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Limits of functions

Definition 7.1. Let f : ACR — R and xp € R a limit point of A. We write

lim f(x)=LER  or f(x) >LeERasx — xp
X—X0

if, for any neighbourhood V; (L), a neighbourhood Us, (xo) exists such that
xo # x € Uy, (x0) NA= f(x) € Ve (L)

and L is said to be the value of the limit of f at xg.

We have four cases: (a) xp, L € R; (b) xo0 € R, L = Fo00; (c) xg = too, L € R;
(d) xp = Foo, L = Fo0.

Example 7.2. Let f : (0,400) — R and xg = 400 a limit point of A. We write

f(x) — 400 as x — 0 if for any V (400) a neighbourhood Uj, (0) exists such
that

0 # x € Us, (0) N (0, 400) = f(x) € Ve (400)

Let £ : (0,4+00) — R and xp = 5 a limit point of A. We write f(x) - 2asx —5
if for any V¢ (5) a neighbourhood U, (2) exists such that

2# x € Us, (2) N (0, +00) = f(x) € Ve (5)
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One-sided limits

Definition 7.3. Let f : ACIR — R and xp € R a limit point of A. We write

lim f(x)=LeR or f(x)—LeRasx— x5

X—)XO
if, for any neighbourhood V; (L), a right neighbourhood U;Z (xg) exists such that
x0 #x € Uy (x0) NA = f(x) € Ve(L)

and L is said to be the value of the right limit of f at xg.

Example 7.4. Let f : (0,40) — R and xp = 0 a limit point of A. We write
f(x) — 0 as x — 0T if, for any V, (0), a right neighbourhood Ugg (0) exists such
that 0 # x € Ugg (0) N (0, +00) = f(x) € V£ (0) and 0 is the value of the limit of
fat0. Let f: (0, +00) — R and xo = 0 a limit point of A. We write f(x) — +o0
as x — 0T if, for any V; (+00), a right neighbourhood Ugg (0) exists such that

0 # x € Uy (0)N (0, +00) = f(x) € Ve (+00)

and +oo is the value of the limit of f at 0 (we say that f diverges to +c0 as x
converges to 0 from the right).
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One-sided limits

Definition 7.5. Let f : ACIR — R and xp € R a limit point of A. We write

lim f(x)=LeR or f(x) > LeRasx— x5

X=Xy
if, for any neighbourhood V; (L), a left neighbourhood U; (xo) exists such that
xo #x € Uy (x0) NA = f(x) € Ve (L)

and L is said to be the value of the left limit of f at xp.

Example 7.6. Let f : (—00,0) — R and xp = 0 a limit point of A. We write
f(x) — 0as x — 07 if, for any V; (0), a left neighbourhood U; (0) exists such
that 0 # x € U;_ (0) N (—00,0) = f(x) € V¢ (0) and 0 is the value of the limit of
fat0. Let f: (—c0,0) — R and xo = 0 a limit point of A. We write f(x) — —oo
as x — 07 if, for any V¢ (—00), a left neighbourhood U; (0) exists such that

0 # x € U (0) N (0, +00) = f(x) € V¢ (—o0)

and —oo is the value of the limit of f at 0 (we say that f diverges to —co as x
converges to 0 from the left).
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Limit theorems

Theorem 7.7. Let f : AC R — R and xp € R such that a Uy, (xp) exists such
that U, (0) — {xo} C A. Then

lim f(x)=LER <« lim f(x)= lim f(x)=L€eR
X—X0

X*>X0+ X=Xy

Example 7.8. Let f, g : IR — R be a functions defined by

1/ |x| x #£0 1/x3 x#0
f(x) = and g(x) =
0 x=0 0 x=0
We have
) 1 . 1 )
lim — = lim — =400 < lim f(x) = +oc0
x—0t |X| x—0— |X| x—0
and

1 1
lim — =400 # —co= lim = and 3 Iimog(x)
X—

x—07t x3 x—0~ x3

that is the limit of g as x — 0 (x converges to 0 from the left and from the right)
does not exist (while the two one-sided limits exist).
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Limit theorems

Theorem 7.9. (Uniqueness of the limit). Let f : ACR — Rand xp € R a
limit point of A. At most a unique L € R exists such that

lim f(x) =L

X—X0

Proof (by contradiction). Suppose that two different limits L1 and Ly exist,
Ly # Ly. For any € > 0, we have:
o there exists 01 (¢/2) such that

