Mathematics (BEMACS) - A. Y. 2019/20

Exercises - Set 8

1.1 Find the difference quotient at the point xy (with respect to the increment h) for
each of the following functions f : A C R — R defined by:

@ {07 o {10y e { @ hLr

0 € R o € R xo € (0,+00)

1.2 (a) Calculate, using the definition, the derivative at the points xg of the function
f:ACR — R defined by:

)@ =2+2 @)@ =—= ©)f@)=h(1+2

(b) Let g : R — R be a function defined by g(x) = 1/|—2z|. Is g derivable at any point
of R?

1.3 Let f: A CR — R be a function defined by:

(@) (@) = 0 f@) = -2 (O @)=
@ f@)= @27 (@ f@)=@ma?® (O f)=[n@ 1)

Calculate the derivative of f.

1.4 Let f: R — R be a function defined by

[ (z+1)? if —2<z<0
f(w)_{ 1-2? if 0<a<l1

(a) Calculate, using the definition, the following derivatives:
O £=2) @ fFE) GO @) A0 6) A2 (6) ££01)
(b) Is f at the point xg = 0 continuous and differentiable?

1.5 Let f: R — R be a function defined by f (z) = k22

(a) Calculate, using the definition, the derivative of f at zg. Is f continuous at z(?
(b) Find the equation of the tangent line to the graph of f at xg.

1.6 Let f: R — R be a function defined by f () = e®**+#, with , 3 > 0.

(a) Calculate, using the definition, the derivative of f at xg.

(b) Find the equation of the tangent line to the graph of f at xzo.
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1.1 (a) A =R. The difference quotient of f in the interval [zo, o + h], with h # 0, is

(zo+h)* = (wo+ h)| — (23 — Zo —
%:[ 0 oh } (3 0):(20 2)h+h2:(2x0—1)+h

(b) A =R (the function is defined for any real ). We have

Af _ flwo+h) = f(xg) _ ot Tl —erort et -1

Axr h h h
(c) A= (—1,+00). We have

Af _ floo+h)—f(wo)  m[l+ (zo+h)] —In(l+a) :lln(1+ - )
h

Ax h B h 1+ xg

1.2 (a) (1) The limit of the difference quotient of f in the interval [zg,zo + h], with
h#0, for h — 0 is

! . fxo+h)— f(20) [2 (w0 + h)* + (0 + h)] — [22% + o]
[ (wo) = }lllir(l) = lim -
(420 + 1) h + 2h?

= lim
h—0

:Ajr%(4xo+1—0—2h):4mg+1

therefore f is derivable at xo and f’ (zg) = 4xo + 1; (2) We have

1 1
/ T f($0+h)*f($0)_. ($0+h)+1_$0+1
flwo) = Jim h = pm I
I 1 1 1 I 1 —h
- 11m - — = lim —
h—0 h (:L’o+h)+1 xo+1 h—>0h[(l’0+h)+1](1’0+1)
1 1

S T @D @D . (@t 1)?

(3) f'(z0) =1/ (1 +xg). (b) Let xo € R. We have

i 29— gy LN g (@0) oy, VIZ2 (ot )] = /]2
h—0 AII}' h—0 hs0 h

V| xo—i-h — +/|zo] — /3 lim |(zo + h)| — |zo|
HO

hﬂoh( (zo + h)| + \x())

h

and for any zg # 0 function g is derivable with ¢'(x) = 1/4/2]|z¢|. At 2o = 0, function
g is not derivable (we have a cuspidal point).

2



1.3 (a) We have

, - " /_QL‘/-(:E2+1)*SC‘($2+1),_ 1_x2
fix) = <x2+1) - (22 +1)? B (22 41)°
(b) =5 - <x11>2s (©) =i () (x—2)¢¥ (30— 4); (o) 2(xnz) (e + 1); (F)
8 [In (22 —1)]3
2aw—1

1.4 (a) (1) The limit of the difference quotient of f in the interval [—2, —2 + h], with
h >0, for h — 0% is
f(=2+h) - f(=2)

lim — = lim = lim ———
h—0+ Az h—0+ h h—0+ h h—0+

therefore f) (—2) = —2 (f is differentiable from the right at —2). (2) f'(-1) = 0; (3)
fL(0) =2; (4) f1.(0) =05 (5) f'(1/2) = —1; (6) The limit of the difference quotient of f
in the interval [1 + h, 1], with A <0, for h — 07 is

] fa+hn —£Q1) . 1—(h+1)? )
lim —= = 1 = lim ———— =] 9) = —2
Jim = Jim h i —— m (b +2)

therefore we get f’ (1) = —2 (f is differentiable from the left at 1); (b) The function f
is continuous in (0, 1), in fact we get

lim (z4+1)?=1= lim (1-2%) = lim f(z) =1= f(0)

z—0~ z—0t z—0

but it’s not differentiable, given that we have f’ (0) = 2 # f/.(0) = 0 (0 is a corner
point).

1.5 (a) f'(x) = 2kxo; (b) y = 2kxozr — ka3.
1.6 (a) f'(z) = ae®®+F; (b) We have

y = e Py 4 ™0 TB(1 — amg)



