version.

The Multiple Regression Model — Alternative Interpretation
We will now consider an alternative interpretation of the model coefficients.
For simplicity, consider a model with two explanatory variables:

y=x1p1+ x5, te

And premultiply both sides by the matrix [I — x,(x',x,) " 1x’,]:

[l - xz(xllez)_lxlz]ly , , , ,
= [I — x(x" %) 2% )] 21 By + LI — x(x'32x5) " 1x z]xzﬁF + l[1 — x2(x'3x7) "1 2]e,
Y Y
=0 =u

Therefore: , , ) ,
[y — %2 (x"2x2) 1% 5] = [x1 — %, (X 2x2) 1% 1] By + u

We can now consider the dependent and independent variables in this modified model. If we
regress y on x,, we get: R . iy

y =Xy tey, 7= 2x2) " x2y
And also:

&=y — X7 = (¥ — x2(x'2%2) "% 2y)

Which corresponds to the dependent variable in the modified model.
If we instead regress x; on x,:

_ P -1
X1 = XaN + €y, = (x2x2)" "% 2%

And also: . . R
é; = X1 — x21) = X1 — X2((X"2%2) "X 2%1)

Which corresponds to the independent variable in the modified model.
To summarize:
- The dependent variable in the modified model is the residual of a regression of y on x.
- The independent variable in the modified model is the residual of a regression of x; on
X2.
- We can then rewrite the model as: é; = é,6; +u

14



Where [5; measures the ability of the part of x; unexplained by x, to explain the part of y
unexplained by x,, i.e., the contribution of x; in explaining y net of effects of the presence

of x, in the model. In formula: _BEy)
Br = / 9é,

- More in general, i.e., in a model with k independent variables, ; measures the explanatory
capacity of the part of x; unexplained by x4, ..., x;_4, x;, ..., x) for the part of y
unexplained by x4, ..., Xj_1, Xj, ..., Xk.

Multicollinearity
Let us consider the model with two explanatory variables:

Y= x1f1+ X6, + ¢

If x; = x,, 1.e., the explanatory variables are perfect collinear, we can no longer separately
identify £; and S,, as:

y=(B1+B)x, +¢

Similarly, for the case with k regressors, multicollinearity results in the matrix X'X having reduced
rank (< k), so that the system (X'X)8 = X'y admits an infinite number of solutions.
In practice, collinearity is usually high but not perfect, so that the coefficients of the OLS model can
still be identified, but their precision is much lower, indeed:
1X'X|~0 = o?(X'X) 1~00

Methods to detect collinearity are:

- Computing the correlations between all possible pairs of regressors.

- Computing the t and F tests for the non-significance of the regressors. If they give

contrasting results, there may be problems of collinearity.
- Computing the determinant of the (X'X) matrix.

Possible solutions are:
- Model re-parametrization.
- Replacement of the regressors with their first principal components.
- Increasing the sample size.

Inference in the Linear Regression Model

Interval Estimators

In the previous chapter we have defined (point) estimators for the parameters of the linear
regression model. We now want to derive interval estimators (or confidence intervals) for 3, i.c.,
define a range containing 3, the true value of the parameters, with a fixed probability.

The Student — t Distribution oar___tPoFGa oar—tPorGe
Consider two independent random variables: i o A
8 o021 / g 021 ‘
q l,l & 0s / ‘.‘\\ £ o ‘ //" \“-‘
_ — Mq 2 o= = ot N
Z— ""N(O’l), V"-’X (p) 5432191234 54321912345

q 1PDF (20 dn
04 7~

°
o
°
©

It can be shown that:

Probabillty
o
[
Probabillty
o
9

o
o

S—r—d Y —

145 5432

\

]
t=—~t N A
Nz »)

Where p are the degrees of freedom (df), that completely characterize the t-distribution, as
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E()=0, Var(t)=——
p—2
And t 2 N(0,1) when p = oo,

Otherwise, the t-density has more probability in the tails than the Normal density.

