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Gaussian or normal random variable

• A continuous random variable X is said normal or Gaussian,

X ∼ N(µ, σ2), µ ∈ R, σ2 > 0, if the density function is of the form

fX (x) =
1√

2πσ2
e−

(x−µ)2

2σ2 , x ∈ R.

� E(X ) = µ and Var(X ) = σ2 .

• If X ∼ N(0, 1) the random variable is said standard normal and the
density function is:

fZ (z) =
1√
2π

e−
z2
2 , z ∈ R.

• Recall that if X ∼ N(µ, σ2), Z = X−µ
σ

is a standard normal random
variable.
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Distribution of the square of a standard normal

• Consider a standard normal random variable Z ∼ N(0, 1).
• Compute the distribution function and the density function of

the square of the standard normal Z 2

FZ 2(u) = P(Z 2 ≤ u) = P(|Z | ≤
√

u) =

{
0 u ≤ 0
2FZ (

√
u)− 1 u > 0

Differentiating the distribution function we obtain the density function

fz2(u) = F ′Z 2(u) =

2fZ (
√

u) 1
2
√

u =
e−

u
2 ( 1

2 )
1
2 u− 1

2
√
π

, u > 0
0 otherwise.

Comparing this density with the one of a gamma(α, λ)

f (x) =

{
λαe−λx xα−1

Γ(α)
if x > 0

0 otherwise.

we conclude that the square of the standard normal is a gamma( 1
2 ,

1
2 ).

• Recall Γ( 1
2 ) =

∫∞
0 x−

1
2 e−x dx and check the value of the constant Γ( 1

2 ) =
√
π.
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MGF of the square of a normal random variable

• Consider a standard normal random variable Z ∼ N(0, 1).
• Compare the distribution obtained by computing the MGF of Z 2.

The MGF of Z 2 is

φZ 2(t) = E
(

etZ 2
)
=

(
1/2

1/2− t

) 1
2

, t <
1
2

and, recalling the MGF of X ∼ gamma(α, λ),

φX (t) =
(

λ

λ− t

)α
, t < λ

⇒ Z 2 ∼ gamma (
1
2
,

1
2
).



Chi square t-distribution F-distribution

Sum of the squares of i.i.d. standard normals and Chi square

• Consider n independent standard normal random variables Z1,Z2, . . .Zn,
• The sum of the squares Z 2

1 + Z 2
2 + . . .Z 2

n is known as
Chi square χ2

n with n degrees of freedom.
• The distribution of the χ2

n with n degrees of freedom is a gamma( n
2 ,

1
2 ).

Recall the property of the MGF for sum of independent random variables

φχ2
n
= φZ 2

1 +Z 2
2 +...Z 2

n
(t) = E

(
et(Z 2

1 +...Z 2
n )
)
=

n∏
i:1

E
(

etZ 2
i

)
=

(
1/2

1/2− t

) n
2

, t <
1
2

and compare with MGF of the gamma φX (t) =
(

λ
λ−t

)α
, t < λ

⇒ χ2
n ∼ gamma(

n
2
,

1
2
).

Additive property: the sum of two independent Chi square χ2
n1 and χ2

n2 is a

Chi square χ2
n1+n2 with n1 + n2 degrees of freedom.



Chi square t-distribution F-distribution

Chi square-distribution
Probability density function:

Note that:
• Z ∼ N(0, 1)⇒ Z 2 ∼ χ2

1 (with one degree of freedom);

• X1,X2, . . .Xn are i.i.d. and Xi ∼ N(µ, σ2),

⇒
n∑

i:1

(
Xi − µ
σ

)2

∼ χ2
n.
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Example: We are attempting to locate a target in 3-dimensional space.

Suppose that the 3 coordinate errors (in meters) of the point chosen are
independent random variables with mean 0 and variance 4.

Find the probability that the distance between the point chosen and the target
exceeds 1 meter.

• Xi denotes the i-th coordinate error, Xi ∼ N(0, 4); i : 1, 2, 3 are
independent.

• D2 = X 2
1 + X 2

2 + X 2
3 represents the square of the distance of the point

from the target.
• Note that Zi =

Xi
2 ∼ N(0, 1); i : 1, 2, 3 and independent

⇒ D2

4 = Z 2
1 + Z 2

2 + Z 2
3 = χ2

3 is a Chi square with 3 degrees of freedom;

P(D2

4
) >

1
4
) = P(χ2

3 >
1
4
) =?

• How do we find the result?
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Example: Chi square tables
 

P(χ2
3 >

1
4
) ∼=P(χ2

3 > 0.216) = 0.975
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t-distribution
• If Z ∼ N(0, 1) and χ2

n are independent, the variable defined by

Tn =
Z√
χ2

n
n

is said to have a t-distribution with n degrees of freedom

• it is symmetric (i.e. its density is symmetric)⇒ E(Tn) = 0.
• its density has thicker tails than the normal but as n becomes larger, it becomes

more and more like the standard normal density.
• it can be shown that Var(Tn) = n

n−2 , n > 2
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Example: t-distribution tables

Example: Find:

a) P(T12 ≤ 1.356)

b) t0.025,9

c) t0.975,9

⇒ a) P(T12 ≤ 1.356) = 0.9;

⇒ b) t0.025,9 = 2.262;

⇒ c) t0.975,9 = −2.262.
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F-distribution

• If χ2
n and χ2

m are independent, the variable defined by

Fn,m =
χ2

n/n
χ2

m/m

is said to have an F-distribution with n and m degrees of freedom
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Example: F-distribution tables

Example: Find: a) P(F4,6 > 4.53) and P(F6,4 >
1

4.53 ); b) f0.05,15,10.

a) P(F4,6 > 4.53) = 0.05 and P(F6,4 >
1

4.53 ) = 0.95;

b) f0.05,15,10 = 2.85
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