X0 # x € Us (¢2) (x0) NA = [f(x) — L1| <e/2
o there exists d, (¢/2) such that
x0 # x € Us,(¢/2) (0) NA = [f(x) — Lo] < /2
Let 0 = inf (61 (e/2),62 (¢/2)). Therefore a 6 (¢/2) exists such that
X0 # x € Uses) (x0) NA = [f(x) — L1] <e/2 and [f(x) — L] <&/2
From the triangle inequality, we have
-l <e = Ly—L1=0 = =1L

therefore if the limit exists, it is unique.
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Limit theorems

Theorem 7.10 (Permanence of the sign). Let f : AC R — R and xg € R
a limit point of A. If limy_x, f(x) = L # 0, then a neighbourhood B (xp) exists
from which f and L have the same sign, that is

Vx € (Be (xp) — {x0})NA, f(x)L>0

Theorem 7.11 (Comparison criterion). Let f,g,h: ACR — R and xp € R a
limit point of A. If

Vx € A, g(x) < f(x) <h(x) and lim g(x) = lim h(x) =1L
X—X0 X—X
then limy_x, f(x) = L.

Example 7.12. Show that limy_,g [x2 cos(1/x)] = 0. For any x € R and x # 0,
we have

‘X2 COS(l/X)‘ < ’Xz‘ - |eos(1/x)] < ’xz‘ = x?

therefore —x? < x2 cos(1/x) < x2 and —x2,x2 — 0 as x — 0. Therefore
limx_o [x? cos(1/x)] = 0 (comparison criterion).
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Algebra of limits

Theorem 7.13. Let f,g: ACIR — R and xp € R a limit point of A. If
lim f(x)=L€ER and Ilim g(x)=MeR

X—X( X—=X0
Then:
@ the limit of (f + g)(x) exists and
lim (f+g)(x)=L+MEeR

X—X0
provided that L + M is not an indeterminate, that is +0c0 — 00 and —o0 + oo.
@ the limit of (fg)(x) exists and
lim (fg) (x) =L-MeR

X—X0

provided that LM is not an indeterminate, that is 00 - 0 and 0 =4 oo.
@ if a neighbourhood of xp exists, with x # xp, then the limit of (f/g)(x)

exists and
lim (f/g)(x)=L/MeR
0

X=X

provided that L/ M is not an indeterminate, that is oo/ 4= 00 and 0/0.
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Horizontal, vertical and oblique asymptotes

Definition 7.14. If at least one of the conditions

lim f(x) = do0 ; lim f(x)= +oo

+ —
X—>X0 X—)XO

holds, the line x = xg € R is called a vertical asymptote of (the graph of) f(x). If
at least one of the conditions

lim f(X) =¥ ; lim f(X) =Y

X—+00 X——00

holds, the line y = yg € R is called a horizontal asymptote of (the graph of) f(x).
Definition 7.15. Let a, b real numbers. If

lim (f(x) —ax—b) ; lim (f(x) —ax—b)

X——+00 X——00

that is if the distance between f and the straight line y = ax + b goes to 0 as
x — 400/ — oo, then the straight line is said to be an oblique asymptote of f as
x diverges.
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Limits of elementary functions

@ Power function f : R — R defined by f(x) = x", with n € IN. We have

lim x" =xi ; lim x" =400 ; lim x" =
X—Xp X——+00 X——00

—+o00 n even
—0 n odd

e Power function f : (0, +00) — R defined by f(x) = x*, with « € R. We

have
+o0 a<O0 0 a <0
Iim+ Xt = 1 a=20 and lim x* = 1 a=0
x—0 0 x>0 Xrbes 400 a>0

o Exponential function f : R — R defined by f(x) = X, with 0 < «. For any
xp real number, we have a* — a*® when x — xg. If x goes to 400 or —oo,

we have
0 a<l1 +o0 a<l1
lim o = 1 a=1 and lim a* = 1 a=1
X e 40 a>1 xmmee 0 a>1
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Limits of elementary functions

e Logarithmic function f : (0, +o0) — R defined by f(x) = log, x, with
0 < a # 1. For any xg > 0 real number, we have log, x — log, xg when
x — xp. If x goes to 400 or 0 (from the right), we have