The t-Distribution in the context of the Linear Regression Model

We k that, when the errors are normally distributed Bi—f:
e know w y u 5= Bi-Bi ~N(0,1)

T3 ,/Var(ﬁi)
O'
O'

Moreover, z 1s independent of ‘{ = ~x*(T — k) , where T is the sample size and k the
number of regressors. It follows that Z_ ot (T — k)

In the simple model with one explanatory variable (and the intercept)

2 __bh-b /ja A e S ' S ' S
Iy [ e gy =00
-\2 -2
2(x, — %) X(x; — %)
In the general model with k regressors we have, forq=1,2, ..., k.

If we fix a probability level a (= 0.1, or 0.05, or 0.01), we can find
the critical value t, such that:

- Prit>t}= %
- Prit< -t} = %

The Student-t distribution is symmetric, so that the left critical
value is equal in absolute value to the right critical value).
Combining we have: Pr{—t, < t<t.}J=1— «a.

Given a and the number of degrees of freedom T — k, we can obtain the critical value t..
We can now replace t with its definition in terms of 8, which yields: . {__ ‘ /n( LI } i 500
se [f(,)

From Pr{f; —t.-5e(Bq) < Bq < Bg+tc-5e(B)} =1—a ,itfollowsthat f, +t.-52(8,)

is an interval estimator or confidence interval for the parameter 3, at the (1 — a)% level, while Eq
is a point estimator.
In the simple case of the model with intercept and one explanatory variable (k = 2),

) oy TXxye—Xx Xy g*
Bq £ tc-5e(By) = thxft—(zfct)z “Ehe T(x — 02

Model with Intercept and One Explanatory Variable (K = 2)
Note that the table shows the probability to
the right of the critical value. Hence, if the
thenp =T — 2 = 30,and t, = 1.697. chosen significance level is « = 0.1 , the
Therefore, the confidence interval at the 90% level for [3, is lrzelevant column in the table is that for

Br +1.697 -5.6(B,) = 25+ 1.697 = [08,42] 5 = 0.05 (table in the next page).

= Example: ﬁz = 2.5, 55(32) =1, T=32
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In practice, the length of the confidence interval gives an idea of the

reliability of the estimated parameter. If, in fact, 52(8,) is large, N
meaning there is a lot of uncertainty, then the confidence interval is B
large, and vice versa if 58(f3,) is small.

Testing Hypotheses on the Parameters of the Linear Regression =
Model e
An econometric model is based on economic theory. For example, basic =
consumption theory suggests that C = ¢, + ¢, Y, with ¢, > 0 and
0 < ¢; <1, where C indicates consumption and Y disposable income.

In order to test whether a theory is correct, or at least compatible with
the data, we can verify whether its implications for the econometric
model parameters are valid. For example, it should be 0 < ¢; < 1.

We must therefore consider how to statistically test this kind of hypotheses on the model
parameters. To construct a hypothesis test we need 4 components:
- The null hypothesis: what we want to test (and assume to be valid);
- The alternative hypothesis: what (we assume) is true if the null hypothesis is false;
- A test statistic: a random variable which allows us to discriminate between (1) and (2);
- Avrejection region: a set of values such that if the test statistic in 3 takes one of these values
we can reject (1).

Example, regression model of aggregate consumption on disposable income: C; = ; + [,Y; + &

- The null hypothesis specifies a value for a parameter, for example, H, : 8, = 0.9, or more
generally H, : B, = c. This is what we believe is the true value of the parameter 8, and we
want to test whether we can reject our guess or not.

- The alternative hypothesis tells us what we expect to be true about £, if our null hypothesis
is incorrect. For example, it canbe H, : B, # c,or H;: B, < c.

Remarks:

- Though testing H, against H, it turns out that Hy is rejected, we do not necessarily accept
H;. The testing procedure is meant to reject or not Hy, not to accept or reject H;. If H; is of
particular interest, such as H;: 8, < c, then we should repeat the procedure by putting 5, <
¢ as the null.

