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Notion of derivative of a function

Let f : (a, b) — R be a function and xg € (a, b), the ratio defined as follows
Af f(Xo + h) — f(Xo)
Ax h

is called the difference quotient of f with respect to [xg, xg + h], with h % 0 and
xp + he (a, b).

Remark 8.1. If x = xg + h, with h # 0, then the difference quotient of f can be
written as follows

AF _ £(x) — ()

Ax X — Xp

Example 8.2. Let f : R — R be a function defined by f(x) = x 4+ x?>. The
difference quotient of f with respect to [xg, xp + h], with h # 0, is

s [Co MO0t ]~ (ot R) ()RR

Ax h h

_ h+h(ixo+h) _ h[1+(2hX0+h)] =1+ (20 +h)
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Notion of derivative of a function

Definition 8.3. Let f : (a,b) — R be a function and xg € (a, b). Function f is
said to be derivable at xp if the limit

i [0+ h) = fxo)
h—0 h

exists and is finite. The value of the limit, indicated with ' (xg), is called the
derivative of f at xp.

Example 8.4. Let f : R — R be a function defined by f(x) = x + x2. The limit

lim f(xo + h) _ f(xo) = |im
h—0 h h—0

1+ (2x0+ h)] =1+ 2x9

exists and is finite, therefore f is derivable at xg and f/ (xp) = 1+ 2xg.
Example 8.5. Let f : (0, +00) — R be a function defined by f(x) = Inx. The

limit

£ B — f | B — | 1 h 1
fim fO0ER) = F00) _ o [Inboth) —Inxo] _ 1 0 Ry L
h—0 h h—0 h h—0 h X0 X0

exists and is finite, therefore f is derivable at xy > 0 and ' (xg) = 1/xg.

BEMACS (DS) First part - Mathematics 24 September 2019 3/16



Geometric interpretation

Definition 8.6. Let f : (a, b)) — R be a derivable function at xg € (a, b). The
equation defined by

y=f(x)+f (x0) (x—x)
is called the equation of the tangent line to the graph of the function f at xg. The
slope of the tangent line is f/ (xp).

Example 8.7. Let g : R — R be a function defined by g(x) = 3x? + 2. Function
g is derivable at xg with g’ (xg) = 6xg. Therefore the equation of the tangent line
to the graph of the function g at xp is

y =g(x)+&' (x) (x—x)

and we get
y =3x3 +2+6xp (x — xp) = 6x0x — 3x5 + 2

Remark 8.8. Let f : R — R be a constant function defined by f(x) = k. Since
f'(x0) = 0, for any xp € R, the equation of the tangent line to the graph of the
function f at xg is y = f(xg) = k (which is equal to function f).
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Derivative function

Let 7 : (a,b) — R be a function. The set D C (a, b) where f is derivable is said
to be the domain of derivability of f.

Example 8.9. Let g : [0,+00) — R be a function defined by g(x) = /x. We

have
im &G0t h) —glo) | VXot+h— X0 1
h—0 h ho|  h h—>0 Vxo+h +\/>
For any xp > 0, we have
lim ! -
h=0 | /X + h+ /X0 2\/x0

and g is derivable, but at xg = 0 the limit does not exist and g is not derivable at
this point. The domain of derivability of g is D = (0, +00) C [0, 400).
Definition 8.10. Let f : (a, b) — R be a function with D C (a, b). The function
' : D — R which associates at each x € D the derivative f'(x) is said to be the
derivative of function of f.
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One-sided derivatives

Definition 8.11. Let f : (a,b) — R be a function. Function f is said to be
derivable from right and from the left at xp € (a, b) if the one-sided limits

f h)—f f h)—f
fi(x) = Jim, (o + f), SO R—— (x0) = lim (0 + f), (x0)
exist and are finite.

