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Limit theorems

Useful inequalities

Prop. (Markov inequality) X is a non negative random variable. Then, for any
a > 0

P(X ≥ a) ≤ E(X )

a
.

Suppose that X is continuous. Since X ≥ 0 with probability 1,

E(X) =

∫ ∞
0

xf (x)dx =

∫ a

0
xf (x)dx +

∫ ∞
a

xf (x)dx ≥ a
∫ ∞

a
f (x)dx = a P(X ≥ a).

Rem. The inequality gives an upper bound of the probability of X ≥ a in terms of E(X).

Cor: (Chebyshev inequality) Given a random variable X with finite mean µ
and variance σ2. Then for any k > 0

P(|X − µ| ≥ k) ≤ σ2

k2

Consider the event {|X − µ| ≥ k} = {(X − µ)2 ≥ k2} and use Markov inequality for
the random variable (X − µ)2. Note that E((X − µ)2) = σ2.

Rem. If X has Var(X ) = 0⇒ P(X = E(X )) = 1.
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Law of Large Numbers
Law of large numbers are theorems which state the conditions under which the sample
mean converges (in some sense) to its expected value.

Theorem: “(Weak) Law of large numbers”12

Let X1,X2, . . . be a sequence of i.i.d. random variables with finite mean
E(Xi ) = µ.Then for any ε > 0,

lim
n→∞

P
(∣∣∣∣X1 + · · ·+ Xn

n
− µ

∣∣∣∣ ≥ ε) = 0.

Let Var(Xi ) = σ2 <∞. Recall

E
(

X1 + · · ·+ Xn

n

)
= µ and Var(

X1 + · · ·+ Xn

n
) =

σ2

n
.

From Chebyshev inequality follows that

P
(∣∣∣∣X1 + · · ·+ Xn

n
− µ

∣∣∣∣ ≥ ε) ≤ σ2

nε2
.

Thus, the result follows by taking the limit as n→∞.
1weak refers to the kind of convergence (in probability)
2J. Bernoulli proved it in 1713 for Bernoulli random variables, this proof is due to

Khintchine
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Central Limit Theorem

In the central limit theorem the distribution of sums of random variables suitable
standardized are shown to converge to the standard normal.

Theorem: “Central Limit Theorem”3

Let X1,X2, . . . be a sequence of i.i.d. random variables, with mean E(Xi ) = µ
and variance Var(Xi ) = σ2 (finite). Then, the distribution of

X1 + · · ·+ Xn − nµ√
nσ2

tends to the one of the standard normal, i.e.

lim
n→∞

P
(

X1 + · · ·+ Xn − nµ√
nσ2

≤ z
)

= Φ(z) =

∫ z

−∞

1√
2π

e−
u2
2 du, z ∈ R.

Rem. The central limit theorem has been shown under weaker hypotheses.

This results justifies the empirical evidence of real data follow (are close to) the normal
distribution.

3The central limit theorem with Bernoulli random variables is called De Moivre
Laplace theorem
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