- Typically, in the statistical literature, the null hypothesis is the most important one, such as a
new drug has no side effects (H,), against the same drug has side effects (H,). IN
econometrics things are a little reversed, e.g., income (Y) should affect consumption (C),
but often the null hypothesis is formulated as H, : §, = ¢ (Y has no effect on C), versus
Hy: B, > 0 (Y has a positive effect on C). This is because often we are not able to formulate
a precise null hypothesis (e.g. f, = 0.77) and therefore we are satisfied with less, namely, if
we can at least reject that an explanatory variable has no effects on the dependent variable
(Hy: B2 = 0).

- We should keep in mind that hypothesis testing is built assuming that H,, is the key
hypothesis of interest and hence it is more problematic to reject H, by mistake than not to
reject it by mistake (the procedure is conservative in this sense, it favors Hy).

The Test Statistic is a random variable that must be informative on the null hypothesis of interest.
Example, If Hy : , = c against H; : §, # c, then we need something that summarizes the
information in the sample on f,. For this we can use f3,, the OLS estimator of S,.
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- Since we know that under the assumptions of the linear regression model, 3, is a good
estimator of f3,, we could use [, — c to estimate the distance between 5, and c. If §, — c is
large, probably S8, — c is also large, then we can reject H,,.

- But we must consider that 3, is an estimator and has a variance, so that 8, — ¢ could be
large just by randomness. To take this feature into account, we could use Siz([:;) as a statistic.
2

= If the parameter estimator is accurate se(f3,) is small and therefore even a small
difference between f3, and ¢ is magnified.
» The opposite is true if se(f,) is great, i.e., if there is a lot of uncertainty.

- A second important characteristic of a test statistic is that its distribution should be fully

known when the null hypothesis is true. In this regard, we know that t = % ~t(T — 2).
2
- Therefore, if Hy: B, = c is true, itis: t = Sﬁ#};) ~t(T — 2).
2
- Note that if Hy is false, t doe not have the ¢(T - 2) distribution. In fact, if 8, # c, then

from t:M~N(O,1) it follows that —£2=¢ - ~N(0,1)

WVar(y) Jrar®  [var)

and then BZ_C ~N< B2—c 1> . 0t

[var(B,) [var(B,) '

- If Hy is true, the density of the t-statistic is similar to:

03

- If Hy is false then the density of the t-statistic is

B2—c

centered not on 0 but on

i
ar (i)

In other words, if H, is true, it is likely that t is close to 0. If H, is false it is likely that t is positive

(if B, > c¢), or negative (if B, < c). The idea is not to reject H, if the calculated value for the t-

statistic is close to 0, and to reject it otherwise.

To formalize the meaning of “close to 0 we introduce the notion of rejection region.

The rejection region is defined as the set of values such that, if the test statistic is one of these
values, then H,, is rejected. In the case of the t-test, the rejection region is represented by values
larger and smaller than the critical value ¢,.

To determine the critical value t. we must define the significance level of the test, a (typically =
0.05, or 0.01, 0.10). Then, we choose t, such that Pr{t < —t.} = Pr{t > t.} = %

Ift < —t, ort > t,. then we reject the null hypothesis. The rejection region is then (—oo, —t,.) U
(ts, ). The critical value t. is again determined using tables, for given values of @ and T - k.
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Graphical Example:
Rejection region of the t-test, fora = 0.1 & T - k = 37.
- What happens if —t, < t < t.? We do not reject H,,.
- Can we then say that we accept H,, namely, that H;, is
true? No, strictly speaking.
- For example, if Hy: B, = 0.9, but the true value of the
parameter is B, = 0.88 or B, = 0.92, then in practice '

we never reject H, unless the number of available ‘ ”3\

observations, T, is very large.

Example of Hypothesis Testing

Suppose that we want to test Hy: 8, = 1 against Hy: 8, # 1 and, we have estimated 3, = 2.5, with

se(f,) =1,T=39,T—k=37and a = 0.1.
The value of the t-statistic is t = % = 1.5 while t, = 1.687.

Then the null hypothesis Hy: f, = 1 is not rejected since the t-test does not fall in the rejection

region (—o0, —1.687) U (1.687, ).