Theorem 8.12. Let f : (a,b) — R be a function. Function f is derivable at
xp € (a,b) if and only if f{ (xp) = £’ (xp). We have

F' (x0) = fL.(x0) = L (x0)
Example 8.13. Let f : R — R be a function with f(x) = e*. We have

. eXoth _ oxo , eXoth _ oxo
fiixg)= lim — =& and f(xg)= lm — =-¢
+(0) h0+ h (x0) h—0- h

X0

therefore f{ (xg) = f/ (xp) = €* and f is derivable at xp with f’ (xg) = €.
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Derivability of a function at a point

There are some case where function f is not derivable at xg. We have:
o f is derivable at xg from the right and from the left but we have

fl(xo) #f (xo) and  f'(x) does not exist

and we say that f has a corner point at xp;
o the difference quotient of f as x — xp, from the left and from the right, is

h
and we say that f has a cuspidal point at xp;

Example 8.14. Let f : R — R be a function defined by f(x) = /|x|. At xo =0,
we have

f1(0) =

therefore f is not derivable at 0 (we have a cuspidal point).
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not finite f B — f(x0)
. X0+ n) — f(xp
fi(x0) = Nim, p = Foo
and f h)—f
' (x) = hlirgi (xo+h) — f(x0) = Foo

RLELE: VO _

= +oc0 and £/ (0) = lim —00

h—0—



Derivability of a function at a point

@ the difference quotient of f as x — xp, from the left and from the right, is

f(xo+h) — f(x)

fi(x0) = Nim, p = Foo
and f h)—f
f (xp) = lim o+ h) = o) = +o0

h—0~— h
and we say that f has a vertical inflection point at xg.

Example 8.15. Let f : R — R be a function defined by f(x) = |x|. At xg =0,
we have

h) — h) —
fi(o): 'me:l and fi(XO): m}tw

with f{ (0) = 1 # —1 = f/(0) and f is not derivable at 0 (we have a corner point).
Example 8.16. Let f : R — R be defined by f(x) = ¥/x. At xy = 0, we have

3/ 3/
ffr(O):hliO 0+ \[——I—oo and f (0) = h. 0+ Voth- Vo = +o0

—0-

=-1

therefore f is not derivable at 0 (we have a vertical inflection pomt).
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Derivability and continuity

Theorem 8.17. Let f : (a, b)) — R be a derivable function at xg € (a, b). Then
f is continuous at xp € (a, b).

Proof. We assume that f is derivable at xg € (a, b), therefore the limit of the
difference quotient of f at xg € (a, b) exists and is finite. We have

lim [f(x)—f(x)] = lim [’W(xxo)]

X—Xp X—Xp X — XO
f(x)—f
= lim ) = Fo) lim (x —xp)
X—X0 X — X X—X0

= fl(xg)- lim (x—x9) =0

X—X0

therefore

XILn}(O [f(x)—f(x0)]=0 = lim f(x)—f(x)=0 = lim f(x)="f(x)

X—XQ X—X0
and f is continuous at xg € (a, b).

The converse of theorem 8.17 is false, that is the continuity of f at xo € (a, b)
does not imply the derivability at the same point.
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Derivability and continuity

Example 8.18. Let f : R — R be a function with f(x) = |x|. Function f is
continuous on IR. We observe that at xg = 0 we have

f1(0) =1# —1=f'(0) (and f'(xg) does not exist)

we can say that f is not derivable at O (there is a corner point).

Example 8.19. Let f : R — R be a function with f(x) = /|x|. Function f is
continuous on R (in fact f (x) — /|xo| as x — xp and f(xp) = +/|x0|). We
observe that at xg = 0 we have

w/|0+h vh 1
lim = |

m —
h—>0+ h—>04r h h—>0+ﬁ

and

\/|0+h . v—h . 1
f | = lim — =
~(0) = haO* er8+ h th8+ v —h e

we can say that function f is not derivable at O (there is a cuspidal point).
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Derivatives of elementary functions

o Let f:(0,+00) — R be defined by f(x) = x*, « € R. Function f is
derivable on (0, c0) and
f(x) = (x*) = ax*"1
o Let f : R — R be defined by f(x) = a*, with a > 0, a # 1. Function f is
derivable on IR and
x+h _ .x h _ 1
£ (X)) I u — X i a
() = (=) Pt h 5
If a=e, then f' (x) = (¢) = eXIne = e*.
o Let f: (0, +00) — R be defined by f(x) = log, x, with a > 0, a # 1.
Function f is derivable on (0, o) and

=a“lna

I h) —1
F(x) = (log,x)/ = lim 128 ()~ logs x

.1 x+h 1 h 1
— Jim —| — lim ~log, (1+2) =
h0 b oga( X > h0 b oga< JrX) x-Ina

If a=e, then f' (x) = (Inx)" = 1/x.

