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Gaussian or normal random variable

® A continuous random variable X is said normal or Gaussian,
X ~ N(u,0%), p € R, 02 > 0, if the density function is of the form

1 (x—=p)?
fx(x) = e 22  xelR
() Vero?

o

E(X) = | and |Var(X) = o?|.

If X ~ N(0, 1) the random variable is said standard normal and the
density function is:

Recall that if X ~ N(p, 0?), Z = % is a standard normal random
variable.
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Distribution of the square of a standard normal

® Consider a standard normal random variable Z ~ N(0, 1).

* Compute the distribution function and the density function of
the square of the standard normal Z?

u<o
2F(\F)—1 u>0

Differentiating the distribution function we obtain the density function

Fr(u) = P(Z* < u) =P(1Z] < Vu) =

u 1
2(})2u 2

fo(U) = Fp(u) = {ifz(ﬁ);ﬁ _e2(3)uz

Inol—
=

, u>0
otherwise.

9

Comparing this density with the one of a gamma(«, \)

/\ae—xxxa—1 .
f)={ @ if x > 0
0 otherwise.

we conclude that the square of the standard normal is a gamma(s,

2)-

1
2
* Recall () = [¢° X~ e~*dx and check the value of the constant r) =

V.

F-distributior
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MGF of the square of a normal random variable

® Consider a standard normal random variable Z ~ N(0, 1).
e Compare the distribution obtained by computing the MGF of Z2.

The MGF of Z2 is

o2 (o) - (42) <3

and, recalling the MGF of X ~ gamma(c;, A),

dx(t) = <ﬁ)a t< A

1

1
2
= V4 gamma(i, é).
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Sum of the squares of i.i.d. standard normals and Chi square

e Consider nindependent standard normal random variables Z;, 2, . . . Z,,
e The sum of the squares Z2 + Z2 + ... Z2 is known as
Chi square 2 with n degrees of freedom.
¢ The distribution of the 2 with n degrees of freedom is a gamma(3, %).
Recall the property of the MGF for sum of independent random variables

b3 = bz2zz0. () = B (57 = HE(’22)=(1/12/2t)g, (<)

and compare with MGF of the gamma ¢x(t) = (ﬁ)a , t< A

n 1
= ~gamma(2 2)

Ad(ditive property: the sum of two independent Chi square X?u and X%Z is a
Chi square Xfu +n, With Ny + no degrees of freedom.
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Chi square-distribution

Probability density function:

Chi Square Distribution
0.30

—k=1
0.25

—k=5
0.20 k=10
0.15
0.10

0.05

0.00

Note that:
o Z~N(0,1) = Z% ~ 2 (with one degree of freedom);
® Xy, Xo,... Xpareiid. and X; ~ N(u, o),

. Xi—p ? 2
i
= E (T) ~ Xn-
i1
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Example: We are attempting to locate a target in 3-dimensional space.

Suppose that the 3 coordinate errors (in meters) of the point chosen are
independent random variables with mean 0 and variance 4.

Find the probability that the distance between the point chosen and the target
exceeds 1 meter.
® X; denotes the i-th coordinate error, Xi ~ N(0,4);i:1,2,3 are
independent.

o D? = X? + X2 + X2 represents the square of the distance of the point
from the target.

* Note that Z = % ~ N(0,1);: 1,2,3 and independent
= %2 = Z2 4+ 72 + Z2 = %2 is a Chi square with 3 degrees of freedom;
1

2
() > 1) =B(x3 > 1) =7

* How do we find the result?
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Example: Chi square tables

Chi-Square Distribution Table

e

e shaded area i equal o a for 7 =

P(x3 > %) ~P(y5 > 0.216) = 0.975

d | X Xhoo | xhoo | X | Xheo Xowo | Xoos
T oom0 TooT | o0m Tom | T

2 | 00w 010 | o211 0210 | 10507
& 1385 | 1288
4 15277 | 14860
5 1508

16750

w
63167 | 67505 | 71420 | 76150
a7 | mose | s | ss3m
27 | oosm | 9502 | 10042
0TS0 | 06020 [ 112380
61754 115145 | 18,136 | 124116
70065 nsiios | 12432 | 120501 | 135,807 | 110200




t-distribution F-distributior
[ I} 00

t-distribution
e |f Z ~ N(0, 1) and x?2 are independent, the variable defined by
V4

x5

n

is said to have a t-distribution with n degrees of freedom

Th=

Density of t-distributions

04

normal
df 10
df4
df 2
df1

03

density
0.2

0.1

0.0

® itis symmetric (i.e. its density is symmetric) = E(T,) = 0.

® its density has thicker tails than the normal but as n becomes larger, it becomes
more and more like the standard normal density.