If the null hypothesis is Hy: ; = 0, then t = 222

Type I and Type II Errors
| e e
“ right conclusion type | error

Type I Error — Reject Hy when True

Suppose the test value falls in the rejection region (grey area) when H,,
is true.

As a consequence, the probability of making a type I error is equal to a,
the significance level of the test.

Remember that we set a, and the fact that it usually takes low values
such as 0.10, 0.05 or 0.01 reflects the choice of having a low probability
of committing a type I error.

Type II Error — Do Not Reject H, when False

Suppose the test value falls in the acceptance region when H,, is false.
The probability of making a type II error cannot be controlled. It depends
inversely from:

- The significance level of the test: when « is reduced, the
acceptance region widens, and the probability of a type II error
increases. The interval [—t,, t.] widens, therefore also the grey
area, representing the probability of type Il error, increases.

- The degree of the violation of the null hypothesis: the more
different S, is from c, the more different the distribution of the test
statistic under H; is from that under H, and, therefore, the
probability of type II error is reduced. If 3, is very close to c, the
distribution of the test statistic is centered at a point close to 0,
thus the grey area increases.

= 2.5 and therefore H, is rejected since t > t,.

19



The sample size: when T increases the estimator becomes more accurate, 58(f3,) is
reduced, and therefore the (absolute value of the) statistic increases. In the limiting case

where T — oo, consistency of the OLS estimator implies 3, = 8, and 5¢(3,) — 0.

Hence, if 5, # c, itis

Bac t+oo. Therefore, the null hypothesis is properly rejected, and

S.é.(’\z

the probability of type Il error goes to 0 (so the test is said to be consistent). When T
increases, the distribution of the test statistic becomes more and more concentrated, and
centered on a value that tends to move rightward of ¢t (or leftward of —t.). Then the grey

area shrinks.

It can be shown that the t-test is the one that minimizes the probability of type II error for a

given probability of type I error, and in this sense it is optimal.
Intuition: the test is based on ., which is BLUE.

The P-Value . /
F jr \\!

Consider the calculated value of the statistic, £, and ) ]
calculate the probability: F‘
03 |

This probability is called p-value (probability value) of /
the test. /

Pr{t >t} + Pr{t < —t}

oost af2

If p > a we do not reject H,.

If <a we I‘e'eCt H . %s 1687 02 1687 s s 1687 0 1687
P Ject o s

-z, t z

The p-value is greater than the significance level of the

test if

and only if £ falls in the acceptance region.

Significance Testing
A very common null hypothesis in empirical applications is 8, = 0 against the alternative 8, # 0,

1.e., under H, the explanatory variable X is not significant (for this reason this is called significance
testing). In this case, the expression of the t-test simplifies to:

B2 — B _ B,

se()  se(Bn)

The statistical significance of a coefficient does not necessarily mean that it is also economically

relevant, and viceversa ...

Example, we want to estimate Phillips curve to evaluate the existence of a trade-off between
inflation and unemployment, having a sample of T = 100 observations. In this case, the dependent
variable is the rate of inflation and the explanatory variable is the rate of unemployment.

If the estimated coefficient is f = —0.001, with & = 0.0001, then the null hypothesis of
no significance of the unemployment rate is rejected for most significance levels, since the
calculated value of the statistic is equal to -10. From an economic point of view, however,
the unemployment rate is pretty much irrelevant to explain inflation, given the estimated

value of the parameter.
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- If, instead, § = —0.5, with S = 0.5, then the null hypothesis of no significance of the
unemployment rate would not be statistically rejected since the t-test is -1, while the
estimated value of the parameter would imply a significant economic importance of
unemployment.

The example also emphasizes the importance of the choice of the null hypothesis that we want to
test.

- Ifweset f, = —1 instead of §, = 0 as the null hypothesis, implying a 1-to-1 trade-off
between inflation and unemployment, the value of the t-test is 1 and the null hypothesis is
not rejected. On the other hand, even a null hypothesis such as 8, = 0.4, a positive
relationship between inflation and unemployment as in stagflation periods, would not be
rejected at a 5% significance level, being the t-test equal to -1.8 and the critical value -1.984.