BEMACS (DS) First part - Mathematics 24 September 2019 11/



Derivative of elementary functions

Example 8.20. Let f : R — IR be a function defined by
1

f(x) ==

00 =1

which is derivable (0, +-00). We have

/
1 _ ! 3 _ 3
ro=({5) =) =

o Let f : R — R be defined by f(x) = sinx. Function f is derivable on R and

f' (x) = (sinx)" = cos x
o Let f : IR — IR be defined by f(x) = cosx. Function f is derivable on IR and

f' (x) = (cosx) = —sinx

Example 8.21. Let f : R — R be a function defined by f(x) = 37*. Function f
is derivable R. We have

f(x)=(37) = [(1/3)]" = (1/3)*In371 = =37 In3
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Algebra of derivatives

Property 8.22. Let f, g be two derivable functions on A C R and «, B € R. We
have:

Q (af) (x) is derivable on A and
(af) (x) = a- ' (x)
Q@ (f+g)(x) and (f — g) (x) are derivable on A and
(F+g) () =1 (x)+g (x) (f-g) (x)=F(x)—g (x)
@ (fg) (x) is derivable on A and
(fg)' (x) = ' (x) - g(x) + f(x) - &' (x)
Q@ (f/g) (x) is derivable on A, with g(x) # 0, and

Y (- ()-8 = F(x) &' (x)
( ) ¥ g())°
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Algebra of derivatives

Rules (1)-(4) are called the constant multiple rule, sum and difference rules, product
rule and quotient rule, respectively.

Proof. (a) Suppose f derivable at xg € R and « € R. We have
(L\’,f)/ (X) — lim (“f) (X) — (“f) (XO) — & lim f(X) — f(XO)

X—=X0 X — X0 X—XQ X — Xg

= af’ (x)
(b) Suppose f and g derivable functions at xy € IR. We have

) _ im T8 (X) —(f+g) ()
(f+g) (x) = Jim a—
— im f(x) +g(x) — f(x) — g(x)
X—=X0 X — X0

i [FO0=FG0) | 80) ~g(x)

X—=Xo X — X0 X — X0
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Example 8.23. Consider f(x) = x3 and g(x) = €*, both derivable functions on
R. Function (fg) (x) is also a derivable function on R and its derivative is

! !
() (x) = (e) = () e +xP- ()
= 3x%. e +x3- e =x%X (3+x)
Example 8.24. Consider f(x) = 2x and g(x) = In2x, both derivable functions

on (0, +o0). Function (f/g) (x) is a derivable function on (0, +00) with x # 1,
and its derivative is

<f>’(x) _ ( 2x >’: (2x)"-In2x —x - (In2x)" _ 2-In2x — 2x- (2/2x)

g In 2x (In2x)? (In2x)?

_M nx2:nx'nx n2 X
= T NB. (In2x)2 = In2x - In2x # In? (2x)
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Example 8.25. Consider f(x) = kx and g(x) = In kx, with k > 0, both derivable
functions on (0, +-00). Function (g/f) (x) is a derivable function on (0, 4+-0), and
its derivative is

<§>/(x) _ <|nkx)’ (Inkx)" - kx —Inkx - (kx)" _ 1 —klnkx

f fox (kx)? (kx)?
<%>/ (x) = 1—(k/<X|)r12/o< = 0= x = k™1 {/e (stationary point of (g/f) (x))

Example 8.26. Consider f(x) = x* and g(x) = €*, both derivable functions on
(0, 400). Function (f/g) (x) is a derivable function on (0, +-c0) with e* # 0, and
its derivative is

<f)/(x) _ (sz>/: (Xuc)’.exixzx,(ex)/:axa—lexixaex

g eX (ex)2 e2x

/ a1 —x
<;) (x) = * =0 = x = « (stationary point of (f/g) (x))
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