® itcan be shown that Var(Tp) = %5, n>2
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Table of the Student's r-

Thetable gives the vales of 7
P77 1) =awith v

t-distribution F-distribution
o
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Example: t-distribution tables

s Where «

006 0025 001 0005 0001 00005

6314 12076 31821 63657 318310 636620

2920 4303 6965 9925 31508
238 3182 4501 5841 1292

21% 2776 3747 4604 8610

2015 2571 3365 4032 6869

2447 3143 3707 5950

2365 2998 34 5408

2306 28% 3355 5041

2262 2821 3250 a781

228 2764 3169 as87

3108 4437

30855 39 4318

3012 ass2 4221

2077 3787 4140

2047 37 4073

X 201 3gss 4015

2110 2567 2898 3846 3965

2101 2552 2678 36510 3922

2003 2539 2861 3579 3883

2086 2528 2845 3552 3850

2,080 2831 357 3819

2074 2819 3505 3792

2,069 2807 3485 3767

2,064 2797 3467 3745

2,060 2787 3450 3725

1706 2086 2779 343 3707
1708 2082 2771 3421 3890
1701 2.048 2763 3, 3674
16% 2045 27%  33% 3659
6w 2042 2750 3385 3546
1684 2001 2. 2704 3307 3551
1671 2000 2390 2660 3232 3460
1658 1980 2368 2617 3160 3373
645 1960 2326 2576 3000 3201

Example: Find:
a) B(Ti < 1.356)
b) fo.025.9
C) foorse
= a)P(Ti2 < 1.356) =0.9;
= b) fozse = 2.262;
= C) lp.gr5,9 = —2.262.
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F-distribution

e If x2 and x2, are independent, the variable defined by

_ Xa/n
X/ m

N

,m

is said to have an F-distribution with n and m degrees of freedom

2.5 T T T
d1=1, d2=1 ——
d1=2, d2=1 ——
2 d1=5, d2=2 —— |
d1=10, d2=1 ———
15 d1=100, d2=100
1 |
05 . —
S=
0 1 2 3 1 5

F-distribution
[ 1]



Chi square
0000000

Example:

Percentage points of Fisher's distribution

t-distribution

(e}

F-distribution tables

Jooswim
Degrees of freedom of the numerator (v;)

1 2 3 4 s 6 7 8 9 10 12 15 20 24 30 40 60 120 o

11614 1995 2157 2246 2302 2340 2368 2389 2405 2419 2439 2459 248 2401 2501 2511 2522 2533 2543
2[1851 1900 1906 1925 1930 1933 1935 1937 1938 1940 1941 1943 1945 1945 1946 1947 1948 1949 1950
301003 955 028 902 901 894 889 885 KSI 879 874 870 866 864 862 859 85 855 853
40771 694 659 639 626 616 609 604 600 596 591 586 580 ST 575 ST 569 566 563

S| 661 579 541519 505 495 488 4% 477 474 468 462 456 453 450 446 443 440 436

6] 599 S04 476 453 439 428 421 415 400 406 400 304 387 384 381 377 374 370 367
70550 474 435 402 397 387 379 373 368 364 357 351 344 341 338 33 330 327 323

8| 532 446 407 384 360 358 350 344 339 335 328 322 315 302 308 304 301 297 293

9| 512 426 38 363 348 337 320 323 318 304 307 301 294 200 28 28 279 275 271
10496 410 371 348 333 320 304 307 302 298 291 285 277 274 270 266 262 258 254
Tl 484 398 359 336 320 309 301 295 290 285 279 272 265 261 257 253 249 245 240
B 12[ 475 389 349 326 301 300 291 285 280 275 260 262 254 251 247 243 238 234 230
E I3[ 467 381 341 308 303 292 283 277 271 267 260 253 246 242 238 234 230 225 221
E o 14[ 460 374 334 301 29 285 276 270 265 260 253 246 239 235 231 227 222 218 213
215|454 368 320 306 290 279 271 264 259 254 248 240 233 229 225 220 216 211 207
T 6| 449 363 324 301 285 274 266 259 254 249 242 235 228 224 219 215 211 206 201
£ 7|45 350 320 296 281 270 261 255 249 245 23 231 223 219 205 210 206 201 19
S 18| 441 355 316 203 277 266 258 251 246 241 234 227 219 215 201 206 202 197 192
£ 10|43 32 33 200 260 263 250 248 242 238 231 223 216 211 207 203 188 193 188
8 20| 435 349 300 287 271 260 251 245 239 235 228 220 212 208 204 199 195 190 184
S 20432 347 307 28 268 257 249 242 237 232 225 208 200 205 201 19 192 187 181
g 22{ 430 344 305 282 266 255 246 240 234 230 223 215 207 203 198 194 18 184 78
B 3%lam e s; 2w e 25 2w 2w am 2m am an 205 200 1% 191 1% L 17
& 24] 426 340 301 278 262 251 242 236 230 225 208 211 203 198 194 18 184 179 173
25| 424 339 299 276 260 249 240 234 228 224 216 209 201 196 192 1§ 18 177 17l
26423 337 298 274 259 247 239 232 227 222 215 207 199 195 190 185 180 175 169

27| 421 335 296 273 257 246 237 231 225 220 213 206 197 193 188 18 19 173 167

28] 420 334 295 271 256 245 236 229 224 219 2012 204 196 191 18 182 177 171 165

20| 418 333 293 270 255 243 235 228 222 218 210 203 194 190 185 181 175 170 164

30| 407 332 29 269 25 242 233 227 221 206 209 201 193 189 1% 179 174 168 162
40408 323 284 261 245 234 225 218 212 208 200 192 184 179 L7 169 164 158 151

60| 400 315 276 253 237 225 217 210 204 19 192 184 175 170 165 159 155 147 139
120|392 307 268 245 229 217 209 202 196 191 18 175 166 161 155 155 143 135 125

o | 38 300 260 237 221 200 201 194 188 185 175 167 157 152 146 139 132 122 100

Example: Find:

b) fo.05,15,10 = 2.85

a)P(Fy
a) P(Fg > 4.53) =0.05 and P(Fs 4 > ;55) = 0.95;

> 453) and ]P(FGA > “1@), b) fo.o5,15,10.

F-distribution
oe
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