- Ifinstead we set the significance level of the test at 10%, then the null hypothesis 8, = 0.4
is rejected, because the critical value is equal to -1.660. Therefore, the type I error
probability we are willing to accept is also an important choice from an economic point of
view, because it can determine whether the hypothesis of interest is rejected or not.

The Relationship Between Confidence Intervals and Hypothesis Testing
Recall the expression for the confidence interval for fSat the (1 — a)% level:

B —t.xsep) <p < f +t xsel)

With
Pr{—t, < F-F <t)=1-a

se(B)

This expression can be used to derive the acceptance (more properly, non-rejection) region of a test.
In fact, if we replace 8 with c, then to calculate the acceptance region for Hy: f = ¢ we use:

~

S
se(B)

Pr{—t. <

As aresult, if £ falls in the acceptance region for Hy: f = ¢ at the a% level, and therefore H, is not
rejected, then £ is part of a (1 - @)% confidence interval for £.

Conversely, if ¢ is part of a (1 - @)% confidence interval for 8, then the null hypothesis Hy: f = c is
not rejected at a significance level a.

Example, 8, = 2.5, se(f,) =1, T=32, T — k=30, and a = 0.1
- Then a 90% confidence interval for f, is [0.8, 4.2].
- Thus, the null hypothesis H,: § = 0 would be rejected at a 10%
significance level, while Hy: f = 1 would not be rejected.

One-Way Tests

So far, we have always considered alternative hypotheses of the type
B+ c.

We now extend the testing procedure to allow for a different \
formulation of the alternative hypothesis, maintaining the same null . \ s

hypothesis: " /




Hy:f =cand Hy: B >

The only difference with respect to the testing procedure we have used so far is in the choice of the
rejection region, which is now in the right tail of the distribution of the statistics (left if H;: f < ¢).
In fact, in this case, if H; is false we expect very large positive values for the t-statistic (8 > c¢).

Example Hy: 8, = 1,Hy: 8, > 1,6, = 2.5, se(f,) =1, T=39, T — k=37, and a = 0.1

- Thent = (ﬁz — 1)/1 = 1.5and t, = 1.310, therefore H,, is rejected.
- Note that if instead it is H;: B, # 1 then H, is not rejected.

The F-Distribution

So far, we have learned to test hypotheses on individual parameters
of the linear regression model, for example, 8, = 0 or , = 1.
However, there are hypotheses of interest that involve multiple

FPDF(1,1dN

Probabiity
6 -+ N w a
Probab ity
6 + N w a

FPDF(1,104n

parameters, such as f; = 0 and 8, = 1. These are often called o v 3,3 1 s \ ENEIREE

composite hypotheses. oy rOrcosa

To test composite hypotheses, it is useful to introduce the F- : M' : ° \

Distribution. fof ‘\\ 1o \

Given two random variables: v, ~x2(p), v,~x?(q) with v, and v, o o ) N

independent, we have: "1/, A R
% ~F(p,q)

The F-Test

Let us suppose that we want to test the hypotheses:

H0:31 = C1MB2 = CZJ"".Bk = Cg
Hl:ﬁl iCl,ﬂz ?‘:Cz,...,ﬁk -'/:Ck

Or, using the vector notation,

Ho: Bix1 = Crx1
Hy: Brx1 # Crxa
In the model

Yrx1 = Xrage Brxr T €
Note, the alternative hypothesis states that at least one of the components of Hj is false. In

addition, the alternative hypothesis is formulated in terms of “different from”, it cannot be
formulated in terms of “greater than” or “less than”, as we will see shortly.