lim log,x =14 . a<l and lim log, x = too a<l
X—s+00 Ba X = +o0 a>1 X0+ Ba X = —00 a>1
@ Trigonometric functions f : R — R defined by f(x) = sinx and

f(x) = cosx. For any xp real number, we have

lim sinx =sinxyg and lim cosx = cos xg
X—XQ X—XQ

and limits of sin x and cos x don’t exist as x diverges to 400 or —co.
Example 7.16. Consider f(x) = ¥ and g(x) = Inx. We have
. Inx e , . 1
im — =+4o00; lim — =0; lim elhx=4c; |Im —— =0
x—0+ eX x—0t In x X—400 x—+4oo eX|n x

and

. 1 . 1 1 . 1 X
lim — +Inx ) = +o0c0; I|lim — 4+ — | =0; Ilim ——e = —00
x—o0 \ X x—+oo \ eX  |nx x—+0c0 \ In x
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Remarkable limits

o We have

lim sinx 1 lim 1 —cosx — 0 lim 1 — cosx _ 1

x—0 X x—0 X x—0 X2 2
o f(x) — £o0 as x — xp, then for x — xp
k f(x) p .
(1 + f(x)) — e (with k € R)
e f(x) — 0 as x — xp, then for x — xp

af®) —1

T — loga (with a > 1)

Example 7.17. We have

2 o x? (x—1)?

1 2 1
lim — X 5 im (1 — e lim ot " —og2
x—0 (1 — cos x) x x—0 1
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Remarkable limits

e f(x) — 0as x — xp, then for x — xp

log,(1+ f(x)) 1 .
00 — o8 2 (with0 < a#1)

e f(x) — 0as x — xp, then for x — xp

(14 f(x)" -1

o "
Example 7.18. We have
2 1+x2)% -1
j log2(l41/x%) 1 - (1+x?) s
x—+00 1/x2 log2 x—0 x2
and 13
1+2x%) 777 —1
lim (1+2x )2 =-1/3
x—0 2x
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Orders of convergence and divergence

Definition 7.19. Let f,g: AC R — R and xg € R a limit point of A for which
Be(xp) exists such that g(x) # 0 for any x € AN Be(xp).
Q If (f/g)(x) — 0as x — xg then f is said to be negligible with respect to g
as x — xp. We write f = o(g) (which is read “f is a litte-o of g") as
X — Xp.
Q If (f/g)(x) — k # 0 as x — xp then f is said to be comparable with respect
to g as x — xg. We write f < g (which is read “f is comparable with g") as

x — xg. If
f
lim & =1
0 g(x)
then f, g are said to be asymptotic functions as x — xg. We write f ~ g as
X — XQ-

Remark 7.20. (a) The negligibility relation is transitive, that is
f=o0(g) and g=o(h) x—x = f=o0(h) x—x

(b) The asymptotic relation is symmetric and transitive.
Example 7.21. /x/x — 0 as x — +00, therefore \/x = o(x) as x — +oo0.
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Little-o algebra

Theorem 7.22. Let f,g: AC IR — R and ¢ a non-zero real number. Then
(a) o(f) +o(f) = o(f) (b) o(f)o(g) = o(fg) (c) c-o(f) = o(cf) = o(f)

(d) o(g) + o(f) = o(f) if g = off).
Theorem 7.23. Let k, h> 0,2« >1and a > 1. Then:

O x¥ = o (&) as x — Fo0;
Q xh:o(xk) as x — +oo and h < k;
Q Iogax:o(xk) as x — +o00.

From the transitivity property we have log, x = o (a¥) as x — +co0.
Example 7.24. For x — 400, we have

x? = o(e) x3:o(x5) logq x = 0 (v/x) Inx = o (&)

Remark 7.25. If f — 0 as x — xp then f = o(1) as x — xp.
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Asymptotic equivalence

If f(x) ~ g(x) as x — xp, then

lim f(x) =L« lim g(x) =1L

X—X X—X

that is f, g have the same limit L € R as x — Xxp.
Theorem 7.26. Let f (x) ~ g(x) and h(x) ~ I(x) as x — xp. Then:
o f(x)-h(x)~g(x)-I(x)as x — xp.
e f(x)/h(x) ~ g(x)/I(x) as x — xg, provided that h(x) # 0 and / (x) # 0
for any x # xp of Be (xp).

