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Hypothesis testing

The goal of is to use the data of a random sample to

on the

® A typical example is a firm that will invest in a new machine if the

probability that an item produced by the new machine is defective is less
than 0.01.

A statistical hypothesis is a statement about the parameters of the
population of interest.

Hypothesis testing is a procedure for determining whether or not the
values of a random sample are consistent with the hypothesis.
X1, ... X, are sampled from a population with distribution Fy
is specified up to a set of
use the sample to a specific about 0.

The hypothesis to be tested Hy is called null hypothesis. It can be:

- simple (hypothesis) (Ho : 8 = 6) Ho completely specifies the

distribution;

- composite (hypothesis) (Hp : 6 < 6o).
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Hypothesis testing
Given Xj, ... Xy, a testing procedure for H, decides if to accept Hp or not:
= of the space where Xj, ... X, take values:
e if the random sample Xi,... X, ¢ C =
e if the random sample Xi,... X, € C =

The testing procedure is subject to two types of errors:
e the test rejects Hy, when it is indeed frue ( )
o the test accepts Hy, when it is false ( ).

= The test is built is such a way that it will reject Hj if the data are very
unlikely when Hy is true.

= We fix the key quantity o, suitably small, and require that

If , the main idea is to find the crltlcal region C using the
distribution of an estimator of ¢

o C={reject Ho} & d(Xi,...Xn) is far away from wy;
® under Hyp the probability of rejecting it has to be less or equal to a.
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Hypothesis testing for the mean of a normal population

(with known variance)

Xi, ... Xy is arandom sample from a normal population with unknown mean
w and known variance 2. Given Xi, ... Xy,

e the goal is to test the null (simple) hypothesis

against the alternative hypothesis

Hi: e # po
where pg is some specified constant.
® Chosen a , with o € (0, 1), we determine the critical

region C of the test by using the distribution of
= if u = o, we find ¢ such that the probability of rejecting Hy is equal to «

- -2 X—
It o= po, X~ N(po, ), = Pug(|7=22] > 25) = o

= Therefore, c=2zg a/+/n and the critical region is
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Example: hypothesis testing on ;. (known variance)

Consider a signal whose value is an unknown constant p which is
transmitted from a location A to a location B We assume the signal received
at Bis X = . + Y where the noise Y is normal with mean 0 and variance 4.
Suppose today it has been transmitted 5 times and that x = 9.5.

We want to test the null hypothesis

against the alternative Hy:pn#8

Since puo = 8 and zy.025 = 1.96, the critical region for o« = 0.05

Therefore, given the observed value is x = 9.5, the null hypothesis j» = 8 is
accepted with significance level o = 0.05.

Note that for « = 0.1, since zy.05 = 1.645 and

Thus, X = 9.5 € C and the null hypothesis would be rejected.
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p-value of the test

Consider a signal whose value is an unknown constant p which is
transmitted from a location A to a location B. We assume the signal received at B is
X = p+ Y where the noise Y is normal with mean 0 and variance 4.

Suppose today the signal has been transmitted 5 times and that x = 9.5.
We want to test the null hypothesis

versus Hy:p#8

Note that given X = 9.5 has been observed,
from [9.56-8|=252/v6 = «=0.094

we find the p=0.094, that is the critical significance level in
the sense that we find the minimum value of « such that, given the observed
statistics, the test will be rejected:

e for any significance level o < p the null hypothesis will be accepted;
e for any significance level a > p the null hypothesis will be rejected.
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Probability of type Il error and power-function of the test

Recall the alternative hypothesis

Hi @ # po.

The probability of the type Il error' depends on the value p, with 1 # 10, and
is

B(n) = Pu(accept Ho) = Pu(IX — po| < zg0/v/n), 1 # po

The function is called of the test which is the
probability of rejection when i, with . # po, is the true value.