Again, the idea is to use the OLS estimator of the parameters, 5, and assess if they are “very

different” from the values assumed under the null hypothesis, grouped in the vector c. Consider the

variable:

_(-xx(F-o)

g2

vy: (B —kc)’[az(X’X)-l)]—l(B —¢)
1x

It can be shown that, if H, is true, v; ~x2 (k).
The variable v; cannot be used directly as a test statistic because the g parameter in the

denominator is unknown. However, we know that: 6% .
vy: (T — k)a—2~)(z(7" —k)
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Moreover, since 8 and 62 are independent, v; and v, are also independent. Therefore, we can
construct the F-test Statistic as: n/k (8 - c)'(X’X)(B —¢)

Tw/T-k) kg2

~F(k, T —k)

We have three of the four elements that we need to construct the test: the null hypothesis H, the
alternative hypothesis H,, the test statistic 4. The missing element
is the region of rejection (or its complement, the acceptance
region).

0.8

If H, is false, A is expected to be large and positive. Hence, the
acceptance region is { A < F,}, where F, is the critical value such
that Py {4 = F.} = a and «a is the significance level of the test.

Note that A assumes positive values for both § > c and ff < c, so
that we cannot conduct directional tests in the case of composite
hypotheses. Therefore, the alternative hypothesis should be

formulated as § # c.

Testing General Hypotheses with the F-Test
We now introduce a general way to express hypotheses about the parameters of interest. For
example, the hypothesis Hy: f; = ., H;: 1 # B, can be rewritten as:

B1

Hy:p1— B, =0 & [1 _1][‘32

|=0=RB=r

As another example, if Hy: b= 4, Hy: Brg g , then we can re-write H,, as

B2 B2 )
Ho: By = B4 = [1 _4][’6»;]:0‘:)}?.3:7”
. 1 0 0B |3
Also, if Hy: f1 = 2 = B3 =3, Hy: f1 # P2 # 3 # 3,then:  H,:lo 1 0} B, =H & RB=r
0 o 1lg 3 3X33y%1  3X1

Therefore, a general hypothesis of interest is: ot & B = 1,

Hi:RB #7

To propose a test statistic for the null hypothesis, note that if S~N (8, 02(X'X)™1) then
RB~N(RB,d*R(X'X)"'R"), and it can be shown
that:

Hence, if Hy holds, 1=—"27 __ (RB—7) [RA'X) 'R} (RB — 1)

=T -0 j&? ~FG.T =)

The rejection region is one-sided, as before: {1 > F_.}, where F; is the critical value such that
Py A= F}=a.

It can be shown that the A-statistic can be re-written as:

_ (RSSg — RSSy)/j
~ RSS,/(T — k)
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Where RSS;, = Y.T_, é%, RSSy = Y.I_, &2, &, are the OLS residuals of the unrestricted model,
while é, are the residuals from the model whose coefficients are estimated under the constraints in
Hy: RB = r, namely, they are the residuals of the restricted model.

In general, RSS, = RSSy but, if the restrictions in the null hypothesis hold, the difference is
expected to be small and the test statistic falls in the acceptance region.

If we test a single restriction on the model parameters, so that j = 1, then: 1 = t? = (Sfe(;ﬁc))z'
Moreover, if v ~ t(p) then v2 ~ F(1,p). Hence, Hy: B = ¢ under,
1x1 1X1
Hi: * C
1X1 1X1

t?> = A~F(1,T — k) and the t-test and F-test have the same p-value.

Ho: R ﬂ =T
The single restriction of interest can be formulated more generally. For example, to test: ki 11
~ H]_: Rﬁ Fr
< . R ,8 —TH
We can use the test statistic: — 2t(T — k)
se(Rp)

An important application of the F-statistic is to test for the model significance, namely, the joint
significance of the explanatory variables in a model.
Given the model:

Ve = B1 + Baxoe + Baxzet... +PrXpr + €

The hypothesis of interest is:

Ho:ﬂz = 0,ﬂ3 = O,...,ﬁk = 0
H;: at least one element of [ # 0

Why do we use the F-statistic to verify this composite hypothesis instead of a set of k — 1
t-statistics? Because 3 gy I . are generally correlated and this feature is taken into account in the
construction of the F-test, but not in the set of t-tests.

As a result, it may happen that, for the same significance level, the hypothesis Hy: 8, = 0, 85 =
0,..., Bx = 0 is not rejected by the F-test, while some of its components are rejected by the
associated t-tests.
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