Example 7.27. For x — 400, we have

X2 +lnx+e X X2 x* 4 x4+ 72X x4

A THAATE 2 0 s TATEe L2
Btex+10 e Brexii0 3

and

3 (.l
3x (e /X — 1) 3x3 - (1/x) 3x3 3
~ = —
2x2 2x2 2x3 2
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Continuous functions

Definition 7.28. Let f : AC R — R and xg € A a limit point of A. Function f
is said to be continuous at xp when

lim f(x) = f(x)

X—XQ
and f is continuos at each isolated point of A.

A function f continuous at every point of a subset E of A is said to be continuous
on E. The set of all the continuous functions on set E is indicated with C(E).
Elementary functions are continuous (on their domains A). If a function f is not
continuous at xp then we say that f has a discontinuity point at xg.

Example 7.29. Let f : R — R be functions defined by
1/ |x| x#0
fx) =
0 x=0
Function f is continuous at any point xp 7 0 because we have
1 1

im —=— =
x=x |x| - |xol

£(0)
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We observe that
1 1
lim — = lim — =400 and f(0)=0

= lim
AT T B T
therefore f is not continuous at xg = 0 (f has limit, as x goes to 0, from the left
and from the right).
Example 7.30. Let f : R — R be functions defined by

1/x3 x#0
f(x) =
0 x=0
Function f is continuous at any point xy # 0 because we have
1 1

lim = = — = £(0)

X—XQ x3 x3

We observe that

therefore f is not continuous at xg = 0.
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Discontinuity points

Definition 7.31. Let f : AC R — R and xg € A a limit point of A. If
lim f(x) = Iim+ f(x)=L#L"="f(x)

X=Xy X—Xq
we say that f has a removable discontinuity point at xg. If

lim £(x) :{ £ o lim f(x):{ oo

x—>x(; ﬂ X_’X(;r ﬂ

we say that f has a non-removable discontinuity point at xp.
Example 7.32. Let f : R — IR be a function defined by

1/x x>1
= { 0 2

Function f at x = 1 is not continuous, in fact we have

lim e =e and lim = =1
x—1- x—1t X

and we say that f at x =1 has a jump (discontinuity point).
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Properties of continuous functions

Theorem 7.33. Let f,g: A C IR — IR be continuous functions at xg € A. Then
@ f + g is continuous at xg € A.
@ fg is continuous at xp € A.
@ /g is continuos at xp € A, provided that g(xg) # 0.

Theorem 7.34. Let f : Ar CIR — R and g : A; € R — R be functions such
that f(Af) C Ag. If f is continuous at xg € A and g is continuous at f(xg), then
(g of) is continuous at xy € A.

Theorem 7.35. (Bolzano). Let f : [a,b] — R be a continuous function. If
f(a)f(b) < 0 then at least a point ¢ € [a, b] exists such that f(c) = 0. If f is
strictly monotonic on [a, b] then point c is unique.

Example 7.36. Let f : [0,3] — R be a continuous function defined by f(x) =
x? —2. Since f(0)f(3) < 0, function f has at least a point ¢ € [0, 3] such that
f(c) =0. Let g : [0,1] — R be a continuous function defined by

gx)=x3+x—-1

Since g(0)g(1) < 0, function g has at least a point ¢ € [0, 3] such that g(¢) = 0.
In this case, g is monotonic and point ¢ is unique.
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Properties of continuous functions

Theorem 7.37. Let f, g : [a, b] — R be continuous functions. If f(a) > g(a) and
f(b) < g(b) then a point ¢ € [a, b] exists such that f(c) = g(c). If f is strictly
increasing and g is strictly decreasing, then point c is unique.

Theorem 7.38. (Weierstrass). A continuous function f : [a, b] — R has at least
a minimizer and at least a maximizer on [a, b].

Example 7.39. Let g : [0, 1] — R be a continuous function defined by
g(x)=x>+x—-1

therefore g has at least a minimizer and maximizer on [0, 1] (0 and 1).

Theorem 7.40. (Intermediate value theorem). Let f : [a,b] — R be a

continuous functions. Set

m= min f(x) and M = max f(x)
x€(a,b] x€la,b]
then for any z € [m, M] a point c exists such that f(c) = z. If f is strictly
monotonic on [a, b] then point ¢ is unique.
Theorem 7.41. Let f : | — R be a continuous function on interval /. Function f
is injective if and only if f is strictly monotonic.
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