A desirable test has:
e the level of significance « small
e the power function 1 — 8(u) big

Taccepting the null hypothesis when it is false
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One-sided tests for the mean of a normal population
(with known variance)

Xi, ... Xy is a random sample from a normal population with unknown mean
w1 and known variance 2. Given Xi,... Xn,

e the goal is to test the null (simple) hypothesis
Ho : po = po
against the alternative hypothesis

where 1 is some specified constant.

e Chosen a , we determine the critical region C of the
test taking into account the distribution of X and that small values of X
are more likely under Hy (rather than under Hy):

= if p = o, we find ¢ such that the probability of rejecting Hy is equal to «

- 2 —
It 1= po, X ~N(po, %), = 11%0()(%O > 2a) = a.

= Therefore, ¢ = z,0/\/n and
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One-sided tests for the mean of a normal population
(with known variance)

Under the same hypotheses, similarly, one can consider the test

Hypothesis testing in a Bernoulli populatior
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Ho : p = po

against the alternative hypothesis

and compute the critical region
e thetestrejects Hy if X < g — Zao//n
e thetestaccepts Hy if X > ug— zao/v/n.

Moreover, the power-function? of the test 1 — 8(u), is

1 B0) = Bu(X < o — 200/ V) = O~z + YIEOTH)

1— B(p)decreasesinp  and 1 —B(u) =P(—2a) =1-9(2a) =«
a < 1— B(w): the probability to reject Hy is higher if Hy is false rather than if it is true;
B(r) < 1 — a: the probability to accept Hy is higher if H is true rather than if it is false.

o Note that the tests or against are equivalent.
2probability of rejection when p is the true value
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Hypothesis testing for the mean of a normal population

(with unknown variance)
Let Xj, ... X, be a random sample from a normal population with unknown
mean and o2
We want to test the null (simple) hypothesis

against the alternative hypothesis

Hi = p # po.
e Chosen a 2 , we determine the using
that, under Hp, X—to ig g twith n— 1 degrees of freedom:

5/v/n
we find ¢ such that the probability of the type | error is a:

— X —
Pyuo(IX — ol > ) =a and Py, (| =5
vn

| > t%,n,1) =«

= c= t%,,HS/\/ﬁ and

e thetest accepts Hy if X €& [ug— te n1S8/v/n, o +tg o 1S/V1l.
® the test rejects Hy otherwise.
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One-sided tests for the mean of a normal population
(with unknown variance)

Let Xi, ... Xn be a random sample from a normal population with unknown mean p
and o2.
We want to test the null (simple) hypothesis

against the alternative hypothesis

Hi o p > po-
® Chosen a , we determine the using that,
under Hy, %52 is atwith n— 1 degrees of freedom:

S/f

we find ¢ such that the probability of the type | error is «a:
_ X —

Puo(X —po > ¢)=a and By, (~g"2

vn

> ta,n71) = a.

= ¢=tyn-1S/v/n and
e thetest accepts Hy if X < pg+tan1S/VN,
® the test rejects Hy otherwise.
® Similarly, testing Hp : n = po versus  Hq = p < po,

® thetest accepts Hy if X > pg — tw.n_1S/V/n,
® the test rejects Hy otherwise.
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Example: hypothesis testing on x (unknown variance)

Among patients having medium-high blood cholesterol levels 50 volunteers
were recruited to test a new drug to reduce cholesterol. After one month of new drug
treatment the changes in their blood cholesterol were noted. If the average change is
X = —14.8 with a sample standard deviation of s = 6.4, what conclusions can be
drawn?

® Hy:p=0(noeffect) against Hy : 1 < 0 (reduction due to the drug)
® n = 50 thus the t distribution of X1/n/S is a normal (under Hp);

® C={X< —2,S/vn} ={X < —2,6.4/V/50}, fora = 0.1 C = {X < —1.163},
o =0.0001 C = {X < —3.276} ...

