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1 Eigenvalues

Exercise 1.1 (14 points). In the following questions, report only the main
steps in the calculations. For point 3, explain in detail your line of reasoning.

1. Consider the linear operator T : R? — R? defined by

r(13])-15]
) T +y
Find the eigenvalues and the corresponding eigenspaces of T'.

2. Consider the linear operator T : R* — R3 defined by

T rT+y—+z
T Y =|lr+y+=z
z r+y+=z

Find the eigenvalues and the corresponding eigenspaces of T .

3. Consider now the linear operator T : R™ — R" defined by

T1
T : :[a:1+---+$n x1+---+xn}.

Tn

Based on the previous cases, can you find the eigenvalues and the cor-
responding eigenspaces of T'? (Hint: you might start considering what
happens in the 4-dimensional case)



1.1

1. We are searching for the eigenvalues and the corresponding eigenspaces
of the linear operator T:

a1 ]

To find the eigenvalues we want to evaluate:
det(T — M) =0

det([lz/\ 1iA])=o

(1-=XN)(1-X)—-1=0
From which we obtain 2 eigenvalues:

e \i =0, which has algebraic multiplicity = 1
e \y = 2, which has algebraic multiplicity = 1

Substituing the eigenvalues back in the matriz and solving the associated

homogeneous systems:
1 1 ) 1| 0
11 i) o 0

and
1 —1 i) N 0
We obtain:
o vy =1 {_111, with t € R, that is the eigenvector relative to A\ = 0

(geometric multiplicity = 1). The associated eigenspace has di-
: , -1
mension 1 and as a basis { { 1 } }

o vy =1 with t € R, that is the eigenvector relative to Ay = 2

1
1 )
(geometric multiplicity = 1). The associated eigenspace has di-

mension 1 and as a basis { E} }



2. We are searching for the eigenvalues and the corresponding eigenspaces
of the linear operator T:

1 11 X1
Tx)=A-x=|1 1 1| |z
1 11 x3
To find the eigenvalues we want to evaluate:
det(T — M) =0
1—A 1 1
det(| 1 1—A 1 [)=0
1 1 1—A

(1=AP+1+1-(1-N)—-1=N—=(1-A)=0
From which we obtain 2 eigenvalues:

e )\ = 0, which has algebraic multiplicity = 2

e \y = 3, which has algebraic multiplicity = 1

Substituing the eigenvalues back in the matriz and solving the associated
homogeneous systems:

1 11 T 0
1 11 xa| = |0
1 11 x3 0
And _
-2 1 1 1 0
1 -2 1 xo| = |0
1 1 =2 x3 10
We obtain:
-1 -1
evi=t| 1| andve=s| 0 |,uwitht,s € R, that are the eigen-
0 1
vectors relative to Ay = 0 (geometric multiplicity = 2). The associ-
—1 -1
ated eigenspace has dimension 2 and as a basis 11,10
0 1



1
e vyg =1t |1]|,witht € R, that is the eigenvector relative to Ay = 3

1
(geometric multiplicity = 1). The associated eigenspace has di-
1
mension 1 and as a basis 1
1

3. We are now considering the linear operator T as going from R™ to R™,
as suggested, we will begin analysing the 4-D case:

1111 T
B 1111 T
Tr)=Ax=11 1 1 1| |4
1111 T4
To find the eigenvalues we want to evaluate:
det(T — M) =0
1—Xx 1 1 1
1 1—-Xx 1 1
det(] 11— 1 )70
1 1 1 1—A
X —4X* =0

From which we obtain 2 eigenvalues:

e \; =0, which has algebraic multiplicity = 3
e )\ =4, which has algebraic multiplicity = 1

Substituing the eigenvalues back in the matriz and solving the associated
homogeneous systems:

1 1 11 T 0
111 1] [z] |0
1 1 11 z3| |0
1 1 11 T4 0
And ~
-3 1 1 1 T 0
1 -3 1 1 x| |0
1 1 =3 1| [|x3] |0
11 1 =3] | 0
We obtain:



OV]_:t

—1 —1 —1

1 0 .
ol v2=514 and vz = p 0 , with t,s,p € R
0 0 1

that are the eigenvectors relative to Ay = 0 (geometric multiplicity
= 8). The associated eigenspace has dimension 8 and as a basis

—1] [-1] [-1
1 0 0
O(’[1]7]0
0 | 0 1
5
o vy =1 1 with t € R, that is the eigenvector relative to Ao = 3
1

(geometm'é multiplicity = 1). The associated eigenspace has di-

mension 1 and as a basis

[ G VR G S S—y

Therefore for the general case T : R™ — R™, we will have:

11 ... 1 T
11

From which we will obtain 2 eigenvalues:

L )\1:0,

which has algebraic multiplicity = n — 1

e )y = n, which has algebraic multiplicity = 1

Substituing the eigenvalues back in the matriz and solving the associated
homogeneous system, we obtain:

—1 —1 —1
1 0 0
® VvV, = tl 0 , Vo = tQ 1 g eee 5, Vp_1 = tn—l 0 5 where
0 0 1
t17t27 "'>tn—1 eR



That are the eigenvectors relative to Ay = 0 (geometric multiplic-
ity =n —1). The associated eigenspace has dimension n — 1 and
A ST .

