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Definition 2.1. Let xq, x2, ..., X, be real numbers. A vertical order or an horizontal
order of xq, xo, ..., Xn, indicated with x, that is

X1
X2

Xn

is called a column vector or a row vector. Numbers xq, x, ..., x, are said to be the
components of the column/row vector. The number of components n is said to
be the dimension of the vector. The set of all the vectors with n components is
indicated with R" (n-dimensional real coordinate space).

Example 2.2. Consider the following vectors

where x! € R3 and x? € R*.
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Operations with vectors and properties

Definition 2.3. Let x € R"” be a column/row vector. The row/column vector,
indicated with xT, that is

Xn
is called the transpose vector of x.

Remark 2.4. (a) (xT)T = x; (b) We indicate with 0 the null vector, that is the
vector with null components; (c) We indicate with ei, with i = 1,2, ..., n, the vector

which has 1 in position i and 0 in the others (standard unit vectors or versors of
R"™), that is

el=(10 -~ 0), v e"=(00 - 1)

1 2

(d) Two vectors x :
with i =1,2,...,n.
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, x2, with the same dimension n, are equal if and only if Xil =X



Operations with vectors and properties

Definition 2.5. Let x!, x2 € R" be vectors. The sum of x! and x?, indicated with
x! + x2, is the vector on R" defined by

Xll + X12
1 2
X5 + X
Xl +x2 = 2 . 2
X,% + X,2,
where each component is the sum of components x! and x2 with the same position.
Property 2.6. Let x!, x?, x3 € R" be vectors. We have:
O x! +x2=x2 —|—x :
9 (x! +x2) +x3=x! + (x2 +x3);
Q@ x! +0 =0+ x! (0is the neutral element);
Q x' + (—xl) = (—xl) +x! =0 (—x is called the opposite of x).
Proof. (a) For any i = 1,2, ..., n, We have
x1 —|—x2 = [x,-l —l—xﬂ = [x,2 —l—x,-l] = [xﬂ + [x,-l] = x2 —|—x1
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Operations with vectors and properties

Definition 2.7. Let x € R"” be a vector and & a real number (or scalar). The
product ax is the vector on IR” given by

X1 1941

X2 &X2
axX = =

Xn X Xp

where each component of x is multiplied by «.
Property 2.8. Let x!, x2 € R" be vectors. For any «, B real numbers, we have:
Q « (x1 —|—x2) = ax! + ax?:
Q (a+pB)xt =ax! + Bxl;
@ 1-x! =x! (1is the neutral element);
Q a(px!) = (ap) <.

Proof. (a) For any i = 1,2, ..., n, We have

o (xl —|—x2) = [x,-l —|—x,-2} = [ax,-l + txxﬂ = [ax,-l} + {DCX?} = thxl +0cx2
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Example 2.9. Consider on IR3 the following vectors

1 2 1
x! = 2 2= =2 xX=10
-1 0 1

The sum x! +x? and the product —2x3 are given by

1 2 3 1 -2
x> =| 2|+ 2| = 0 —2.x3=(=2)|o0o|=]| o
-1 0 —1 1 -2

The sum x! +x% + x3 on R3 is equal to

x1+x2—|—x3:(x1—|—x2>+x3: O|l+|0f[=1|0
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Inner product of vectors

Definition 2.10. Let x!, x2 € R” be vectors. Tha real number (or scalar), defined
by (xl,x2), given by

( ) Zxx _Xl X1+ —|—x,%~x,%

is said to be the inner product (or the scalar product) of x! and x?.
Property 2.11. Let x!, x2, x3 € R" be vectors. We have:

(a) (x},x?) = (x2,x!) (symmetry)

(b) (x!+x%x3) = (x},x3) + (x?,x3) (additivity)

(c) ((XXl,,BX2) =ap (xl, xz), for any &, B € R (homogeneity).
Proof. (a) From the definitio of inner product, we have

n n
(xl,x2) = ZX51X52 = szzxsl = (xz,xl)

s=1 s=1
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Remark 2.12. If either x! or x2 is th 0 vector, then (xl,x2) = 0. The converse is
false.