® in fact the p value for the test is zero:

Zo = 14.86—540 =1635=a=0

The data are not consistent with Hy.
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Hypothesis testing for the mean of a population
with known and unknown variance

e |f the sample is reasonably large, exploiting the CLT

o the illustrated tests procedures can be used for testing hypothesis on
the mean of populations which are not normal.
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Hypothesis testing for the variance of a normal population

Let Xi, ... X, be a random sample from a normal population with unknown
mean 1 and unknown variance o2. We want to test the null hypothesis

against the alternative hypothesis

Hi - 0® + ok,
e Given the , we determine the using
that, under Hp, is a x2 with n — 1 degrees of freedom, since

with X2%7n_1 such that P(x2_, > Xz%’,,_1) =2.
Therefore,

e the test accepts Hy, if
e the test rejects Hy otherwise.
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Hypothesis testing for the equality of the variances of two

populations
Let Xi,... X, and Yi, ... Yy be two random samples from two normal
populations with unknown means and unknown variances o and o3. We
want to test the equality of the variances in the two populations:

versus the alternative
Hi : o? * os.

e Given o, we use that and are two independent X2,

respectively with n — 1 and m — 1 degrees of freedom. Under Hy, g—i has
2
the F-distribution with n — 1 and m — 1 degrees of freedom. Therefore,

where Fa n_q.m_qissuchthat P(Fr_1m—1 > Fg n_1,m_1) =
Therefore,

o
> -

® the test accepts Hy if

e the test rejects Hy otherwise.
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Hypothesis testing for the difference in means of two normal

populations
Let Xi,... X, and Yi, ... Yy be two random samples from two normal
populations with unknown means 14 and pz and known variances o2 and o3.
We want to test the equality of the means in the two populations:

versus the alternative
Hi oy # pa.

® Fixed a we determine the critical region using that
. Under Hp,

Therefore,
e the test accepts Hy if

e the test rejects Hy otherwise.
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Hypothesis testing for the difference in means of two normal
populations

Let Xi,...Xpand Yy,... Yy be two random samples from two normal populations with
unknown means uy and up and unknown (common) variance o2. We want to test the
equality of the means in the two populations:

versus the alternative
Hy =y # po.
o (n—1)824(m—1)S2 . ) . "
Sp = —tm—z - denotes the pooled variance. Fixed o we determine the critical
region using that

Under Hy,
X-Y
P — ta o < —— < ta o) =1—-qa.
( 27n-;—m 2_Sp 1/n+1/m_ 2,n-;—m 2)
Therefore,

® the test accepts Hy  if

® the test rejects Hy otherwise.
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Hypothesis testing for the mean in a Bernoulli population

Suppose to observe a random sample Xj, ..., X, from a Bernoulli population with

n
unknown parameter p and to denote X = > X;. We want to test
i1

versus the alternative
Hi:p > po.
® X is a binomial with parameters n and p and the the probability X assumes large
values is increasing in p;
e the critical region C = {X > k*} where k* is defined as the smallest value k
such that Pp, (X > k) < a. Once k* has been found
® the test rejects Hy if
® the test accepts Hy otherwise.
® if nis large, by the CLT, under Hy, X is approximately normal and

from which we obtain

® the test rejects Hy  if
® the test accepts Hy otherwise.
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Example: hypothesis testing for the mean in a Bernoulli
population
Example: A computer chip manufacturer claims that no more than 2 percent of the
chips it sends are defective. An electronics company, impressed with this claim, has
purchased a large quantity of such chips. The company decides to test a sample of
300 chips to determine if the claim can be trusted. If 10 of these chips are defective,
should the claim be rejected?

We want to test with o = 0.05,

versus
Hy : p > 0.02.

e the critical region C = {X > k*} where k* is defined as the smallest k such that
X ~bin(300,0.02)  P(X > k) <0.05.
Since, P(X > 10) = 0.0818, P(X > 9) = 0.0409 = k* =9and C = {X > 9}.

® Thus, given we found 10 defective chips, 10 falls in the critical region and the test
rejects Hy with o = 0.05.

® Since n = 300 is large, we can approximate X with a normal and
and Z20.05 = 1.645

= the test rejects Hy  since
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