—11 [-1] [-1] —1])
1 0 0 0
as a basis O, 11,107, ...,]0
L0 L0 [0 |1
.
1
e vy, =1, |.| wheret, € R
1_

That is the eigenvector relative to Ay = n (geometric multiplicity
= 1) with n rows. The associated eigenspace has dimension 1 and
1

1
as a basis

2 Differentiable Functions
Exercise 2.1 (8 points). Let f: R?> — R? and g : R? — R3 be given by

r— 4y

| cten= [ o
r+y

2zy

Flea) = | 2,

Find the differentials dF(z,y, z), dG(z,y) and d(F o G)(x,y) directly, and
verify the Chain Rule via Matriz Multiplication, that is, verify that

d(F o G)(z,y) = dF(G) d(G)

2.1 According to Definition 4.18 the differential of a function can be ex-
pressed in form of a matrix, that is, the Jacobian matrix. Hence:

0F1 0F1 8F1

or 0Oy 0z 2y 22 0
dF(z,y,2) = =

oFy, 0F, 0F, 0 1 -1

or Oy 0z



Jor Oy 1 —4
0Gy 0G
dG(z,y) = 8_:: a—; =Yy
9Gy 0Gy| b1
L Oxr Oy |

We need now to evaluate the differential of d(F o G)(x,y), hence:

T4y 2o — 4y) ()] [20%y — SyPa
(FoG)w.y) = F( xz_yy )= {(wy)—(ery)] N {xy—x—y}

Let’s suppose that Hy(x,y) = 22%y — 8xy* and Ho(z,y) =2y — T — ¥
Then, the differential expressed as Jacobian matriz is:

OH, O0H,

Or a_y day — 8y? 22 — 16xy
d(F o G)(z,y) = =

@ % y—1 r—1

or Oy

Now, we want to verify, via matriz multiplication the Chain Rule, that is:
d(F o G)(x,y) = dF(G)d(G)
To do so, we start evaluating F(G):
2(z — 4y)(f€y)}
F(G)=Fr—4y, 2y, x+y) =
( ) ( Y, 1Y y) |:(Iy) . (I + y>

Then we take the derivative of F(G) with respect to the components of G,
that is:

OF OF OF}
PG Ba—T) Oy Oa+y) 2ry 2w -8y 0
B ory OFs OF> N 0 1 1

Oz—dy) O(zy) O(z+y)
To conclude the demonstration, we calculate:

1 —4
2vy 2x—8y 0 4oy — 8y? 222 — 162y
dF(G)d(G) = y | =
0 1 —1 y—1 r—1
1 1

We have thus shown, that the equality d(F o G)(z,y) = dF(G)d(G) holds.
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Exercise 2.2 (4 points). Find the directional derivative of:
f(a,y) = e iny

at (0,1) along the direction of v = { —4 } )

3
2.2 By definition ||v| = 1, so we have to check the norm of the given vector
—4
Vo3

We can evaluate the directional derivative as the gradient calculated in (0, 1)
times the direction v. This is possibile since f(x,y) is differentiable, because
its partial derivatives exist and are continuous:

of _
or

T+y
of =" Yin(y) + ¢

In(y)e™™  and
() o y

Hence, the gradient V is defined as follows:

of of\ _ sty oty ety
T 50 = (e, eV Ingy) + )

Vi=(
We evaluate now the gradient in the point (0,1):

Vo1 = (0.¢€)

And we finally obtain the directional derivative as:

_4 3
Vf(o’l) . V/ = (O, 6) . |: 5 :| = 36

3
5
Exercise 2.3 (8 points). Consider a generic direction’y = (a,b) (||y| = 1).
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1. Find, using the definition of directional derivative, all directions (a,b)
such that the directional derivative at (0,0) of

& @200
Flew) {o (.9) = (0,0)

exists.

2. Find, using the definition of directional derivative, all directions (a,b)
such that the directional derivative at (0,0) of

= L (@) #(0,0)
9(:9) {o (,y) = (0,0)

exists.

(Hint: use the definition of directional derivative. If you want to use ¢, you
need to investigate whether ¢ is differentiable at 0 or not.)

2.3 According to Definition 4.1: If the limit f'(x,y) = lim;_,o+ w =
and is finite we say the derivative of f at € A along the direction y exists

and is f'(x,y). So,

1.
oA t—0+ t t—0+ t
atbt ab ab
lim LEHPE iy @20 iy
t—0+ t t—0t+ 1t t—0t t

For this limit to 3, (a-b) has to be equal to 0, and the ||y|| = 1. Hence
the directions are (1,0) and (0,1).

2.
#((0,0), (a,b)) = lim f((0,0) +t(a, b)) — f(0,0) ~ fim f(at,bt) — £(0,0)
s V) \ Wy ot ; JHm ;
at+bt
+0 a+b
lim @272 _ o 20
S o0k 2(a2 1 B2) o0 2

For this limit to 3, (a+b) has to be equal to 0, and the ||y|| = 1. Hence

the directions are (*/75, —‘/75) and (—g, \/75)



Exercise 2.4 (6 points). Let E be the ellipsoid with equation x?+2y*+42? =
21. Find an equation of the plane tangent to E at (3,2,1). (see figure below.)

2.4 Since we want to evaluate the equation of the plane tangent to the ellip-
soid in the point (3,2,1), we need the vector perpendicular to the surface in
the point (3,2,1). Hence, we start by evaluating the gradient:

OFE OF OF

VE: (%,a—y,a

) = (2x,4y, 82)

We evaluate the gradient in the point (3,2,1), which represents our normal
vector to define the plane:

VE(3’2’1) - (6, 8, 8)

We are now able to calculate the equation of the plane starting from the
generic one:
a(x —xo) +b(y — yo) + c(z —20) =0

10



Where with (a,b,c) we refer to the components of the normal vector and
%0, Yo and zy are the coordinates of the point (3,2,1). Hence:

6(r—3)+8y—2)+8(z—1)=0

After some simplifications, we can reach the equation of the plane in the

following form.:
6z 4 8y + 82 = 42

374 4y + 42 =21
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