Example 2.13. Consider vectors x! = ( 1 -1 ) and x2 = ( -1 -1 ) We
have

(xl,x2) =1 (=1)+(-1)-(-1)=-1+1=0

but xI and x2 are not equal to 0.

Example 2.14. Consider x! = 0and x> € R". For any x2 € R", the inner product
of x! and x? is
(xl,x2) = (0,x2) =0

therefore the null vector is orthogonal to any vector of R”.
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Orthogonal vectors

Definition 2.15. Let x!, x2 € R” be vectors. Vectors x1 and x2 such that

(xl, x2) = Zgzl xs1 xs2 =0

are called orthogonal vectors.

Example 2.16. Let a be a real number (a parameter). Consider the following

vectors
o o
xt = 2 and x2=| —a
-1 3

The inner product between x! and x? is equal to
3
(xl,x2) = Zs:l xs1 x_f =a®—20—-3

which depends on the value of a. Vectors xI and x2 are orthogonal if and only if
(xl,xz) =0, that is

(xl,x2):0<:>0c2—2tx—3:0<:)a:—10r0c:3
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Linear combination of vectors

Definition 2.17. Let x!, x2, ..., x” € R" be vectors. The vector x given by
n
X = Z wsx® = apxt + aox 4 -+ apx”
s=1

is called the linear combination of x!, x2, ..., x" with coefficients N1, 00, ..., &p.

Example 2.18. Consider on R3 the following vectors

1 2 1
xt=1 2 x> =] -2 =10
-1 0 1

The vector 2x! — 3x2 + 2x3 on R3, i. e. the linear combination of x!, x2 and x3
with coefficients, respectively, 2, —3 and 2, is given by

1 2 1 -2

oxl —3x2 +2x3 =2 21 -3 =2 |+2]0|=] 10
-1 0 1 0
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Convex linear combinations and convex sets

Definition 2.19. Let x!, x2, ..., x” € R" be vectors. The vector x given by

X = asx® = apxt + aox® + -+ apx”

n
s=1

is called the convex linear combination of x!, x2

Oand g +---4+a, = 1.

s ..., X" with coefficients a1, ap, ..., ap >

Example 2.20. Consider on R3 the following vectors

1 2 1
xt=1 2 x> =] -2 =10
-1 0 1

The vector 1/4x! +1/4x%2 +1/2x3 on R3, i. e. the convex linear combination of

x1, x2 and x3 with coefficients, respectively, 1/4, 1/4 and 1/2, is given by

1 2 1 5/4
1 1 1 1 1 1
-1 0 1 1/4
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Norm of a vector

Definition 2.21. Let x! € RR” be vector. The non-negative real number (or
non-negative scalar), indicated with ||x||, defined by

Il = /X, )2 = () ()% e ()P

is said to be the norm of x!.

Remark 2.22. (a) The norm of x represents the measure of the distance between
x and 0 (the origin of R"); (b) If n = 1 the norm of x € R is equal to the absolute
value of x; (c) the norm fo x1 can be defined using the definition of inner product,
in fact we have

Il = /X0 )% = 0 ) = e xd) = ()2

Example 2.23. Consider x! = ( -1 2 1 -3 ) € R*. We have

Il = /X0, (60 = (c12+ 2+ 12+ (-3) = VI3
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Properties of a norm of a vector

Property 2.24. Let x!, x2 € R” be vectors and « a real number. We have:
) HX1H >0, Hx2H = 0 if and only if x = 0 (non-negativity);
) [laxt|| = |a| ||x}|| (absolute homogeneity);
<) |[xt+x2|| < ||xt]| + |[%?]| (subadditivity).

Proof. (b) From the definition of norm, we have
H H \/Zs 1 IXXS \/Zs 1 D‘X-"l “XS \/“2 Zs 1 5
1.1 2
= Jaf /Yoy O xd) = la] (Fx)2 = |l ||x|

Remark 2.25. We can generalize property 2.24 (c) as follows

Hx1+x2+---+x"

ol B R

for any x1 x2, ., x"eR".
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